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Helping Students Learn QuantumMechanics using Reearch-Validated Learning Tools
Paul Derek Justicé’hD

University of Pittsburgh2019

The development and implementation of reseamdidated instructional tools has shown
promise in improving student learning in not only intradug physics courses, but also upper
level quantum mechanicEngaging students with wedlesigned clicker questions is one of the
commonly used researtfased instructional stratiegin physics courses partly because it has a
relatively low barrier to implementationin classes of any sizeMoreover, validated robust
sequences of clicker questions are likely to provide better scaffolding support and guidance to help
a variety ofstudents build a good knowledge structure of physics than an individualrclicke
guestion on a particular topitm this dissertation| discussa framework for thedevelopment,
validation and irclass implementation of clicker question sequenQS) and apply that
framework to helpdvanced undergraduate students |legantum mechanics in the context of
the SternGerlach experiment, Larmor precession of spinatidition of angular momenturand
the concepts involving Fermi energy and total electronic energy of a free electrandgtise
FermiDirac distribution function, several afhich take advantage of the learning goals and
inquiry-based guided learning sequences in previously validated Quantum Interactive Learning
Tutorials (QUILT). The inclass evaluation of the CQ8singpeer instruction is discussedhis
dissertation also explores the impactimfreased mathematical rigor inQuUILTon st udent s
conceptuaunderstanding of quantum optics. In particular, student performance after engaging
with a QuILT, which uses a gied inquirybased approach to help students learn concepts

involved in a quantum eraser in the context of the Méaehnder Interferometer (MZl)is
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discussed for two versions: one version was primarily qualitative and the other involved both
conceptual anduantitative aspects ttie MZI. The implications of the extent to which students
learned from the two versions of the Qulwithin the Integration of Conceptual and Quantitative
Understanding in Physics (ICQUIP) framework, which emphasizes appropriatgation of
conceptual and quantitative aspects to equip students with functional knowledge andrskills,
discussed. Finally, | discuss instructional pragmatism and how instructors should view teaching as
a process and innovate in their courses usivayiaty of researchased instructional pedagogies

to improve student learning.
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1.0INTRODUCTION

In physics educationresearch(PER), a majorgoal is to help students build a robust
knowledge structurand develop problem solving, reasoning and reetmitive skills Eviderce
based instructionahethod are invaluable in accomplishitigesegoak for not only introductory
physics students, but al$or advanced physics students, such as those in UggErquantum
mechanicg1-39]. Within this dissertation, | investigatieet efficacy of some of these evidence
based instructional methoafsthe context of learning quantum mechanidsich is anonrintuitive
subject In doing so, | explore the difficulties students exhibit wituindationalconcepts,
determine ways in whickhese evidenebased instructional methods succeeded in addressing
these difficulties, and proposstrategiesfor improving those evidendeased instructional

methods.

1.1COGNITIVE SCIENCE

In order tohelp students build a robushowledge structurand develop their reasoning
and meteacognitive skillsin physicscourses cognitive sciencglays a central role imforming
the developmentvalidation and implementatiasf evidencebased instructionapproaches and
pedagogical tds. There are several cognitive models, described in this sectionye¢hatcentral
throughout the development tife evidencebased instructionabols developed, validated and

implemented adiscussed throughout this dissertation.



1.1.1 Cognitive Apprenticeship Model

The Cognitive Apprenticeship Modisl a fieldtested model initially described I&ollins,
Brown, and Newman th&bcuses on how viewinigelping students learn as an apprenticesaip
help in creatingeffective learning environment[40]. This model involves three major
componentsmodeling, coachin@nd scaffolding and fadingor weaning In such a learning
environmeninformed by the cognitive apprenticeship modetinstructorfirst demonstratethe
criteria of good performance. This followed by coaching and scaffoldinghich involvesthe
instructorasking students to engage with tasks similar to the one that the instructor demonstrated
and providing appropriate coaching and support. In other wdhds,nstructor provides
appropride scaffoldingsupport as students woin the task commensurate with their prior
knowledge and similar twhathas been modeled for ther@nce students develop a certain level
of proficiency,in the fading or weaning stey the cognitive apprenticeshipodel,the instructor
gradually removes this scaffoldisgipportuntil studentgdlevelop selreliance andcan complete
the task on their own. This cognitivapprenticeshipmodel is different from the traditional
instruction whereirelements of scaffolding or coachiage missing. In other wordstudents are
lecturedandinstructor demonstrates what they want students to learn (evandtaing phase
of the cognitive apprenticeship model is often dote very well in traditional instruction since
instructors often think about the difficulty of concepts from their own perspective instead of from
the perspective of the students they are teaching) angtiientsare asked to do their homework
(in which students do not have sufficiempportunity to get support and feedback from their

instructoror others, e.g., teaching assistants



1.12Pi aget 6s Opti mal Mi smatch Model

Learning entailedaping o n ekidowledge structureia assimilation and accommodation.

When oneearns concepts and principldsatar e consi st e existingikkndwledges t ud e n
structure, it iscalled assimilation. Howeverwhen students learrconceptsthat highlight
inconsistenciebetweerwhat they are learning and thekisting knavledge structurgt can cause

a cognitive conflict or a state of disequilibriukvhen this occursstudents may bmotivated to
accommodate that new information by changingepairing theiknowledge structurgtl]. This
accommodationisthecoremenha s m i n Pi aget 6 s OgndaliowssstudeNsi s mat c
to discover mistakes in their own conceptual understandiamgguided instructiorand then

opportunityto helpthemdevelopa robusknowledge structure

1.13Vygot skybés Zone of Podebxi mal Devel opment M

Vygot skybés Zone of (ZPD)isthe zona Hefineceby wHatoa stadent t
can dowith the help of an instructor who is familiar with his/her prior knowledge and skills and
uses this information to provide the student with appropriate gwedand support to learas
opposed t@n his or her owfd2]. In the ZPD, students can perfothetasks with thescaffolding
support of the instructor but would not be able to do so without that support. As students gain
higher level ofmastery of the tasks and expand their conceptual knowledge structure, the ZPD
expandsand student learning can be stretched furtHéinstruction is not within the ZPut
rather beyondt, learning will not be meaningful arstudents will struggle to develaprobust
conceptual knowledge structure. If instructionrase students can perform associated tasks

without support, and their kndedge structure has no opportunity to grow further. In contrast,
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instruction too far beyond studentsdé current
benefit fromeven with instructor support. In this case, they will struggle less prodlyctiBy

continuing to keep instruction within the ZPD, one can ensure that stwdenitsarn effectively

1.1.4 Preparation for Future Learning

Bransford and Schwartz~és Pr epar suggeststhatf or F
effective instruction should have elements ofboth innovation and efficiency [43]. If these
elements ar&eated as orthogonal aptbtted, an emphasis on efficiency would be represented by
one axis, whileanemphasis on innovation would be represented byxisthat is orthogonaio
efficiency. Ifinstructionisent i rely focused on efficiency, st
their expertise is not adaptable to any other contexts. In contrast, instruction that is entirely focused
on innovation provides students with Etko no opportunity to practice the skills they are
developing.In this framework, the most effective instruction includes both elements in what they
call the Optimal Adaptive Corridoidnstruction in this region enables students to become adaptive

expets who can transfer their knowledge to new domains readily.

1.2PARADIGM SHIFT IN QUANTUM MECHANICS

This dissertation focuses on student learning of quantum mechanics. The diversity in
student motivation, goals and prior preparation has increased signifiaardhg physics majors.
This makes teaching challenging for instructors. Moreoverp#radigm shift forupperlevel

students from classical mechanics to quantum mechanics can be particularly chaketjgirgr



example, whilestudentsmay have mastede classical mechanics quantum mechacs is
probabilistic rather than deterministicThis probabilistic nature of quantum mechanics is
highlighted by the Heisenberg uncertainty principle, which necessitates that the more precisely the
position of a particle is measured, the less precisely the momentum can be known.

This paradigm shiftnakes learning quantum mechanics even more chaligraginalogous
to thedifficulties experienced by students in introductory physibe experience a paradigm shift
from naive conceptions dbw things worko those learned inlassical mechanics. In both cases,
students lack familiarity witthenew paradym and hencare novices, even if they have developed
expertise in another paradigm.This dissertation discussedevelopment, validation and
implementation ofmultiple evidencebased instructiongledagogies and how thguidestudents
in building a hierarchical knowledge structure in this knowledgdén domain of quantum

mechanics.

1.3CLICKER QUESTION SEQUENCES IN QUANTUM MECHANICS

This thesis consists of several studpestaining tothe development, validation, and
evaluation of Clicker Question Sequen¢€®S) on topics in upper level quantum mechanics.
While a largenumberof physics instructors utilize clicker questions in their classrooms, little
research has been doregarding developmemindvalidation of clickerquestionsequencgin a
synergisticway. In chapter2, | present a framework for the developmevdlidation and
implementation of CQS#nalysis of select CQSs thendiscussed ichaptes 2-5.

Engaging students with wedlesigned multiplehoice questions during class and asking

them todiscuss their answers with their peers after each student has contemplated the response

5



individually can be an effective evidenbased activ@ngagement pedagogy in physics courses.
Moreover, validated sequences of multipleice questions are more lik¢o help students build

a good knowledge structure of physics than individual multhl@ce questions on various topics.
Here we discuss a framework to develop robust sequences of mdltgte questions and then
use the framework for the developmerdlidation and implementation of a sequence of mukiple
choice questions focusing on helping students learn quantum mechanics via th@éesiarh
experiment(chapter2), addition of angular momentunechiapter3), Larmor precession of spin
(chapter4), and Fermi energy and total electronic energy of adieetron gagchapters) that
takes advantage of the guided ingtigsed learning sequences in an interactive tutorial on the
same topic. The extensive raseh in developing and validating the multioleoice question
sequence strives to make it effective for students with diverse prior preparation idewgber
undergraduate quantum physics courses. We discuss student performan@ssgssment task
focusing onthese topicsafter traditional lecturdvased instruction vs. after engaging with the
researckvalidated multiplechoice question sequence administered as clicker questions in which
students had the opportunity to discuss their responses witlpéees.

Instructional pragmatism is essential for successfully adopting and adapting evidence
based active engagement (EBAE) approaches in that instructors should view improving teaching
and learning as a process and not get disheartened if a partBABrapproach does not produce
the desired outcome. Instructional pragmati sm
instructional toolbox and using them flexibly as needed to improve student learning and
continuousl y r ef iimplemgntation of thé¢ EBAERdppraaches tomake them
effective. Here we illustrate an example of instructional pragmatism in which a quantum

mechanics instructor did not give up when an EBAE method involving implementation of a



sequence of clicker questiona addition of angular momentum did not yield expected learning
outcomes even though it was found effective earlier. Instead, the instructor remained optimistic,
viewing improving teaching and learning as a process, and pulled out another EBAE method from
his tool box that did not require him to spend more time on this topic in class. In particular, the
instructor created an opportunity for students to productively struggle with the same problems they
had not performed well on by incentivizing them to cort@eir mistakes out of class. Student
performance on one of the addition of angular momentum problems posed on the final exam
suggests that students who corrected their mistakes benefited from the task and learned about
addition of angular momentum bettban those who did not correct their mistakes. Encouraging
and supporting physics instructors to embrace instructional pragmatism can go a long way in
helping students learn physics because it is likely to increase their persistence in using various
EBAE approaches flexibly as they refine and tweak their implementation for their stutieists
is discussed ichapter3.

| conducted arinvestigation of thedifficulties that undergraduatghysics students in
upperlevel quantum mechanics and graduate sttgleavewith Fermi energy, the Fernidirac
distribution and total electronic energy of a free electron ghier quantum and statistical
mechanics core courses. These difficulties were probed by administering written conceptual and
guantitative questionto undergraduate students and asking some undergraduate and graduate
students to answer those questions while thinking aloud hoo@e individual interviews. We
find that advanced students have many common difficulties with these concepts aftentahditi
lecturebased instruction. Engaging with a sequence of clicker questions improved their
performancebut thereremaingroom for improvement in their understanding of these challenging

concepts.This is discussed ichapters.



1.4FURTHER CQS CONSIDERATIO NS

In addition tothe CQSs presented chaptes 25, | havehelpeddevelop CQSs on a
number of other topics in quantum mechanics. A selection of these are included in Appendix A

alongside those discussed and analyzethaptes 25.

1.5IMPACT OF ADDING MA THEMATICAL RIGOR TO Q UulLT

We wuse the f#Alntegrating Conceptual and QL
Al CQUI Po framework to develop, validate and e
(QUuILT) which incorporates mathematical rigor while feirlg on helping students develop
expertise, i.e., a good conceptual understanding of quantum optics using a Mach Zehnder
Interferometer with single photons and polarizers. We compare -igpmgrundergraduate and
graduate studentsd Ipeguesmaonnse anhtemneepgtigan
(conceptual and quantitative) QuILT with a conceptual QUILT focusing on the same topics in
which quantitative tools were not employed. Both versions of the QUILT use a guided-inquiry
based approach to learniagd are based on research on student difficulties in learning these
challenging concepts as well as a cognitive task analysis from an expert perspective. The hybrid
and conceptual QuILTs were part of the courses for digwet undergraduates or first year
physics graduate students in several consecutive years at the same university. Although the course
instructors were different, the same individual facilitated thelass hybrid or conceptual QuILT
in all of the courses as a guest instructor to maintaiformity in implementation. We find that

physics graduate st udaencepudquestiors tftereesgaging with theo r ma n



hybrid QUILT was generally better than their performance after engaging with the conceptual
QUILT. For undergraduate students, the results were mixed. In particular, one group of
undergraduates, which had roughly a 50% average pretest score after traditionabéesedre
instruction on these topics and which engaged with the hybrid QUILT after the pretest,
outperformed the undergraduates who engaged with the conceptual QUILT on the posttest, which
was completely conceptual. On the other hand, another group of urledgs which had
roughly a 25% average pretest score after traditional lebased instruction on these topics and
which engaged with the hybrid QUILT after the pretest, had reasonable posttest performance on
some conceptual questions, especially tipestaining to twedimensional Hilbert space involving

only path states (no polarization states of single photons involved since polarizers were not present
in those experimental situations). However, their performance on many of the other conceptual
posttest questions was worse than that of the undergraduates who used the conceptual QUILT. One
possible interpretation of these findings consistent with the ICQUIP framework is that integration
of conceptual and quantitative aspects of physics should be commeas e wi t h st ude.
knowledge ofrelevantphysics and mathematics so that students do not experience cognitive
overload while engaging with such a learning tool striving to develop a good grasp of physics
concepts. In the undergraduate course ircivistudents did not benefit as much from the hybrid
QUILT that focused on integration of conceptual and quantitative understanding to help students
learn physics concepts, their pretest performance suggests that the traditional instruction may not
have suf i ci ently given a dfirst coat o and prepar
engage with the hybrid QuILT. Since physics majors inrdgpiredundergraduate quantum
mechanics course come with diverse physics and mathematics backgrounds rith€tibr

may have caused cognitive overload at least for some students (on topics in which their conceptual



posttest performance is not good) so that they could not benefit from integrated conceptual and
guantitative learning sequences. In other wordsggmtion of conceptual and quantitative
understanding in physics must adequately buil

overload and help students develop experlibés is discussed iohapters.
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2.0IMPROVING STUDENT UNDERSTANDING OF QUANTUM MECHANICS
UNDERLYING THE STERN -GERLACH EXPERIMENT USING A RESEARCH -

VALIDATED MULTIPLE -CHOICE QUESTION SEQUENCE

2.1INTRODUCTI ON

2.1.1 Background

A major goal of many physics courses from introductory to advanced levels is to help
students learn physics concepts7]lwhile also helping them develop problem solving and
reasoning skills [8.8]. We have been investigating strategies dip Istudents develop a solid
grasp of physics concepts and develop their problem solving and reasoning si3l3. [[kBfact,
many education researchers have been involved in developing and evaluating evisdeuce
activeengagement (EBAE) curricula apddagogies [380], but implementation of these EBAE
approaches to help college students learn has been slow. Some of the major barriers to
implementation of the EBAE pedagogies at the collegel include lack of faculty buyn and
their reluctance andr resistance, partly due to a lack of institutional reward system for using these
evidencebased approaches, the time commitment involved in effectively adapting and
i mpl ementing them, and instructorsé fmayr that

prefer to passively listen to lectures as opposed to actively engage in the learning process) [32].
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2.1.2 Use of Multiple-Choice questions and peer interaction

The use of weldesigned multiplehoice questions in the classroom in which each student
mustfirst take a stand before discussing the responses with peers is an EBAE pedagogy that has a
relatively low barrier to implementation. These multipleice questions can be used in a variety
of ways to engage students actively in the learning processe koa mp | e-pair-siiht ahri enck
approach in which each student thinks about why a particular answer choice is correct for each
guestion first and then pairs up with a peer sitting next to them to share their thoughts before a
general discussion about the @mtranswer can be an effective pedagogy. The use of multiple
choice questions keeps students focused during the lectures and helps thaonieif their
l earning. Mor eover, depending upon instructioa
choicequestions can be used in diverse manner, e.g., they can be interspersed within lectures to
assess student learning of the material in each segment, posed at the end of a class or used to review
materials from previous classes. They can be used in a fligpss in which the class time is
entirely focused around multipehoice questions and discussions around thein [32

Integration of peer interaction with lectures using multgieice clicker questions has
been made popular by Mazur in the physics community [33]. In Mazur's approach, the instructor
poses conceptual, multiptahoice clicker questions to students throughbe class. Students first
answer each multiplehoice question individually using clickers (or personal response system),
which requires them to take a stance regarding their understanding of the concepts involved [33].
Next, they discuss the questiongh their peers and learn by articulating their thought processes
and assimilating their ideas and understanding with those of the peers. Then, there is a class
discussion involving all students about those concepts in which both students and theiinstruct

participate fully. By having students take a stand anonymously using clickers as opposed to using
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a show of hand for each answer choice selected for a mudhipiee question, students do not feel
embarrassed if their answer choices arecootect. Maeover, clickers offer another advantage
over a show of hand or show of cards with different colors (for different answer choices selected
for each multiplechoice question) in that the responses are recorded and the instructor can
contemplate how to addse the common difficulties that students have (which they otherwise may
not feel comfortable sharing with the instructor). In particular, the immediate feedback that is
obtained by the instructors is valuable because they have an understanding of tlod stttdant

difficulties and the percentage of students who understand the concepts

2.1.3 Multiple -Choice Question Sequences

While multiple-choice questions, which can be used with or without clickers, have been
developed [3315] for introductory physics andoperlevel physics such as quantum mechanics
(QM), there have been very few documented efforts [45] toward a systematic development of
multiple-choice question sequences (MQSs) in which the set of questions build on each other
effectively and help studenéxtend, organize and repair their knowledge structure. Moreover, in
the past two decades, many investigations have focused on improving student learning of QM,
e.g., see [5B4]. Our group has been involved in such investigations and we are using énelrese
on student difficulties as a guide to develop resewaatidated learning tools [684]. Our past
investigations in uppdevel QM courses suggest that while engaging students with multiple
choice questions during class can help them learn, theynotalge as effective as a research
validated QUILT on the same concepts unless they are carefully sequenced [68]. For example, we
find that when students in upplevel undergraduate QM course only had traditional ledtased
instruction, their performamcon a quantum measurement quiz covering those concepts was 26%
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[68]. The next year, the student performance in the same course on an equivalent quiz on quantum
measurement concepts was 68% after lecture and mudtipiee questions on quantum
measurementnd their score on another equivalent quiz was 91% after engaging with a QuILT
on quantum measurement [68]. A researahdated MQS has the potential to bridge the gap
bet ween studentsd performance after Iytwitheay enga
MQS on the same topic (since the multipteice questions in a MQS build on each other and can
take advantage of the learning objective and guided sequences in the corresponding QUuILT)

Here we discuss a framework for the development, validatiwhimplementation of a
MQS and then apply it to develop and validat&lQSto help students learn about St&arlach
experiment, a topic which is valuable for exposing students to the foundational issues in QM, by
taking advantage of the guided learning sequences in a resediddted Quantum Interactive
Learning Tutorial (QLLT) on that topic [66]. The SGE MQS strives to help students learn
fundamental issues in QM using a simple {state system. We also discuss the implementation
of this MQS by two different instructors using clickers with peer discussions interspersed
throughout the class. A QuILT focusing on a QM concept uses a guided, Higsieg approach
to learning and consists of learning sequences, which are based both upon a cognitive task analysis
from an expert perspective and an extensive research on studenitdi$ in learning those
concepts. The QuILT was useful both for developing new multipteéce questions and
revising/finetuning existing multiplechoice questions (e.g., in situations in which individual
multiple-choice questions are already validhbrit the sequencing of questions is not validated),
or for developing entirely new multiplehoice questions to ensure that different questions in the
MQS build on each otheBefore we focus on a MQS that strives to help students learn about the

SternGelach experiment (SGE), we enumerate the learning objectives

17



2.1.4 Learning objectives of the SGE MQS

The learning objectivesf the SGE MQS are commensurate withdbeespondin@QuliLT
[66], which guided the development asdquencing of the SGE MQS questionkese learning
objectives ardocused orimproving student understanding tife foundational issues in QM via
the SternGerlachexperiment anavere developed using extensive research on student difficulties
with these concepts and cognitive task analysisn an expert perspectivd66]. These
foundational issues includke difference between the physical space (in which the experiment is
performed) and the Hilbert space (in which the state of the quantum system lies), quantum state
preparationguantum neasuremenand the difference between a superposition and mixture. We
find that after traditional lectusleased instruction, many students have difficulty differentiating
between the physical space and Hilbert space. For example, they believe thattifilasieer
atom in an eigenstatd g of thex component of the spin angular moment&gis sent through a
SternGerlachapparatus (SGA) with magnetic field gradient in zfigrection, the magnetic field
will not impact the quantum state because themetgfield gradient is orthogonal to the quantum
state [ g &This type of reasoning is incorrect because the quantum state is a vector in the Hilbert
space in which the state of the system lies whereas the magnetic field is a vector in the physical
spacein which the experiment is being performed. It does not make sense to talk about
orthogonality of two vectors in different vector spaces. Thus, the first learning objective of the
MQS is to help students develop a solid grasp of the difference betweghytieal space and
Hilbert space using the SGE with a two state system as an example. The second learning objective
focuses on helping students develop a functional understanding of quantum state preparation
because one fundamental issue that the SGEezntifully illustrate at least conceptually using a

two state system is the issue of how to prepare a quantum state. For example, if a quantum system
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consisting of a large number of neutral silver atoms is initially in an eigendtgtef the z
componenbf the spin angular momentus, is it possible to use appropri&@&As and detectors

to prepare a state which is orthogonal to it, i.¢G € The third learning objective focuses on
helping students learn about quantum measurement in the contexingdla svostate system

(e.g., using a beam of neutral silver atoms which can be treated asld2spystem) in a given

spin state and how the state of the silver atoms is impacted by passing through a SGA and how the
placement of the detectors (that chatect the silver atoms) in appropriate positions will collapse

the state to different eigenstates of the observable measured with different probabilities, depending
upon the set upThe fourth learning objective is to help students understand that there i
difference in the situations in which a beam of silver atoms propagates through a series of SGAs
but nomeasurement via a detecisrperformed vs. the case in which a detector is present for
measuring the silver atoms deflected upward or down{be@use the measuremaenitl collapse

the state ofhe systeninto an eigenstate of the measured observalttedifferent probabilities)

Since the orbital and spin degrees of freedom of the silver atoms are entangled, a detector after a
SGA in the up charel or down channel clicking would signify the spin state of the silver atom
collapsing to a particular stat€he fifth learning objective is to help students be able to analyze
the probabilistic outcome of a measurement when a given initiabtate system is sent through

a SGA by transforming the initial state given in a basis to another basis that is nentdauite
analysis of measurement outcomes based upon the magnetic field gradients (e.g., if the Stern
Gerlach apparatus has a gradient in xhairection, the most convenient basis in which the
incoming state should be transformed to analyze the measnireatcomes consists of eigenstates

of the x component of the spin angular momentum). Finally, the sixth learning objective of the

MQS is to help students be able to develop a functional understanding of the difference between a
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superposition vs. mixturand how certain experimental configurations involving SGAs are able

to differentiate between them.

2.2METHODOLOGY FOR DEVELOPING, VALIDATING, AND IMPLEMENTING A

MQS

Before discussing the SGE MQS, we first summarize general issues involved in the
developmentyalidation and implementation of a robust MQS using the inepsised learning
sequences in the corresponding QUILT as a guide. In particular, below, we summarize some of
these Al essons | earnedo from the guigaddet seque
develop and/or revise a MQS (first three points below) and implement it effectively (last three

points below

2.2.1 Balance difficulty

A QUILT is structured such that students are provided enough guidance to develop a
coherent conceptual understandinghaut becoming frustrated or discouraged. Following this
principle and earlier suggestions to make effective use of class time, e.g., by Mazur et al. [33], we
decided that a majority of the questions in a MQS should have correct response rates such that
both extremes are avoided (i.e., we avoided cases in which very few students answer the question
correctly or incorrectly). If some students already have a reasonable understanding of the topic, it
is likely to make the peer discussions effective and eageustudents to engage in productive

discussions and learn the concepts with peer support. A question in which very few students can
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reason about it correctly may result in rei
also becomes more likelypat students would guess as opposed to apply the physics concepts
systematically. On the other hand, high scores indicate that there is little constructive struggle.
With restricted class time, such questions should be limited except for warmups @@tudelpts

review basic concepts and prime them to answer more complex questions later) [45].

2.2.2 Change only the context or the concept between questions

We took inspiration from the corresponding QUILT [66] on the same topic to ensure that
different questionsn the MQS build on each other and ascertain how changes in context and
concepts should be included in the MQS. We found that switching both the concept and the context
in adjacent questions may result in cognitive overload for students. Changing oodyitéxet or
concept between consecutive questions may help students identify the differences and similarities

between subsequent questions and construct correct models more effectively

2.2.3 Include a mix of abstract and concrete questions

Although the type of gestions in a MQS is usually dictated by the topic and the goals and
learning objectives, we examined guided learning sequences in the QUILT [66] to determine how
to pose abstract and concrete questions in a MQS. Abstract questions may provide students
opportunities to generalize concepts across different contexts. On the other hand, concrete
qguestions allow students to apply their learning to a concrete context. Students may benefit from

a balance of both question types
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2.2.4 Allow student collaboration

Collaborative group work is found to be beneficial for helping many students learn [33
50]. A student who is having difficulty and a student who is articulating her thoughts both refine
their understanding so that-construction of knowledge can occur when mgitstudent was able
to answer the questions before peer collaboration, but were able to answer them correctly after
working together [33]. Thus, instructors should allow for peer discussion while implementing a

MQS.

2251 ncorporate fcheckegimesdutilgaM@St appropri at

A QUILT often includes checkpoints which provide opportunity to reconcile the differences
between student ideas and the correct conceptual model. The MQS for a given topic can include
Acheckpointsodo at si mi lichthe ipstiuctortcan hawesa general cla@si | L T,
di scussion and can give feedback -thoiceguestionent i r ¢

responses to help them learn.

2.2.6 Include a manageable number of multiplechoice questions per sequence

The researchie deliberated and concluded (based upon data from mudtpliee
guestions in previous years and the learning sequences in the QuILT) that a MQS should include
a manageable number of questions that should build on student prior knowledge. Having many

guestions in a sequence may offer students more opportunities to practice concepts, but having too
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many questions can result in a sequence of muitiptéce questions that cannot be reasonably

implemented effectively, given the time constraints of the class

2.3METHODOLOGY FOR DEVELOPING AND VALIDATING SGEMQS

In order todevelopand validate effective sequencesmiltiple-choicequestions for QM
focusing orthe SGE, three researchers met to holistically examine the instructional materials from
the past few yaa on these topics in an upgevel undergraduate QM course at a large research
university in the US, which included existimgultiple-choicequestions and the QUILT on this
topic. THs course typically has 185 students each year, who are mainly phyjsigc®rs/seniors.

The validation oMQS was an iterative procesbloreover, thequestions in th&GEMQS were
developed or adapted from prior validat®dltiple-choice questions and sequenced to balance
difficulties, avoid change of both concept and cohtetween adjacent questions as appropriate

in order to avoidexperiencingcognitive overload, and include a mix of abstract and concrete
guestions to help students develop a good grasp of the concepts. In panticaider todesign

an effective SGEMQS, we examined the SGE QuIL[66] and contemplatethow to take
advantage of its learning objectives, guided learning sequences, and student performance on the
pre/posttess administered before and after they engageditvith

While developing the SGE MQS, we drew upon the learning objectives delineated earlier
and the requisite knowledge and skills required to achieve those objectives. We also focused on
the order in which ifferent QM concepts that are involved in the learning objectives are invoked
and applied in a given situation within the SGE QUILT to inform the design of the SGE MQS.

Furthermore, we carefully examined the types of scaffolding provided in the SGE @ALD [
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reflect on how different questions within the SGE MQS should effectively build on each other and
whether more scaffolding between some existing muttplgice questions is required. We also
analyzed student performance on SGE mukgbleice questins in previous years to determine
whether students were able to transfer their learning from one mudtiplee question to another
and whether some multiphoice questions would require more scaffolding between them in
order to be effective. In partitar, when examining the SGE MQS that had been administered in
the previous years and comparing them with the guided learning sequences in the SGE QuILT, we
realized that sometimes both the concept and the context changed from the preceding to the
following question in an old sequence. We hypothesized that this may cause cognitive overload
for students and at least partly be responsible for making the previous set of rehbipke
guestions less effective (for which we had evidence from the data fromyserears). We took
inspiration from the SGE QUILT to develop the set of questions for the SGE MQS that have
appropriate ordering and balance to scaffold student learning and help them compare and contrast
different concepts and contexts effectively. Témue of abstract vs. concrete questions was also
deliberated. Abstract questions posed tend to focus on generalized cases whereas concrete
guestions, in general, involve a specific context. It was decided that only the last question in the
MQS will have a abstract choice since the SGE is best learned using concrete examples using
diverse setups of SGAs and initial states

After the initial development of the SGE MQS using the learning objectives, iropsgd
guided sequences in the QUILT and existirviually validated questions, we iterated the MQS
with three physics faculty members who provided valuable feedback. The feedback from faculty
helped in finetuning and refining some new questions that were developed and integrated with

the existing oneso construct the sequence of questions in the SGE MQS and to ensure that the
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guestions were unambiguously worded and build on each other based upon the learning objectives.
We also interviewed four students individually who answered the MQS questiamsi@éon one
interview situation while thinking aloud so that we could understand their thought processes. The
four interviews totaled about 3 hours. These interviews, which also reaffirmed the common
difficulties earlier described by Zhu et al. [66], ereli that students found these questions
unambiguous and were able to take advantage of the scaffolding provided by different questions

that build on each other. These student interviews were helpful for further tweaking the questions

2.4MQS FOCUSING ON THE SGE THAT WAS IMPLEMENTED IN CLASS

After the outof-class development and validation, the final version of the SGE MQS that
went through irclass implementation via clickers along with peer discussion has 7 questions
(MQ1-MQY7). As discusseth the next section, two different instructors at the same institution
implemented the SGE MQS in two consecutive years in the dgparundergraduate QM course
such that the pretest was given after traditional ledtased instruction, and then stutien
engaged with the entire SGE MQS with 7 questions in class before they were administered the
posttest. There was no overall class discussion after MQ1 but there was an overall class discussion
after each of the other questions in the SGE MQS

Similar to the QUILT [66], in the MQS administered as clicker questions with peer
interactionand the correspondingretest and posttesthe description of the SterGerlach
apparatus shown in Figuél wasprovided to students because it is important to clattiky
notation used for th8GAs. Students also knew that the orbital angular momentum of a beam of

neutral silver atoms is zero, so they had to focus on the fact that a beam of neutral silver atoms
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passing through a SGA can be considered aXfirsystem. fiey had learned that a SGA can
entangle the orbital and spin degrees of freedom depending upon the initial state of the system and
the SGA setup. Students also were asked to assume that the detectors were placed in appropriate

orientations after a SGA amdhen a detector clicks, the silver atom is absorbed by that detector.

The figure below shows the pictorial representations used for a-Skerlach apparatus (SGA).

If an atom with state [¢ (or ]¢) passes through a Stefberlach apparatus with the field
gradient in the negative-direction (SG2), it will be deflected in the +z (o) direction. If an

atom with state [G (or ]G) passes through a Stefperlach apparatus with the field gradient in

the positive @irection (SGZ+), it will be deflected the-z (or +z) direction. Similarly, if an atom

with state [ G passes through SGXor SGX+), it will be deflected in the +x (ex) direction. The

figures below show examples of deflections through the SGX and SGZ in the plane of the paper.
However, noteéhat the deflection through a SGX will be in a plane perpendicular to the deflection

through an SGZ. This actual thréémensional nature should be kept in mind in answering the

guestions
. . m
P = ) P
SGX-
™. .
SGZ+ SGX+
™, ™,

Figure 2.1 This information is provided to students in all contexts (e.g., before the MQS and with the pretest and

posttest).
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Thefirst two question®f theMQS, questions MQ and M, focus on student difficulty
in differentiating bewveen Hilbert space and physical spasewsll ason the choice ofan
appropriate basis to analyze the probability of measuring different outcomes given a particular
initial state of the system and the SGE setup as follows. Correct answers are in biataufibipse-

choice questions.
(MQ1) A beam of neutral silver atoms in a spin staﬁ'egLs—f_ﬁ : [G E ]G ; propagates into the

screen (xdirection) as shown in Figurg.2. The beam is sent through a SGE with a horizontal
magnetic field gradient in thez-direction. What is the pattern you predict to observe on a distant

screen in they plane when the atoms hit the screen?

a9 H o
L : @ L‘ z
o

¢) d)

Figure 2.2 Figure forMQ1

(MQ2) A beam of neutral silver atoms in a spin stafieg L 3_/;3 :[¢ E ]G ; propagates into the

screen (xdirection) as shown in Figur2.3. The beam is sent through a SGE with a horizontal
magnetic field gradient in they-direction What is the pattern you predict observe on a distant

screen in they plane when the atoms hit the screen?
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Figure 2.3 Figure for MQ2

In the inclass administration discussed in the next section, stitelents answered both
guestionausing clickers after discussing their responses with a peer sitting next toativaoie
class discussion led by the instructilcused oncommon student difficulties e.g., in
differentiating between physical space and Hilbert space, the importance of chaasing
appropriate basend transforming the initial state in that basisrder to analyze the measurement
outcomes beforposingMQ3 as a clicker questionin questim MQ3 (see Appendix II), students
were told thatja|?+|b|?>=1. In MQ3, silver atoms in @enericspin stategiven in the basis of
eigenstates ofy are sentthrough a single Ster@erlach apparatuwith an x gradient This
guestionfocuses on helping sients learn about the usefulness of transforming from the given
basis to a more suitable basis in order to analyze the measurement outcomes including the
probability of the detector clicking. It also helps students learn giyeparinga specific spin
state, here ]G Building on this questionMQ4-MQ6 (see Appendix Il)ask studentgo
contemplatessues related forepaation ofquantumstates in different arrangemenfsSGAs and
initial state In MQ5, students were told to assume that the strengtrececond SGA was such
that any spatial separation of the state after the first SGA was negated. Meallypcuses on
helping students think abolow to use the SGEo differeniate between astatewhich is a

superpositiorof eigenstates of an operatmrresponding to an observable anixture We note
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that oblique lines are shown as a guide only in some of the figures (e.g., Rgu&8and2.9)

as a scaffolding support but not shown in others, e.g., in Figudasd2.11so that students learn

to think about and draw them themselves. We also note liea¢ tare many experimental
considerations in constructing a real SGA, e.g., the challehgmiataining coherence between

two spatially separated beams such as in MQ5. These considerations were not discussed by the
instructor(since it has the possibility to increase student cognitive lloaijvould certainly add

richness to the topic

2.5METHOD OLOGY FOR IN -CLASS IMPLEMENTATION

Not only did we focus on developing and validating the SGE MQS, we also contemplated
effective strategies for their4class implementation. For example, we used the SGE MQS with
clickers and peer discussion, a principhepbasized by Mazur [33]. In fact, empirical data from
QM multiple-choice questions given in previous years suggest that, on average, student
performance on multiptehoice questions improved significantly after discussing responses with
a peer [35]. We atsconsidered the need for productive struggle for students when working on the
SGE MQS. For example, we considered the points at which the instructor should provide feedback
to students in order to maximize productive engagement and minimize discouragsgagnive
drew both upon the SGE QUuILT and empirical data from student responses to rchibice
guestions in previous years to identify where feedback might be most effective in the SGE MQS.
We paid attention to the fsolvdpossiliiecchnflictskoptweem t s 0
their understanding and the correct conceptual model of the foundational issues elucidated via the

SGE [66]. These Acheckpointsodo guided us in i
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class discussion foré¢h'SGE MQS that may be beneficial for students. We also analyzed the points
at which students struggled when answering clicker questions in previous years to determine
possible points during the implementation of the SGE MQS when a particular general class
discussion was likely to be effective. It was determined that one productive approach would be for
the instructor to have students answer the first two SGE MQS questions before having a general
class discussion followed by a class discussion after edbk &llowing SGE MQS questions

We note that the final version of the 7 SGE MQS questions can be integrated with lectures
in which these relevant concepts pertaining to SGE are covered in a variety of ways based upon
the instruct or omplephe MQSeanbegivan sver mulfiple sesseonsar together
depending, e.g., upon whether these are integrated with lectures, used at the end of each class, or
used to review concepts after students have learned about theG8t&aoh experiment via
lectures. However, in this study, the SGE MQS was implemented with clickers and peer discussion
[33] in an uppetevel undergraduate QM class at a large research university after traditional
lecturebased instruction in relevant concepts on the Seamachexperiment for two consecutive
years by two different instructors. Both instructors tried their best to implement the SGE MQS in
a very similar manner using clickers and peer discussion and with similar general whole class
discussions that was deemed difer as discussed in the preceding paragraph. Prior to the
implementation of the SGE MQS in class, students were administered a pretest after traditional
lecturebased instruction, which was developed and validated by Zhu et al. [66] to measure
comprehensin of the relevant concepts. The students then engaged in class with the SGE MQS
and discussed their answers with their peers. This implementation was completed in one class
period. The posttest was administered during the following week to measureptet ohthe

SGE MQS on student learning of relevant concepts.
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The posttest that students were administered following the implementation of the SGE
MQS was analogous to the pretest [66]. Thesdgosttests are the same as those administered by
Zhu et alto measure student learning after traditional leebhaged instruction and after engaging
with the SGE QUILT [66]. In order to compare the performance of the SGE MQS and QuILT
groups on préposttests so that the relative improvements can be deterrthieeshme rubric was
used for the préposttests given to the SGE MQS students as the corresponding QuILT students
in Ref. [66] (who were also advanced undergraduate students in QM course at the same university).
All questions were scored out of a possiBl points, with partial credit assigned to answers that
were correct, but for which either incorrect justification or no justification was provided if
reasoning was requested. The ifrger reliability was better than 95%.

We also note that two versiofigst versions A and B) of the tests were designed to be
administered as a pretest or posttest. In particular, all questions on the two versions of the test are
not identical because we wanted to investigate how students answer questions when the pretest
and posttest questions are the same or different. Moreover, the version of the test that was used as
a pretest before the SGE MQS in one year was used as a posttest in the other year. The first two
guestions in the pretest and posttest are analogous tcabWQ2 in the SGE MQS. Question
1 on both versions is identical and pertains to a state, which is an equal superposition (no relative
phase factor) of the spiump and spirdown states in the-kasis, passing through a SGE with a
magnetic field gradienn the -z direction (identical to MQ1). Question 2 has silver atoms with
spinup in the zbasis passing through a SGE with a magnetic field gradient in eithey the
direction (as in MQ2) or# direction, depending on the version of the test. Thesetfust
guestions address the first learning objective. Question 3 on both versions of the test corresponds

to MQ3. On both versions A and B of the test (see Appendix Ill), question 3 asks about the
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measurement outcomes for a superposition ofgpiand spi-down states in the-zasis passing
through a SGX On version A, both coefficients of the state are given numerically, whereas they
are given in terms of compl ex Zrbfi=hbleisgsestibra © an d
addresses both the thirddafifth learning objectives.

Question 4 on both versions most closely matches MQ4, but also connects with MQ5 and
MQ6. The question 4 in version B is shown in Figr&lin Appendix Ill. On version A, the
first SGE seen in MQ4 is a SGYather than S&-. On version B, there is an additional SGZ
front of the SGX. This question emphasizes the second learning objective, while also addressing
the third, fourth, and fifth learning objectives.

Question 5 on test version A and the analogous test questiversion B align with the
learning objectives underlying MQ?7, i.e., they assess whether students are able to differentiate

between a superposition state and an analogous mixture using SGAs. In both versions (see

Appendix lll), students are given twimeams of silver atoms: a superpositiofi ¢ L §—Z [¢ E

§—2 ]G, and the analogous mixture of 50%G and 50% ]¢. Version A asks students to design

a setup of SGAs to differentiate between these two beams (superposition and mixture), while
version B askstudents to identify which combination of three statements is true regarding these
beams passing through different SGAs (see Appendix Ill). This question emphasizes the sixth
learning goal, while also addressing the third and fifth.

Finally, on thesame topic as question 4, question 6 (see Appendix Ill) on both versions of
the test assesses student understanding of preparing dstatst(idents are given an initial state
and asked if they can prepare a given orthogonal state using SGAs and yovayhiee able to

do that) and connects most closely with MQ6 asking students to design a setup of SGAs to prepare
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a spinup state in thex-basis given an initial spidown state in the-basis. This question

emphasizes the second learning objective,enddso addressing the third, fourth, and fifth

2.6 IN-CLASS IMPLEMENTATION RESULTS

In one year of the SGE MQS implementation in udpeel undergraduate QM, students
were administered version A as a pretest and version B as a posttest, while in the ogthiezyea
were administered version B as a pretest and version A as a posttest. On the other hand, when the
SGE QUILT was implemented [66], some of the students in the same class were given version A
as the pretest whereas others were given version B (@wditsions were switched for each student
for the posttest)Tables2.1 and2.2 compare préposttest performances of students in ugpeel
QM course from the same university in different years after traditional |eloased instruction
(pretest) and othe posttest after students had engaged with the SGE MQS @apler SGE
QUILT (Table 2.2). The normalized gain (or gain) is calculated &L :LKOFF
LNA; :srr" FLNA;[ 85] . Ef fect size @asyLEBisgul ated

€saar gWhere &gis the mean of groupand where the pooled standard deviation (in terms of the

standard deviations of the prnd posttests) itz aarglx ¥€ad E €5a.% t[85]. Normalized

gain and effect size are only shown in Tablke(not available for Tabl2.2 data in Ref [66]).
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Table 2.1 Comparison of the mean pre/posttest scores on each question, normalized gains and effect sizes for
students in uppdevel undergraduate QM (averaged over two years in which the corresponding questions in

versions A and B are averaged) who engaged with the SGE MQS (N=48).

Question Pretest Mean Posttest Mean Normalized Gain (g) Effect Size (d)

1 61% 96% 0.88 0.50
2 40% 92% 0.87 0.71
3 38% | 49% 0.18 0.13
4 51% 80% 0.59 0.38
5 24% 50% 0.34 0.28
6 43% 82% 0.69 0.46

Table 2.2 Comparison of mean pre/posttest scores on each question from Ref. [66] (effect sizxeslainie) for

students in uppeevel undergraduate QM who engaged with the SGE QuILT. Questions from versions A and B
were mixed in both preand posttest in that some students got version A as the pretest and others as the posttest (and
vice versa)Mean scores are not for matched students and numbers of students varies from 5 to 35 (more details can

be found in Ref[66]).

Question Pretest Mean Posttest Mean
1 80% 81%
2 39% 7%
3 30% 80%
4 40% 90%
5 42% 90%
6 38% 100%

Tables2.1 and2.2 show that students in general did not perform well on the pretest after
traditional lecturebased instructionNote thatwe have combined theata for questions which
have been treated as equivalent betwesrions A and Bwhereas Zhet al.refer to giestions

from differentversionsseparatelyn Ref.[66].
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A beam of neutral silver atoms propagating along the x direction (into the page) in spin
state |T), is sent through a SGA with a vertical magnetic field gradient in the —y

direction. Sketch the pattern you expect to observe on a distant phosphor screen in the y-2

plane when the atoms hit the sereen. Explain your reasoning,.
Y

aery aae all gpin ltj;
fo ey wrld B¢ ft{’i‘.rﬂl.«f

w1y

I

Figure 2.4 An example of a common student belief that the state of the beam propagating through {Ge$tem
apparatus will be deflected in thedirection because the state |s; in response to question 2 on version B of the

test.

However, Tabl€.1 shows that there is significant improvement on the first two questions
from the pretest (after traditional lectdvased instruction inelevant concepts) to posttest (after
the SGE MQS) with students using the SGE MQS scoring greater than 90% on both questions.
This i mprovement in studentsd understanding
between the Hilbert space aphysical space better and also being able to choose a suitable basis
for the initial state of the system sent through a SGA and analyze the outcomes of an experiment
based upon the magnetic field gradient of the SGA after engaging with the SGE MQS.

Switching between bases and preparation of a state orthogonal to an initial state are
investigated via test questions 4 andée(Figur®.3) and MQ4Table2.1 also shows that on both
guestions 4 and 6, there was a reasonable gain from pretest to postteftea@GE MQS
implementation. While not as large as the gains observed for these questions from pretest to
posttest for students using the SGE QUuILT (see TaBle Table2.1 shows that students scored
approximately 80% in response to these questions aftgaging with the SGE MQS (these
guestions were about a situation in which the final prepared spin state of the silver atoms was a

Afl i ppedd state orthogonal to the spin state
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had to design an expe me n't with a series of SGAs with t
guantum state).

In contrast, questions 3 and 5 both demonstrate some room for improvement on posttest
even after the SGE MQS implementation (see Tdblg compared to the corresponding
improvement after the SGEUQLT (see Tabl&.2). An example of a student response to Question
3 on the pretest on version A is shown in Figligein whichthe student had difficulty recognizing
that the initial state is an eigenstafeg; of 5;so theentire beam will be deflected upward in this
situation. The student stated that the probability of the detector clicking when an atom exits the
SGX- is 3 SUREDELOLW)\ EHFD X V-HiraatisrH s@ it (ill vot d€llet paHiclps
with z but thee particles also have kKRPSRQHQWYV ZH MXVWappR©Q thit tisQ R Z W K
student is aware of the -tampobhbatséthesethparsts
know how to find them. Many other students had similar difficultieshhenpretestAnother
difficulty students had with the orthogonality of states was mistakenly assuming thatugp spin

state [¢ is orthogonal to the spiap state [ G.
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1 .
Chris sends silver atoms in an initial spin state ]}:(0]) - ﬁQT)‘ +‘|\L>!) one at a time

through an $GX-. He places a “down” detector in appropriate location as shown. What is
the probability of the detector clicking when an atorn exits the SGX-7

ZN. 5
I .;p S0X- . l
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Figure 2.5 An example of a student response to Question 3 on test version A in which the student had difficulty
recognizing that the initial state is an eigenstat@gafo the entire beam will be deflected upward. The student states
that the probabilitghatthe cetector will click when an atom exits the SGX 3 SUREDELOLW\ EHFDXVH WK
in the xdirection, so it will not deflect particles with z but these patrticles also habdlRP SRQHQWYV ZH MXVW G

NQRZ WKHP ~

Based on our resultde topic of diffeent bases question 3n the pretest and posttést
an area in which thEGE M(S should be refinedo improve student understandinijloreover,
Table2.3 (see Appendix I) shows thatidentsvho obtained version A of the test as a pretest and
version Bof the test as a posttestowed moderate gains from the implementation ofSG&
MQS, but the same did nbold truefor thosewho obtained version B as a pretest and version A
as a posttegsee Tabl .4 in Appendix 1) Apart from differences betweeatudents and instructor
implementation in two consecutive yedeven though each instructor implemented them using
similar approaches to the best of their abilities, therens&ill be individual differences), one issue
that maycontribue to the differemce betweemuestion 3 performances tifese two clagsin
Tables2.3 and2 4 is that sudentsn Table2 .4 receivedhis question asm@aultiple-choice question

on version Bon their pretest anals armopenrendedversion Aon their posttesgshown in Appendix
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[ll. In Table2.3, students had the reversituation with regard to the versionables2.3 and2.4
suggest thathe classassessd usingversion Bperformed better on this question the posttest
We also note tht the differences in pretest averages before engaging with MQS can likely be due
to differences in instructorsd | ecturing styl
years, something we do not have any control over. Therefore, we do notowdwell on the
pretest differences on any question in Talil&s and2.4. However, regardless of the pretest
performance in Table®.3 and2.4, the posttest performance on both versions of question 3 (see
Tables2.3 and2.24 in Appendix |) aftethe SGEMQS shows room for improvemewith regard
to helping studentkearn to transfornfrom one basis to another analyze measurement outcomes
after passing through a SGA with a particular magnetic field gradiéatare contemplating
adding another questidio provide additional coachingnd scaffolding testudentsin orderto
solidify their conceptual understandinghaiw to transform from one basis to another depending
upon the magnetic field grading in the Stern Gerlach apparatus and to help studentalieas
the outcomes of measurement after the atoms pass through a SGA.

Question 5assesses studemtroficiency in differentiating between a mixture and
superposition of statemnd showed weak improvemeatfter implementation ofthe MQS (see

Tables2.1, 2.3 and2.4). Even after engaging with the MQS, which strived to help students learn

to differentiae between a superposition statég L §?;4 [G E §?74 ] ¢ and an analogous mixture

made up of 70% [ G particles and 30% ] ¢ particles students tsuggled with this concept.
Previously, students using t&&EQUuILT had shown much stronger gaifisable 22). We are
currently considering adding anothmaultiple-choice question in thEGE M5 tohave students

furtherreflect upon lhe differerce between a superpositioof statesand a mixture
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2.7 SUMMARY

Well-designed multiplehoice questionswith peer discussionare excellent tools for
engaging students in the learning procasdrelativelyeasy to implemernih the classroom, with
or without the use foclickers, compared to many other evidefhesed activengagement
pedagogiesWe describea framework for developing and validating multygleoice question
sequenceandthe development, validation aimdclassimplementation o MQS focusing on the
fundamental concepts in quantum mechanics using the Statach experimenhatwasinspired
by the learning objectives and guided learning sequences in the corresponding QulLThis6]
SGE MQS was developed using research on student difficulties in learning these fundamental
concepts of quantum mechanics as a guide. Different questions in the MQS build on each other
and strive to help students organize, extend and repair theirdahgevstructure. One useful aspect
of the Stern Gerlach experiment is that it can help students learn about foundational issues in
guantum mechanics using a very simple two state model. In particular, the MQS focuses on helping
students learn about importassues in quantum mechanics such as the difference between the
Hilbert space and physical space, how to prepare a quantum state, how to analyze the outcomes of
a particular set up involving various SteBerlach devices and an initial spin state of redsifver
atoms, and the difference between a superposition state vs. a mixture (and how the SGAs with
appropriate orientations of magnetic field gradients can be used to differentiate between these).
This MQS is composed of seven questions most of whielpased in concrete contexts with
different initial spin states of a beam of neutral silver atoms sent through various SGAs. Only the
last question, which focuses on helping students differentiate between a superposition and mixture,

concerns an abstracase in which students are asked for the outcome in a situation for which they
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must consider more than one possible setup to answer correctly. The entire MQS can be spread

across separate lecture periods, or can be implemented together, e.g., to ecmvcdpts.
Development of a researsfalidated learning tool such as the SGE MQS described here is

an iterative process. After the-atass implementation of the SGE MQS using clickers and peer

interaction by two different instructors, we found that th@ $4was effective in helping students

learn many of the important concepts. Howeverglass evaluation also shows that further

scaffolding is needed to guide students in differentiating between a quantum state which is a

superposition of eigenstates afi aperator corresponding to an observable from a mixture.

Appropriate modifications are being made to the SGE MQS so that this issue can be addressed in

the future iterations and implementatiol®reover, while both instructors implemented the MQS

by interspersing them with lectures using clickers and peer interaction, future research can evaluate

the effectiveness of these validated MQS in other modes of classroom implementations.
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2.10CHAPTER APPENDIX

2.10.1 Individual class data

Table 2.3 Comparison of meapre/posttest scores on each question, normalized gains and effect sizes for upper
level undergraduate students in QM who engaged with the SGE MQS when version A was used for pretest and

version B was used for posttest (total number of studerstd H.

Question Pretest Posttest Mean  Normalized Gain (g) Effect Size (d)
Mean
1 | 38% | 100% 1.00 1.05
2 14% 97% 0.97 1.79
3 41% 65% 0.40 0.24
4 38% 79% 0.67 0.51
5 o 12% 59% 0.53 0.64
6 41% 74% 0.55 0.34

Table 2.4 Comparison of mean pre/posttest scores on each question, normalized gains and effect sizes for upper
level undergraduate students in QM who engaged with the SGE MQS when version B was used for pretest and

version A was usef posttest (total number of students=I81).

Question Pretest Posttest Mean  Normalized Gain (g) Effect Size (d)
Mean
1 | 74% 93% 0.72 0.28
2 53% 89% 0.77 0.45
3 35% 41% 0.09 0.06
4 58% 80% 0.53 0.30
5 3% 43% 0.18 0.14
6 44% 88% 0.78 0.55
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2.10.2 Additional MQS questions

(MQ3) A beam of neutral silver atoms in a spin stat€L = [¢ E >]¢gis sentthrougha SGX $Q 3XS" GHWHFWRL
blocks some silver atoms, as shown in Figuiie What fraction of the initial atoms will be blocked by the detector?

7). +4{¥), |

SGX
>

Figure 2.6 Figure for MQ3 using the repregation as describeded in Figu2d..

—. —6

b) >
0y +E" Y
d) < =F>°

e) None of the above

(MQ4) A beam of neutral silver atoms is in the initial spin stdtg. It propagates through two SGAs as shown in
Figure 5. What is thprobability that detector B will click for the atorttzat enter the first SGA

Detector B

— &
Im, [ 1 SGZ-
o SGX- |

I

Detector A

Figure 2.7 Figure for MQ4 using the representation as described in F&jure

d) s
e) None of the above
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(MQ5) The initial state of a beam of neutral silver atomg][ig. It propagates through three SGEs as shown in Figure
2.8 What is the probability that the detector will click for the atoms that enter the first SGE?

Ty, ———»  SGx-

| SGZ- — I
\ SGX+ \\

Figure 2.8 Figure for MQ5 using the representaticndescribed in Figur2.1.

= SVY

b) Swy,

c) SW

d U

e) None of the above
(MQ6) The initial state of a beam of neutral silver atoms|ig. Suppose you want to prepare a beam of neutral
silver atoms in spin state] ¢. Which of the options in Figu29 shows an appropriate SGE to collect neutral silver

atoms (not intercepted by a detector) in spin stdig?

IND: — | sGz-

_—1
hﬁx“‘*—-,

a)
5GZ- <I
Mzl sex- <
b) 0
M. — ] sex- |
) [T~
|T),—» SGX- | sox+ SGZ-
l“\"-\.
d)

Figure 2.9 Figure for MQ6 using the representation as described in F&jure



(MQ7) Suppose neutral silver atoragein an unknown spin state. The spin state is either a mixture with 70% of the

atoms in the [ ¢ state and 30% in the] G state or it is a superposition statel ¢L §?;4 [ E §?74 ]1G. Choose all
of the following states that are correct about the beam propag#thoggh an SGZ or SGX apparatus:

I. When the beam propagates through the SGZ, 70% of the atoms will register in one detector and 30% of the
atoms will register in the other, regardless of the two possibilities for the state.
II. When the beam propagates through SGX, 50% of the atoms will register in one detector and 50% of the
atoms will register in the other, regardless of the two possibilities for the state.
lll. We can use &6GZ to distinguish between the possible spin states of the incoming silver atoms

a) lonly
b) Il only
c) Il only
d) Il and lll only

e) None of the above

2.10.3 Additional test questions

3. (version B) Harrysend silver atomsall in the normalized spistate i :PL r;¢L
=[¢ E >]¢gthrougha SGX He placesai up 0 det e c tbiock sane silgeh o wn t
atoms and collects the atoms coming out in
What fraction of the initial silver atoms will be available for his second experiment?
What is the spin state prepared for the second experiment?y8howork.

7). +4{), |

SGX
>

Figure 2.10 Figure for Question 3 on version B that focuses on the learning objective related to transforming the
initial state to a basis that makbe analysis of measurement outcomes aissing through the SGA convenient
(as well as on how to determine the spin state that is prepared and the fraction of the atoms that are in that final state
prepared (i.e., not intercepted by the detector).

4. (version B) Sallysend silver atoms in state] ¢ through three SGAs as shown beldw.
detector is placedither in theup or downchannelafter each SGAs shownNote that
each SGA has its magnetic field gradient in a different direchiext to each detector,
write down theprobability thatthe detectoclicks. The probability for the clicking of a
detector refers to the probability that a particle enteriniristeSGA reaches that detector.
Also, after each SGAwyrite the spin stat8ally hasprepared Explain.
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T".
) SGZ- I

SGX- SGZ+ Down

—>
I I detector

Figure 2.11 Figure for Question 4 on version B that corresponds to the learning objective related to preparing a final

guantum state which is orthogonalthe initial state. On both versions of this test questardents were given an
arrangement of Ster@erlach apparati and were asked to determine the probability that each detector clicks and the

spin state prepared.

5 (version A) Suppose beam A consists of silver atoms in the'usq:atzéw: [¢ E ]g; and

beam B consists of an unpolarized mixture in which half of the silver atoms are ir] gtate
and half are in statg ¢. Design an experiment witRGAs anddetectorsto differentiate
these two beams. Sketch your experiment setup below and explaihviaonks.

5. (version B) Suppose beam A consists of silver atoms in the $taie3/%: [¢ E 1g; and

beam B consists of an unpolarized mixture in which half of the silver atoms are ir] gtate
and half are in statg ¢ aChoose all of the following statementsitlare correct.

(1) Beam A willnotseparate after passing throu$gZ-.

(2) Beam B will split into two parts after passing throlBBZ-.

(3) We can distinguish between beams A and B by passing each of them th®Gdh. a

only 1

only 2

land?2

2 and 3

All of the abowe.

moow>

6. (version B) Suppose you have a beam of atoms in the spinistatel ]¢ but you need
to prepare the spin statgg for your experiment. Could you use SGAs and detectors to
prepare the spin statgg? If yes, sketch your setup below and explain homontks. If
no, explain why.
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3.0INSTRUCTIONAL PRAGMATISM: USING A VARIETY OF EVIDENCE -BASED

APPROACHES FLEXIBLY TO IMPROVE STUDENT LEARNING

3.1INTRODUCTION

3.1.1 Background

A major goal of many physicsourses from introductory to advanced levels is to help
students learn physics conceptsl@ while also develomg theirproblem solving and reasoning
skills [14-28]. We have beestudying how students iphysicscourses can learn to think like a
physidst and develop a solid grasp of physamncepts 29-45. Many researchers have been
involved in developing and evaluating evideth@sed activeengagement (EBAE) curricula and
pedagogiesi45] to improve student learningut implementation of these EBAapproaches to
help students learn has been slow. Some major barriers to implementation of the EBAE pedagogies
at the collegdevel include lack of faculty buin and their reluctance and/or resistance, partly due
to a lack ofaninstitutional reward sysin for using these evidenbased approaches, the time
commi t ment involved in effectively adapting
their students may complain (since students may prefer to passively listen to lectures as opposed
to activdy engage in the learning procesdp|| Moreover, the amount of class time required to
implement an EBAE pedagogy, the flexibility with which it can be implemented, the need to train
instructors in how to effectively use it, and the architectural constraf the classrooms may also
increase the barrier and make it difficult to implement an EBAE pedagogy [46]. Because of this,

even those instructors who adopt and adapt EBAE curricula and pedagogies in their classes are
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often disappointed when they do naiserve the learning gains they expected and may quit

employing the EBAE methods.

3.1.2 Instructional Pragmatism Framework

One major cause for the logustainedusage of the EBAE learning tools and pedagogies
among the adopters is that the early adaptatiotigein classes do not necessarily show the same
large gains in student learning as those observed by their developers [46]. One reason for this
failure to replicate the positive outcomes of an innovation in early implementations by instructors
isthatthe BAE approaches must be refined and tweak
studentsd6 prior knowl edge and skills as well
bandwidth for the different ways in which EBAE curricula and pedagogies caddyed,
implemented and still be successful in producing desired student learning is limited. Thus, if an
EBAE curriculum or pedagogy is replicated in a somewhat modified form and does not produce
the desired learning outcome, instructors may feel d@afga and quit using that innovative
EBAE approachinstructional pragmatism framework advocates that when an EBAE approach
does not appear to be successful in improving student learning, instructors should be flexible and
persistent and remind themseltbat improving teaching and learning is a process that requires
refinement and tweaking to yield desired outcome. Therefore, instead of giving up on the EBAE
approaches, they should cultivate instructional pragmatism, keep several EBAE approaches in
theirtool box and be pragmatic about adopting and adapting various EBAE approaches that meet
the needs of their students as well as the constraints of their classroom in order to help their students

master physics concepts.
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3.1.3 Goal and motivation

The goal and maotation of this work are to illustrate an example of instructional
pragmatism in which a quantum physics instructor did not lose hope when an EBAE method
involving implementation of a sequence of clicker questions on addition of angular momentum
did not yeld expected learning outcomes on the posttest administered after the clicker question
sequence even though it was found effective in earlier implementations by other instructors.
Instead, the instructor viewed improving teaching and learning as a cargtiptexess, remained
optimistic and employed another EBAE method with the same set of students and implemented it
as homework that did not require him to spend more itmoéass on this topic. In particular, the
instructor created an out of class oppoitiufor students to productively struggle 48] with the
same posttest problems on addition of angular momentum that they had not performed well on by
incentivizing them to correct their mistakes
flexibility and use of another fielle st ed pedagogy, Aincentives f
appear to be effective in that studentsdé perf
problems posed on the final exam shows that students who cotresitedistakes benefited from
the exercise and learned about addition of angular momentum better than those who did not correct
their mistakes. We argue that supporting and aiding physics instructors to embrace instructional
pragmatism can go a long wayhelping their students learn physics since it will encourage them
to be persistent in using various EBAE approaches flexibly as they refine and tweak their

implementation.
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3.1.4 Background on clicker questions

Here we discuss instructional pragmatism in theéeodrof a quantum mechanics course in
which instructors first used an EBAE pedagogy involving sequences of clicker queStokesy.
guestions (also known as concept tests) are conceptual muhiglee questions typically
administered in the classroomdngage studentstinelearning process and obtain feedback about
their learning via a live feedback system called clickBBs56]. Integration of peer interaction
with lectures via clicker questions has been popularized in the physics community by B0hzu
In Mazur's approach, the instructor poses conceptual, muttigliee clicker questions to students
which are interspersethroughout the lecture. Students first answer each clicker question
individually, which requires them to take a staegarding theirthoughtsaboutthe concept(s)
involved. Students then discuss ithanswers to thejuestions with their peers and learn by
articulating their thought processes and assimilating their thoughts with those of the peers. Then
after the peer discussighey answer the question agasing clickers, followed bggeneral class
discussion about those concepts in which both students and the instructor participate. The feedback
that the instructor obtains is also valuable becdupsvidesan estimate ofhe prevalence of
studenttommondifficulties and the fractionf the class that has understood the con@piscan
apply them in the contexts in which the clicker questions are pd$eduse of clickers keeps
students alert during lectures and helps them monitor their learning. Qjidstionsan be used
in theclassroom in different situations, e.they can be interspersed within lectureset@luate
studentearning in each segmenita class focusing on a concegttthe end of a class or to review
materials from previous class&ghe beginning of a clad#/hile clicker questions for introductory
[50-56] and uppeilevel physics such as quantum mechafi@$ have been developed, there have

been very fewdlocumentecefforts[58] toward a systematic development and validation of clicker
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guestion sequences (S9), e.g., question sequences on a given concept that can beaised in
class periodsvhen students learn the concepts #rat build on each other effectively help

studentorganize their knowledge structure.

3.1.5Backgroundon @Al ncent i versonf oMi slLteaakrension gpoefdagogy

The discussion of instructional pragmatism in the context of a quantum mechanics course
here involves an instructor using an EBAE pedagogy that involves giving incentives to students to
learn from their mistakes when the CQS did yietd the desired outcome on the posttest after
CQS implementation. In order to appreciate the ILM pedagogy, we must recognize that two
characteristics of physics experts are that they have learned how to learn and they use problem
solving as an opportuitfor learning [5963]. In particular, experts automatically reflect upon
their mistakes in their problem solution in order to repair, extend and organize their knowledge
structure. Unfortunately, for many students, problem solving is a missed learpioguoyity
[59,60]. Without guidance, students often do not reflect upon the problem solving process after
solving problems in order to learn from them nor do they make an effort to learn from their
mistakes after the graded problems are returned to tH&B0[5 The incentives for learning from
mistakes pedagogy are based on the tenet that instructors can explicitly prompt students to learn
from their mistakes by rewarding them for correcting their mistake$3$.1This type of activity
over time can alshelp them learn to make use of problem solving as a learning opportunity.

Here we discuss instructional pragmatism in the context of implementation of ILM
pedagogy in a junior/senior level guantum mechanics course when a CQS did not yield the learning
gairs expected by the instructor. Prior research has focused on how introductory physics students
differ from physics experts and strategies that may help introductory students learn to learn [61
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62]. By comparison, few investigations have focused on theitepskills of advanced physics
students [63], although investigations have been carried out on the difficulties advanced students
have with various advanced topics such as quantum physi€R[g4In fact, it is commonly
assumed that most physics majergunior and senior years have not only learned a wide body of
physics content but have also picked up the habits of mind andheeiforing skills needed to

build a robust knowledge structure [63]. Many physics instructors take for granted that advanced
physics students will learn from their own mistakes in problem solving without explicit prompting,
especially if students are given access to clear solutions. It is implicitly assumed that, unlike
introductory students, advanced students have become migpidearners and will take the time

out to learn from their mistakes, even if the instructors do not reward them for fixing their mistakes,
e.g., by explicitly asking them to turn in, for course credit, a summary of the mistakes they made
and writing dom how those mistakes can be corrected [63]. However, such assumptions about
advanced students' superior learning andmelfitoring skills have not been substantiated by
research. In an earlier investigation, Mason and Singh [60] investigated the extéittt upper

level students in quantum mechanics learn from their mistakes. They administered four problems
in the same semester twice, both on the midterm and final exams in aAlaygbaguantum
mechanics course. The performance on the final exam ghatvwhile some students performed
equally well or improved compared to their performance on the midterm exam on a given question,
a comparable number performed poorly both times or regressed (i.e., performed well on the
midterm exam but performed poorbn the final exam). The wide distribution of students'
performance on problems administered a second time points to the fact that many advanced
students may not automatically exploit their mistakes as an opportunity for repairing, extending,

and organizingheir knowledge structure. Mason and Singh also conducted individual interviews
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with a subset of students to delve deeper into students' attitudes toward learning and the importance
of organizing knowledge. They found that many students focused onsalestudying for the
exams and did not necessarily look at the solutions provided by the instructor for the midterm
exams to learn, partly because they did not expect those problems to be repeated on the final exam
and/or found it painful to confront thranistakes.

The ILM pedagogy proposes giving incentives to students for learning from their mistakes,
e.g., by explicitly rewarding them for correcting their mistakes before giving them the correct
solutions because productive struggle while diagnosimg@®@s mi st akes and | ear
can be an excellent learning opportunity both for learning content and developing useful skills.
Students may gain a new perspective on their mistakes by asking themselves reflective questions
while solving the problemsorrectly making use of the resources, e.g., their class notes and
textbook available to them. In a prior study spanning four years in which advanced undergraduate
physics students taking a quantum mechanics course, these students were given the same four
problems in both the midterm exam and final exam (similar to the Mason and Singh study [63]).
Approximately half of the students were given incentives to correct their mistakes in the midterm
exam and could get back up to 50% of the points lost on eadermic&xam problem. The
solutions to the midterm exam problems were provided to all students but those who corrected
their mistakes were provided the solutifter they submitted their corrections to the instructor.
The performance on the final exam tie same problems suggests that students who were given
incentives to correct their mistakes significantly outperformed those who were not given an
incentive [63]. It was found that the incentive to correct the mistakes on the midterm exam had the
greatestmpact on the final exam performance of students who did poorly on the midterm exam,

which is very encouraging [63].
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3.1.6 Organization of chapter

The rest of theehapteris organized as follows. Since CQS was used as the first EBAE
pedagogy by the instructoiig, section I, we discuss the learning goals and methodology for the
development, validation and-olass implementation of the clicker question sequence on addition
of angular momentum. In section Ill, we discassase in which the implementation of (@S
did not produce the desired performance on the posttest. The instructor subsequently used another
EBAE pedagody, which offered grade incentive to the students for correcting their own mistakes

In section IV, we conclude with a discussion and summary.

3.2THE EBAE APPROACH INVOLVING CLICKER QUESTIONS SEQUENCE

Before we discussow theCQS on addition of angular momentum in quantum mechanics
(QM) was implemented by the instructors, we summarizeet®lopment andalidationprocess
including itslearning goals. This CQ®as developed for students in upgerel undergraduate
QM courses by taking advantage of the learning goals and iFgassd guided learning
sequences in a reseancalidatedQuantum Interactive Learning Tutorial (QulL®h thistopic
[105,106 as well as by refining, finkuning and adding to the existing clicker questions from our
group which have already been individually validate@7]. The CQS can be used in class either
separately from the QUuILT or synergistically with tberresponding QuILT 105 if students
engage with the QuILT after the CQS as another opportunity to reinforce the concepts learned

Thelearning goals anthquiry-based learning sequenceshe QuILT, which guided the

development and sequencing of the Cfd®stions, were developed using extensive research on
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student difficulties withtheseconcepts as a guidend cognitive task analysis froran expert

perspective

3.2.1 Learning Goals

One learning goal of the CQ8onsistent with the QuILTis that students should be able
to identify the dimensionality of the product space of the spin of two particles. For exangle, if
system consists of two spinparticles with individual thredimensional spin Hilbert spaces, the
product space of thisvo spin systems the product of those dimensions, 3x3n6t the sum of
dimensions, 3+3=6)Another learning goal of the CQS is that students are able to choose a suitable
representatioos uch as t her idococoppbéddor epr ecompleteadti o n ,
of basisstates forthe product space in that representatidie note thattte concepts related to the
addition of orbital and spin angular momenta are analogobhgre we will only focus on spiim
standard notationhe basis states the uncoupledepresentatioare eigenstates cfé 3, sééE and
4 sand canbe written as s & qs¢T *s2 qecHere eachparticleds individual spinand z

component of spiguantum numberare @Q Qand | s | s respectively. On the other hand, in
thecoupled representatipthe basis statesy& 4G are eigenstates o€ 4% 4% @nd 8 where %L

% E % andthe total spin quantum numbsrand the zzomponent of the spiquantum number,

* 4 arefor the entire systemStudents should be able tse he addition of angular momentum
to determinghatthe total spinquantum numbeof the system s can range from E ¢gdown to

| 5 F ¢, with integer steps in between, whegeand ¢gare the individual spin quantum numbers
for the particles. The-eomponent of the spin of the composite systenrigL ¢ 4sE * 46

Another learning goal of the CQS is that studé@sble tacalculate matrix elements wérious
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operators corresponding to observal{e.g., a Hamiltoniann the product spadein different

representations.

3.2.2 Development and Validation

Based upon the learning goals of the QUuILT, questions in the addition of angular
momentum CQS were developed or adapted from prior validated clicker questions and sequenced
to balance difficulties, avoid change afth concept and context between adjacent questions as
appropriate in order to avoid cognitive overload [108], and include a mix of abstract and concrete
guestions to help students develop a good grasp of the concepts. The validation was an iterative
proces.

After the initial development of the addition of angular momentum CQS using the learning
goals and inquinpased guided sequences in the QUILT and existing individually validated CQSs,
we iterated the CQS with three physics faculty members who provideable feedback on fine
tuning and refining both the CQS as a whole and some new questions that were developed and
adapted with existing ones to build the CQS to ensure that the questions were unambiguously
worded and build on each other based upon é¢hening goals. We then conducted individual
think-aloud interviews with advanced students who had learned these concepts via traditional
lecturebased instruction in relevant concepts to ensure that they interpreted the CQS questions as
intended and the gaencing of the questions provided the appropriate scaffolding support to
students. This version of the CQS has 11 questions, which can be grouped into three sections (to
be discussed below) and can be integrated with lectures in which these relevaptscaree

covered in a variety of ways based upon the
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The addition of angular momentum CQS has three sections that can be used separately or
together depending, e.g., upon whether these are integrated with lectures similar © $1azur
approach, used at the end of each class or used to review concepts after students have learned via
lectures everything related to addition of angular momentum that the instructor wanted to teach.
The first section of the CQS, C€IQ3, focuses on the umgpled representation with basis states

s* gt T *el* q6¢ The first question focuses on student understanding of the notation for the
basis states in this representation along with the dimensionality of the product space and be able
to write acomplete set of basis states looks like. Following this question, CQ2 and CQ3 build on
this understanding, asking students to identify the operators for which the basis states in the
uncoupled representation are eigenstates and about some diagonal -diagdjoofal matrix
elements of various operators and whether they are zero ezenoti.e., determining whether
operators are diagonal in the uncoupled representation). This section of the CQS concludes with
a class discussion in which the instructor meyew characteristics of this representation, as well
as address any common difficulties exhibited by students.

The second section of this CQS, CQ®6, deals with the coupled representation with
basis state *’ ,qwhere *;and +zare suppressed)rhe strgture and concepts in these questions
shown below are analogous to the structure of the first section, allowing students to compare and

contrast these two representations.

(CQ4) Choose all of the following statements about the product space for a ®fstemspin

1/2 particlesin thecoupled representatiothat are correct:

. 7KH GLPHQVLRQDOLW\ RI WKH SURGXFW VSDFH LV WKH SUF
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subspace, which is 2x2=4.
II. @l ,gs an appropriate form for the basis states, wherangies from [ @ to G+ Qby
integer steps, and z | s+ | a&anging from s to s in integer steps for each s.

lll. s&¢ s&¢ s& sg¢and racare the elements of a complete set of basis states.

a) |only

b) b) landllonly
c) ¢) landlll only
d) Il and Il only

e) All of the above

(CQ5) Choose all of the following statements about the product space for a systeanspin

1/2 patrticlesin thecoupled representatiothat are correct:
|. Basis state s& sds an eigenstate 05°such that5® s& s¢L t 08 s& s¢
ll. Basis state s& sgs an eigenstate of botB® = J @S such that5® s& s¢L t0° s& scand
50 s&scL t0° s&s¢

lll. Basis statesd& s@s an eigenstate 055 5¢ and 5.

a) |lonly
b) landllonly

c) land lll only
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d) Iland lll only

e) All of the above

(CQ6) Consider the product space of a systentwad spinl/2 particles Choose all othe
following that are correct regarding the scalar products in the coupled representation. (Recall

that these scalar products give the matrix elements of 3heE 55 operator in this basis).

. &8& :55 E54; sdcL a8& 5 sacLr
Il. 88 s :55E 5¢; s&FscL aeds 5 sas¢cL FO
lll. :55 E 5¢;is diagonal in the coupled representation.

IV. :55 E 54;is diagonal in the uncoupled representation.

a) Il and Il only
b) I, 1l, and Il only
c) land IV only
d) I, 1l,and IV only

e) All of the above

As noted, the first two sections of the addition of angular momentum CQS deal with only

one representation at a time, and only with a system of twelépiparticles. This choice is
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deliberate by design to avoid cognitive overload and allow studergsisit these representations
in a familiar context since typical instruction on these concepts tends to emphasize a system of two
spin1/2 particles first.

The third section of the CQS extends these concepts to higher dimensional product spaces
for both caupled and uncoupled representations. For example, CQ7 deals with the dimensionalities
of the product space for systems of two spins that are not botti/@pithen, CQ8 and CQ9 ask
students to identify basis states in the coupled and uncoupled repiessritatthese less familiar
two-spin systems. Also, CQ12 and CQ13 ask students to identify the basis in the product space in
which given Hamiltonians are diagonal (note that these are numbered differently because two
guestions were added after CQ9 late).o These Hamiltonians are comprised of operators

addressed previously in the first questions of the CQS.

3.2.3 In-class implementation by instructor A

A The CQS was implemented with peer discussion [50] in an tepelr undergraduate
QM class at a large research university (Pitt) after traditional lebased instruction in relevant
concepts on the addition of angular momentum in which students lesvnatithe coupled and
uncoupled representations not only for a system of tweBRiparticles but also for systems for
which the product spaces involve higher dimensions. Prior to the implementation of the CQS in
class, students took a pretest afteritiawclal instruction in each class, which was developed and
validated by Zhu et al. [105] to measure comprehension of the concepts of addition of angular
momentum. The first six questions in the CQS were implemented together right after the pretest.
The las five questions in the third section of the addition of angular momentum CQS were
implemented at the beginning of the next class to review concepts covered earlier in the lectures
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on product spaces involving higher dimensions. The posttest was adméhidigiag the
following week to measure the impact of the CQS.

On the pretest, students were given a system of twoelspiparticles and a spspin
interaction Hamiltonian. 3z L (\'4VM6ﬁ55(é6 L (t"‘V}Iﬁﬁ:f‘A6 F & F & and a magnetic
field-spin interaction Hamiltdan, &g L FJ |5¢ E & go&@nd asked to answer these questions:

(a) Write down a complete set of basis states for the product space of a system of 4l¥@ spin
particles Explain the labels you are using to identify your basis states.

(b) Evaluate one diagoniand one ofidiagonal matrix element of the Hamiltoni & (of your
choosing) in the basis you have chosen. Label the matrix elements so that it is clear which matrix
elements they are.

(c) Evaluate one diagonal and one-dffigonal matrix element of théamiltonian # (of your
choosing) in the basis you have chosen. Label the matrix elements so that it is clear which matrix
elements they are.

(d) Are both Hamiltonian: #; and *8sdiagonal matrices in the basis you ch®se

The posttest that students were administered following the implementation of the CQS was
analogous to the pretest [5] and asked the same questions as the pretest but for a system of one
spin1/2 particle and one spihparticle. These pre/posttests argnsmilar to those administered
by Zhu et al. to measure student learning after traditional instruction and after engaging with the
addition of angular momentum QuILT [105]. However, due to time constraints in the classroom,
questions (b) and (c), which dhgoreviously asked students to construct the entire matrix
representation of the Hamiltonians, were reduced as stated earlier to evaluation of only one
diagonal and offliagonal matrix element [105]. In order to compare the performance of CQS and

QUILT groups on pre/posttests so that the relative improvements can be determined, the same
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rubric was used for prposttests given to the CQS students as the QUILT students in Ref. [105]
(who were also advanced undergraduate students in QM). Questions (@ahd(id) were each

worth 3 points, and students were awarded partial credit if only some basis states in (a) or some
matrix elements in (b) or (c) were correct.

noo) .

3.2.4 In-class implementation results foCQS by instructor A in class A

Tables3.1 and3.2 compare pre/posttest performances of ugperl QM students from
the same university in two different years after traditional ledtased instruction (pretest) and
on posttest after students had engagéh the CQS (Tabl&.1) or QUILT (Table3.2) on the
addition of angular momentum. The normalized gain (or gain) is calculatCL :LK O F
LN%; :srr” F LN%;[2] and presented in both Tablg@& and3.2 but effect size is calculated
only in Tabe 3.1 (not available for Tabl8.2 data in Ref. [105]). Effect size was calculated as
CoheCL :3axF 83 &aapavhere &yis the mean of groupand &; 55 ds the pooled

standard deviation [109].

Table 3.1 Comparison of mean pre/posttest scores on each question, normalized gains and effect sizes for upper

level undergraduate QM students in class A who engaged with the CQS on addition of angular momentum concepts

(N=16).
Questin Pretest Mean Posttest Mean Normalized Gain (g) Effect Size (d)
(@) 59% 95% 0.88 0.30
(b) 24% 48% 0.31 0.22
(c) 17% 71% 0.66 0.44
(d) 14% 43% 0.33 0.67
Total 31% 69% 0.54 0.35
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Table 3.2 Comparison of mean pre/posttest scores on each question and normalized gains from Ref. [105] (effect
sizes not available) for upp&vel undergraduate QM students who engaged with the QUILT on addition of angular

momentum cacepts (N=26).

Question Pretest Mean Posttest Mean Normalized Gain (g)
(@) 77% 85% 0.35
(b) 8% 54% 0.50
(c) 8% 73% 0.71
(d) 31% 85% 0.78
Total 34% 72% 0.58

Although the number of students in each class is small and the pretest scores i.Tables
and 3.2 are often different, they are low in both tables (except for question (a) in I2hle
However, the comparison of the posttest scores of the CQS grotipea@dILT group in Tables
3.1and3.2suggests that the CQS is effective in helping students learn to construct a complete set
of basis states (question (a)) and calculate matrix elements for the magnespifieioteraction
Hamiltonian (question (c)parnering similar posttest scores to those of students who engaged with
the QUILT. However, Tabl8.1 also shows that students did not perform well on questions (b)
and (d) even after engaging with the CQS. Review of student responses suggests tbat a maj
reason for the poor performance on both of these questions, even after the CQS, is due to the fact
that a majority of students chose the basis to be the uncoupled representation (since it is the simpler
representation for constructing the basis staed)then had difficulty with the matrix elements of
the spinspin interaction Hamiltonian in questions (b) and (d) since it is only diagonal in the
coupled representation. In particular, in question (a), many students correctly constructed a

complete setfdbasis states, but chose the uncoupled representation.
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We note that while the magnetic fiedpin interaction Hamiltonian in question (c) is
diagonal in both coupled and uncoupled representations, calculating the matrix elements of the
spinspin interation Hamiltonian in question (b) in the uncoupled representation is challenging
since that operator is not diagonal in this basis. Along with a reasonable posttest score for question
(a), the CQS group student sd )pndable3d.lpsalgettotthrest s c
fact that while students learned to construct a complete set of basis states, many were not versed
in calculating the matrix elements of an operator in a representation in which it is not diagonal as
in question (b) (many studes assumed that the sgpin Hamiltonian in question (b) is also
diagonal in the uncoupled representation, which it is not).

In fact, for question (d), even after the CQS, many students claimed that both Hamiltonians
are diagonal in the uncoupled repms¢ion they had chosen. Since students were only asked to
calculate a single offiagonal matrix element in question (b), some students who correctly
calculated an oftliagonal matrix element in question (b) that was zero concluded that the entire
. matrix is diagonal in the uncoupled representation which it is not. On the other hand, a
comparison of student performances on posttest in T8dleand3.2 for questions (b) and (d)
suggests that most students who engaged with the QUILT answered q@stiorrectly but
struggled to calculate matrix elements on the posttest in question (b).

Moreover, based on thirkloud interviews, we find that QM experts are more likely to
consider whether different operators are diagonal in a given represebgfia@choosing a basis
to evaluate the matrix elements of the two Hamiltonians. They generally preferred to use the
coupled representation since both Hamiltonians are diagonal in that representatioli@djcfél
matrix elements in questions (b) and & zero). Since thin&@loud interviews suggest that

students did not, in general, automatically do this type of metacognition before selecting a basis
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for evaluating the matrix elements, the CQS was revised to explicitly offer such opportunity to
studens. In particular, more scaffolding was provided to help students construct a set of basis
states that is not only complete, but is also convenient for evaluating the matrix elements of
operators corresponding to the observables of interest (e.g., chtwosiogupled representation
would have made both Hamiltonians diagonal in the basis and made it significantly easier to
calculate the matrix elements). We refined the second section of the CQS, which deals with the
coupled representation, to offer addimbpractice in constructing a basis in this less familiar case.
Also, the third section of the CQS was refined to offer more practice in identifying a representation

in which a given operator is diagonal.

3.3INSTRUCTIONAL PRAGMATISM: COMBINING TWO EBAE METHO DS

DYNAMICALLY

Before Instructional pragmatism which involves staying optimistic and persistent and
continually refining an EBAE approach or changing to a different one and adapting it to fit the
needs of their students dynamically is an invaluable skikfiy instructor. While EBAE strategies
are likely to provide promising results in a classroom after a few implementations, the instructors
must consider the improvement in teaching and learning to be a process that may not yield the
desired outcome irhe first few implementations. In particular, the implementation of the EBAE
met hods needs to be refined and tweaked to sui
knowledge and skills and is not a esieefits-all panacea. For this reasanjs important for

instructors to have several EBAE instructional tools in their toolbox.
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Following the implementation of the CQS in class A, which yielded reasonably good
performance on two posttest questions but not on the other two posttegirguaier students
engaged with the CQS, two more clicker questions were developed and validated based upon the
difficulties found after implementation in class A. These two new questions, CQ10 and CQ11,
along with guided discussion after existing CQ18 @Q13 (see the Appendix), were added to
provide more support for addressing difficulties with working in the coupled representation and
identifying convenient bases for answering different questions. This slightly amended CQS was
then implemented in clags by instructor B, who was a different instructor than that for class A.

The implementation of the CQS in class B followed the same procedure discussed in the preceding
section for class A.

Table33 shows c¢cl ass B6s p e rthe pretestamdpasttest.Tabe | | p
33shows that studentsdé average posttest perfo
performed significantly worse than class A (in TaBI&) even on question (c). Although the
normalized gains and effect sizes diqaestions are reasonable (see T&®, the instructor of
course B was concerned about the learning as measured by the posttest scores and the fact that a
majority of students had not mastered the concepts. Although how the CQS was implemented in
class B could have play an important role in why the students did not benefit significantly from it,
one likely reason for not benefiting from the CQS is that students did not have sufficient initial
knowledge (as evidenced by the pretest scores) beforetiygaged with the CQS. For example,
when roughly half of the students know the correct answers to the clicker questions, the peer
discussions during the implementation of the clicker questions is generally effective [50]. One
possible reason for the low pripreparation as evidenced by the pretest scores may be that the

instructor of class B did not spend sufficient time before the CQS on discussing the relevant

71



underlying concepts (e.g., on questions (b) and (d), students in class B performed veryrpoorly o

the pretest as shown in Tal88& and for those questions their posttest scores are also less than

40%).

Table 3.3 Comparison of mean pre/posttest scores on each question, normalized gains and effectugipes f

level undergraduate QM students in class B who engaged with the CQS on addition of angular momentum concepts

(N=19).
Part Pretest Mean Posttest Mean Normalized Gain Effect Size (d)
(9)

(a) 46% | 86% 0.74 0.26

(b) 5% 39% 0.35 0.30

(c) 12% | 53% 0.46 0.30

(d) 3% 34% 0.32 0.66
Total 19% ‘ 57% 0.46 0.30

Following these posttest results on addition of angular momentum, the instructor used

instructional pragmatism and implemented another active learning pedagogy. In particular, the

instructor use the ILM pedagogy and returned the posttests to studenggasiés and incorrect

parts marked but without explanations, and asked them to correct their mistakes as homework in

return for up to half of the quiz points they had lost. Unlike the earlier implementation of the ILM

pedagogy in quantum mechanics in Whistudents were asked to correct their mistakes on

midterm exam with similar incentives to earn 50% of the missed points (in which case all students

corrected their mistakes), not all students took advantage of the opportunity because the posttest

wasalow st akes

qui z

worth

ess

t han

1 %3bshows st ud

the results after 12 of the 19 students made corrections to their posttests. With instructional

pragmatism and implementation of both the CQS and learning frotak@sspedagogies, students

in class B who corrected their mistakes demonstrated better performance (se€.4pable

Moreover, we note that instructor B gave question (c) as part of the midterm exam. After
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corrections, students who corrected their mistakeshe posttest obtained an average score of
85% on this problem. Meanwhile, students who did not correct their posttest obtained an average
score of 71% (note that those who corrected their mistakes initially had a slightly lower score on
this question thn those who did not correct their mistakes). While students who did not correct
their mistakes also performed better on the midterm exam (71%) since they also had access to the
correct solution and had further opportunity to learn concepts, those whkotedrtheir mistakes

performed significantly better than them (85%).

Table 3.4 Comparison of mean score on each question before and after student corrections flmvepper
undergraduate QM studentsdlass B who engaged with the CQS on addition of angular momentum concepts and
also engaged with the ILM pedagogy to learn from their mistakegumns showing only students who made

corrections (N=12) are shown alongside the class average (N=19).

Part Initial Posttest After Corrections
Correctors (N=12) Non-Correctors All Participants  Correctors (N=12
(N=7) (N=19)
@) 94% 71% 86% 100%
(b) 47% 24% 39% 94%
(c) 50% 57% 53% 86%
(d) 25% 50% 34% 67%
Total 60% 51% 57% 91%

3.4DISCUSSION AND SUMMARY

Physics education researchers have developed many eviokse active engagement
(EBAE) curricula and pedagogies and documented their effectiveness in certain physics classes at
some institutions. While there are intense efforts being made to dissethies¢ EBAE curricula
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and pedagogies, their sustained adoption and adaptation in physics classes have been slow. Even
instructors who adapt EBAE approaches in their classes often give up if they do not yield desirable
learning outcomes in early implemetidé. Here we argue that physics instructors should be
pragmatic about their instructional approaches and view improvement in their teaching and
learning as a process. Instructional pragmatism also focuses on encouraging and supporting
instructors to keepeveral EBAE learning tools and pedagogies in their toolbox. With the goal of
improving their teaching and student learning, instructors should remain optimistic and flexible,
dynamically combining various EBAE approaches if the results from the impleinentd one
of these EBAE approaches does not yield the desired outcome. Instructors should realize that all
EBAE approaches have certain bandwidth of implementation in which they will be effective.
Ensuring that the chosen approach is wsdtched with tB i r style and their
knowledge and skills may take time. In particular, because different instructors have different
teaching styles, and varying degrees of familiarity with the tools they are using, some tools may
prove to be less effectithan anticipated based on those reported in publications at least in earlier
implementation so that an iterative approach with successive refinements will get them closer to
their goal. Moreover, when an approach does not yield the desired learning@uaoanstructor
should be pragmatic and be willing to improvise using additional EBAE methods commensurate
with the constraints of their course in order to improve learning of students who did not benefit
from one strategy.

We presented an example okiructor B with instructional pragmatism who first used
clicker question sequences on addition of angular momeb&gause engaging students with
well-designed clicker questions is one of the commonly used EBAE strategy in physics courses

with a relativey low barrier to implementation. The-olass evaluation of the CQS using peer
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instruction in uppeft e v e | QM involved comparing students?®o
CQS with previously published data from the QUILT pertaining to these conte®<QS was
implemented by two instructors (A and B) in two QM classes in consecutive pd@rsthe in

class implementation of the CQS on the addition of angular momentum in Class A, it was found
that the CQS was effective in helping students constrootrgplete set of basis states in a product
space and in calculating matrix elements for an operator that is diagonal in that basis. However,
in-class evaluation also showed that a few additional questions can be included to guide students
in selecting a epresentation that simplifies the task of calculating the matrix elements of an
operator corresponding to an observable (e.g., choosing a basis in which the Hamiltonian operator
is diagonal). Instructor A did not use additional EBAE methods to help stuéam about these
topics.The slightly modified CQS was then implemented the following year at the same institution
by instructor B in QM Class B and student performance on many of the questions was worse than
t hose of i nstr uct msuffidedtsnassety af the aoricepts sverngafieetketCQS g
implementation.

As noted, this is not an uncommon occurrence for instructors adopting new instructional
tool s, as the instructional t ool musgs 0 ber iadrap
preparation. I n this <case, because both bef
conceptual understanding was lagging relative to both Class A and the QUILT group, instructor B
adapted to his classbs nai@lysasedtedlMijpadagoghfeom s upp
his instructional toolbox and gave students grade incentives to correct their mistakes on the
posttest. Students who took advantage of this opportunity and made posttest corrections not only
showed gains on the revisedsttest, they also performed better on a final exam question that

focused on the same concepts. We note that even students who did not make corrections to their
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posttest had the opportunity to take advantage of learning from the solutions to the posttest
provided for the class after students had the opportunity to correct their mistakes. However, their
average score on the final exam question was lower than that of the group that took advantage of
the ILM pedagogy and corrected their mistakes on theqsdsthis finding is consistent with the
previous study involving the ILM pedagogy spanning several years in which advanced
undergraduate physics students in a similar QM course performed better on related tasks after
being given incentives to correct theistakes [63].

In summary, instructional pragmatism and being flexible about using various EBAE
pedagogies as appropriate to suit the instructional situation at a given time dynamically can go a

long way in improving teaching and learning in all physiosrses.
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3.7 CHAPTER APPENDIX

(CQ1) Choose all of the following statements about the product space for a systeanspin

1/2 particlesin theuncoupled representatiothat are correct:

7KH GLPHQVLRQDOLW\ RI WKH SURGXFW VSDFH LV WKH SUF
subspace, which is 2+2=4.

Ql s¢T Q4 s0ds an appropriate form for the basis vectors

% ég€T % a‘g€ % é%‘r’€T % é?é:and % z’%’€T % é{g’é}are a complete set of basis vectors

a) |lonly
b) Il only
c) Il only
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d) Iland lll only

e) None of the above

(CQ2) Chooseall of the following statements about the product space for a systemo apin

1/2 particles in the uncoupled representation that are correct:

|. Basis vector% §ES€T % a“gﬁs an eigenstate 0%;; such that: 5;; % é%s€T % é§€L
Kesi T to@ &€T 286A L @y 24 AT @Z36AL- 24 €T 23€

Il. Basis vector% §§’€T % éiéls an eigenstate ob;; such that: 55 % §ES€T % i€L
T Gy GAET Z86A L @ZA AT @y 286AL @ 4 €T 246

ll. Basis vector% §§€T % z’iﬁs an eigenstate ofand 5.

a) |only

b) Il only

c) land Il only
d) Iland lll only

e) All of the above

(CQ3) Consider the product space of a systemved spinl/2 particlesin the uncoupled
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representation In this representationE EOKO R O APEHN ER & as LZ“‘H E

5; 5%;. Choose all of the following that are correct concerning scalar products. (Recall that these

scalar products give the matrix elements of §e5;. matrix in this basis).

II. 5 @xwill be diagonal in uncoupled representation

?5 5 ?5

. E&ZT 8755 28€T Za €L (& 7, 28N L 4Z8. 2426 L O°

IV. Some oftliagonal elements 0B &gn the uncoupled representation are Aoera

a) Il and Il only
b) Il and IV only
c) Il and Il only
d) land IV only

e) None of the above.

(Class Discussion Notes)

Basis vectors in uncoupled representation are eigenstatég ébs;, 5% and 584a

Basis vectors% %€T % a%€ % %€T % % °ET % a&€and % €T % &€

CQ4CQ6 provided in the text are implemented here
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(Class Discussion Notes)
Basis vectors in the coupled representation are eigenstatgs &§, 55, and 5°&

Basis vectors:s&¢ sd¢ sascand rdc

Compare and contrasincoupled and coupled representations.

(CQ7) Choose all of the following that are correct:

I. The product space for a systenaddpin1 particle and a spir/2 particleis 3+4=7
dimensional in both coupled and uncoupled representations.
Il. The product spacter a system od spin1/2 particle and a spifl particleis 2x3=6
dimensional in the coupled representation, but not in the uncoupled representation.
Ill. The product space for a systemwb spinl particlesis 3x3=9 dimensional in both coupled

anduncoupled representations.

a) |only
b) Il only
c) Il only

d) Il and Il only

e) None of the above

87



(CQ8) Chooseall of the following that are correct about the basis vectors inuheoupled

representation.

. If QL QL sas&scT s&@ sé§€T ség€ and s&cT s&care appropriate basis
vectors.
. f QL Q L—Zé racT s&GAsS&CT rdacand s&cT sd&care appropriate basis

vectors.

. If QL saqQ L—;é sacT %éié:ésé[ CT %é’g€and S&CT %égéhre appropriate basis

vectors.
a) |only
b) Il only
c) lll only

d) Iland lll only

e) None of the above

(CQ9) Chooseall of the following that are correct about the basis vectors irctupled

representation:

I. For the product space of a systentvad spin—gparticles the possible values for the total spin
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guantum number s are 0, 1, 2, and 3, with some basis veetios uds¢ rédscand sac
Il. For the product space of a systemtwo spinl particles the possible values for s are 0, 1,
and 2, with some examples of basis vectors besdgs¢ t&cand rac

[ll. For the product space of a systemaa$pin1 particle and a spi-3/2 particle the possible

values for s are 0, 1/2, 3/2, and 5/2 , with some basis vectors ie%gé 5% é?fé:and ZZ a“g€

a) |only
b) Il only
c) lll only

d) Iland lll only

e) None of the above

(CQ10) Chooseaall of the following that are correct about the product space of a systarspirf

Y particle and a spiAl particle with the basis vectors in theoupled representation:

[an)

I. The possible values for the total spin quantum number%amld—; with 1 aeL—f;é"E ag a?g

7 5,25 5
for s L—Gand I aeL—GaE for s L—6.

[I. This is a 4dimensional product space with basis vectéri{% % éF—Z€ % é;€and % éF—;€

o1
oD,

7

;?
a—.
6

7! 7

because the possible valueslof, L—Z

lll. This is a dimensional product space with basé;:tors% a”§€ % éF—2€ % é£€ % éF—Z€ % é§€

89



N

25 7 27 7 57?5 5
aga—fors L—Gand I aeL—6a— fors L—6.

—5 5
and % aF—6€because the values of, L r S s

o1

a) |lonly
b) Il onky
c) landll only
d) landlll only

e) All of the above.

(Class Discussion Notes)

What are the values of the total spin quantum number and the z component of the total spin
guantum numbesand | 4 respectively, for the product space of a systemspﬁn—gparticle

and a spinl particle e.g., for writing the basis states irettoupledrepresentation?

What is the dimensionality of this product space?

(CQ11) When working with a given operator(s), it is useful to consider which representation is
moreconveniento work in. Choose all of the following statements that are coaleout choosing
a convenient basis to work in:
|. Basis vectors in uncoupled representation are eigenstatés édnd 5;, making a
convenient basis for operators that commute vighéand 5;;.

ll. Basis vectors in the coupled representation arerses of5 and 58 making a
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convenient basis for operators that commute véitand 5°.
ll. Basis vectors in both couple and uncoupled representations are eigenstafesdfs,

making either convenient bases for operators that commuteS&ahd 5.

a) |only

b) Il only

c) land Il only
d) land lll only

e) All of the above

(CQ12) Consider the Hamiltoniar® L % &, Choose all of the following statements that are
correct about this operator acting on the basis vectorsHergroduct space of a systemtwb

identical particles with norzero spin:

I. The Hamiltonian matrix is diagonal in the coupled basis because the basis vectors in
coupled representation are eigenstates of the operdibés® a=J @&
II. The Hamiltonian matrix is diagonal in the uncoupled basis because the basis vectors in
uncoupled representation are eigenstates of the operd&igrés, &b. &b, &b a=J @
. YRDV\V Wi Wiod e ng p-it figpka r t iVeKHIa/R L O WRFRDQMUIDVGE \ L ©f L WHRAH U

coupled representation or uncoupled representation

a) lonly
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b) Il only
c) landll only
d) Iandlll only

e) All of the above.

(Class Discussion Notes)
For the Hamiltonian® L 9&; &, which representation monvenier? Uncoupled, coupled, both,

or neither? Why?

For the Hamiltonian® L %5 @, the Hamiltonian is diagonal in theupled representatiorbut

not the uncoupled representation. Tdoaipled representation isonvenient

(CQ13) Consider the Hamiltoniar® L %5;; E 5 . Choose all ofhe following statements
that are correct about this operator acting on basis vectors for the product space of a system of

two identical particles with nofzero spin:

I. The Hamiltonian matrix is diagonal in the coupled basis because the basis vect@s in th
coupled representation are eigenstates of the opergtdr :5; E 5;)

[I. The Hamiltonian matrix is diagonal in the uncoupled basis because the basis vectors in the
uncoupled representation are eigenstates of the operd&grs J @;;

lll. For a systenof two identical spinl/2 particles this Hamiltonian matrix is-4by-4 whether
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the coupled representation or uncoupled representation is chosen.

a) |only

b) Il only

c) landll only
d) land lll only

e) All of the above

(ClassDiscussion Notes)
For the Hamiltonian® L %5;; E 5 ;, which representation isonvenier? Uncoupled, coupled,

both, or neither? Why?

For the Hamiltonian® L % 5;; E 5 ; the Hamiltonian is diagonal in both tieeupled and
uncoupled representation

Both thecoupled and uncoupled representati@ne convenient
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4.0 DEVELOPMENT, VALIDATION, AND IN -CLASS EVALUATION OF A
SEQUENCE OF CLICKER QUESTIONS ON LARMOR PRECESSION OF SPIN IN

QUANTUM MECHANICS

4.1 INTRODUCTION AND BACKGROUND

Clicker questions (also known as concept tests) are conceptual mcittgpée questions
typically administered in the classroom to engage students in the learning process and obtain
feedback about their learning via a live feedback system called cl[@k&83. Integration of peer
interaction with lectures via clicker questions has been popularized in the physics community by
Mazur [2]. In Mazur's approach, the instructor poses conceptual, mkiplee clicker questions
to students which are integratiioughout the lecture. Students first answer each clicker question
individually, which requires them to take a stance regarding their thoughts about the concept(s)
involved. Students then discuss their answers to the questions with their peers ary learn
articulating their thought processes and assimilating their thoughts with those of the peers. Then
after the peer discussion, they answer the question again using clickers followed by a general class
discussion about those concepts in which both stadaut the instructor participate. The feedback
that the instructor obtains is also valuable because the instructor has an estimate of the prevalence
of student common difficulties and the fraction of the class that has understood the concepts and
can applythem in the context in which the clicker questions are posed. The use of clickers keeps
students alert during lectures and helps them monitor their learning. Clicker questions can be used

in the classroom in different situations, e.g., they can be irtessg within lectures to evaluate
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student learning in each segment of a class focusing on a concept, at the end of a class or to review
materials from previous classes at the beginning of a class.

While clicker questions for introductory [2] and uppevd physics such as quantum
mechanics [14] have been developed, there have been very few documented efforts [15] toward a
systematic development and validation of clicker question sequences (CQSs), e.g., question
sequences on a given concept that can be insadew class periods when students learn the
concepts and that build on each other effectively and strive to help students organize, extend and
repair their knowledge structure pertaining to the topic.

Here we discuss the development, validation iarclass implementation of a CQS to
help students develop conceptual understanding of the Larmor precession of spin in quantum
mechanics (QM) that was developed for students in diepet undergraduate QM courses taken
by physics juniors and seniors. TGOS was developed by taking advantage of the learning goals
and inquirybased guided learning sequences in a resealdated Quantum Interactive
Learning Tutorial (QuILT) on this topic [16] as well as by refining, finging and adding to the
existingclicker questions from our group which have been individually validated previously [14].
The CQS can be used in class either separately from the QuILT or synergistically with the
corresponding QuILT [16] if students engage with the QUILT after the CQ®#sea opportunity

to reinforce the concepts learned

4.2 LEARNING GOALS AND METHODOLOGY

Thelearning goals anthquiry-based learning sequenceshe QuILT, which guided the

development and sequencing of the CQS questions, were developed using extensive research on
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student difficulties withtheseconcepts as a guidend cognitive task analysis froran expert

perspective

4.2.1 Learning Goals

OneThe firstlearninggoal of the CQ%consistent with the QuILTiy that students should
be able to unpack the consequence of Ehrenfe
expectation value of any observable whose corresponding Hermitian operator commutes with the
Hamiltonian is zero regardless of the state of the quantum system. This is highlighted throughout
the CQS by students considering the expectation valugyahd realizing that it is always time
independent regardless of the quantum state for the HamiltéfhiarF U6, 5 since 5scommutes
with the Hamiltonian. The second learning goal is for students to &wther application of
Ehrenfestds theor em ofanyobbeavable {whieh deex notehave explicito n v
time-dependence) is not dapient on time when the initial state is a stationary state. In particular,
if the system is in a stationary state (i.e., an eigenstate of the Hamiltonian) the expectation values
of all observables are time independent, rather than just those obsenatesoorresponding
operators commute with the Hamiltonian. Throughout the CQS, stationary states are eigenstates
of B5s challenging students to recognize that these are eigenstates of the Hamiltonian so the
expectation values ofyand 5yare alsdime-independent. Finally, the third learning goal of the
CQS is for students to be able to distinguish between stationary states and eigenstates of Hermitian
operators that do not commute with the Hamiltonian (e.g., those corresponding to observables
other than energy). For the Hamiltonigh L FU$,5 &tudents should learn that an eigenstate of

either 5yand 5yis not a stationary state, unlike a system in an eigenstdig of
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4.2.2 Development and Validation

Based upon the learning goals delineateithé QUILT, questions in the Larmor precession
of spin CQS were developed or adapted from prior validated clicker questions and sequenced to
balance difficulties, avoid change of both concept and context between consecutive questions as
appropriate in orer to avoid a cognitive overload, and include a mix of abstract and concrete
guestions to help students develop a good grasp of relevant concepts. The validation was an
iterative process.

After the initial development of the Larmor precession of spin C&®#juhe learning goals
and inquirybased guided learning sequences in the QuILT and some existing individually
validated clicker questions, we iterated the CQS with three physics faculty members who provided
valuable feedback on firwining and refining bth the CQS as a whole and some new questions
that were developed and adapted with existing ones to ensure that the questions were
unambiguously worded and build on each other based upon the learning goals. We also conducted
individual thinkaloud interviews with four advanced students who had learned these concepts via
traditional lecturebased instruction in relevant concepts toueaghat they interpreted the CQS
guestions as intended and the sequencing of the questions provided appropriate scaffolding support
to students.

The final version of the Larmor precession of spin CQS has 6 questions, which can be
integrated with lecturem which these relevant concepts are covered in a variety of ways based
upon the instructords preferences. I n partict
together depending, e.g., upon whether they are integrated with lectures similaz to Ma s
approach, used at the end of each class or used to review concepts after students have learned via

lectures everything related to Larmor precession of spin that the instructor wanted to teach.
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The first two questions in the CQS, CQlandCQ2, beginabllgressing the time
development of a state that is initially an energy eigenstate or not initially an energy eigenstate.

This calls on studentsdé prior knowledge about

general characteristics of the timgdadence of an expectation value ¥ CQ3 and CQ4. CQ5
addresses the time dependence of expectation value for different components of the spin for a state
that is not an eigenstate of the Hamiltonian, but rather an eigenstate-aftmponent of thepin

angular momentun 5 The sequence then concludes by contrasting CQ5 with a similar question
CQ6 which is for a system initially in an energy eigenstate.

The questions in the CQS are as follows:

(CQ1) Anelectron in a magnetic fiel®L $,\is initially in a spin state i :r;¢L [g. Which
of the following equations correctly represents the statd®, @f the electron after tim&® The

Hamiltonian operator is& L FU$, 5.

a) i:RcL [g

b) R:gcL V¢

c) T:RgL AV¢6[g ENYU”EC g
d T:PgL=A”¢6[gE>K”¢6]g

e) None of the above.
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(CQ2) An electron in a magnetic fiel#&L $,\s initially in a spin statei:r;¢L = [g E
>]G. Which of the following equations correctly represents the siate @f the electron after

timet? The Hamiltonian operator i® L FU$,5.

a) i:PcL AV>¢6:=[¢ E>]g;

b) i:PcL AU»$6:=[¢ E>]g;

c) i:PgL AV»¢8::=E> [g E:=F > ]g;
d R:gclL fcasVc E"?sl]c

e) None of the above

(CQ3) Choose all of the following statements that are true about the expectation|#&¥oe

an electrorin a magnetic field$L $,Mn the state i : P gwhen the initialstae iSNOT [ or

]G. The Hamiltonian operator i | FU8,5.

|. The zcomponent of %€i.e. {54 is timeindependent

Il. The x and ycomponents of $&hange with time. When the magnitudg/&f«is a

maximum, the magnitude §5y°is a minimum, and vice versa

[ll. The magnitudes of the maximum valuegstand {5yeare the same

a) lonly

b) land Il only
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c) land IV only
d) Iland Il only

e) All of the above

(CQ4) Choose all of the following statements that are true about the expectation|&&¥oe

an electron in a magnetic fiel#&L $,\n the state i : P gwhen the initial state ilOT [g or

] 6. The Hamiltonian operator i L FU$,5.

|.  The vector|%&an be thought to be precessing about th&ig at a norzero angle
Il. The vector|%&an be though to be precessing about thgig at a frequencyi L Us,

l. All three components of vect¢B&hange as it precesses about traxis.

a) |only

b) Iand Il only
c) landll only
d) Iland 1l only

e) All of the above.

(CQ5) Suppose an electron in a magnetic fidd. $,\Ms initially in an eigenstate of the x
component of spin angular momentum operator,3gThe Hamiltonian operator i L
FU$,5. Choose all of the following statements that are correct

I. The expectation valugsy+depends on time
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Il. The expectation valu¢sysdepends on time

lll. The expectation valugssedepends on time

a) lonly

b) 1and Il only
c) landll only
d) Iland 1l only

e) All of the above.

(CQ6) Supposa@n electron in a magnetic field&L $,\s initially in an eigenstate of tre
component of spin angular momentum operator,5gThe Hamiltonian operator i€ L
FU$,5. Choose all of the following statements that are correct.

IV. The expectation vak {5 *depends on time

V. The expectation valugsyedepends on time

VI. The expectation valu¢ssedepends on time

a) |only

b) Iand Il only
c) landll only
d) Iland 1l only

e) Noneof the above.
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4.2.3 In-class implementation

A The finalversion of the CQS on the Larmor precession of spin was implemented with
peer discussion [2] in two uppeflevel undergraduate QM classes at a large research university
(Pitt) after traditional lecturbased instruction in relevant concepts in two cortsezyears. Prior
to the implementation of the CQS in both classes with peer interaction, students took a pretest after
traditional lecturebased instruction. The pre/postests were developed and validated by Brown and
Singh [16] to measure comprehension tbé concepts related to the tidependence of
expectation values of observables in the context of the Larmor precession of spin. The CQS was
implemented right after the pretest in one class period with peer interaction. The posttest was
administered dung the following week to measure the impact of the CQS.

On the pretest and posttest, students were given that the Hamiltonian of the s & Lm is
FU$,5 with questions 83 being analogous but different and questiorss being identicalln
particular,an electron is initially in an eigenstate 5f( 5yon the posttesij questions 13, and
students are asked if the expectation vall 5:¢ 55 and Ssrespectively depend on time. Students
are also expected to explain their reasoning. Thasstigns primarily focus on the first and third
learning goals. Question 4 presents the following conversation between two students about an
electron initially in areigenstate o 5 ( 5yon the posttest) and asks with whom they agree. This
guestion ddresses the first and third learning goals.

Andy. The electron will NOT be in an eigenstatt Suforever because the state will evolve in time.
Caroline: | disagree. If a system is in an eigenstate of an operator corresponding to a physical

observableit stays in that state forever unless a perturbation is applied.
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Questions 5 asks students if the expectation val Ssisftime dependent if the initial state
of the system is an eigenstate 54 (i.e., an eigenstate of the Hamiltonian or stationary state).
Then, question 6 asks if there is precession around-#éxes for an electron initially in an
eigenstate c 5y and if so, to give an example of a situation in which there would be no precession.
Both of these questions deal with the second and third learning goals. All questions ask students
to justify their answers. Partial credit was awarded to students ndveeeed correctly, but with
no or inadequate justification, consistent with the agreed upon rubric. Interrater reliability between

the two researchers who graded all pre/posttests was above 95%.

4.3IN-CLASS IMPLEMENTATION RESULTS

Tables 4.14.3 compare averagore/posttest performances of students on each question in
the uppetlevel QM course from the same large research university in two different years after
traditional lecturebased instruction (pretest) and on the posttest after students had engaged with
the CQS with peer instruction on the Larmor precession of spin (Tabke2idre for the two
classes separately and Table 4.3 is for thediasses combined). The normalized gain (or gain)
is calculated asCL :LKOHR LNA; :srr” FLNA; [17]. Similarly, the effect size is

calcul ated for al |l questions in a@l: &bl es.

as r gvhere &gis the mean of groupand the pooled standard deviation & 3¢ glx

a0 Giaa
¥ &ad EGanl 18]
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Table 4.1 Comparison of mean pre/posttest scores on each question, normalized gains and effect sizes for upper
level undergraduate QM students in class A who engaged with the CQS on pasoession of spin concepts
(N=17).

Question Pretest Mean Posttest Mean Normalized Gain (g)  Effect Size (d)

1 22% 75% 0.68 0.69
2 47% 84% 0.71 0.54
3 19% 72% 0.65 0.66
4 31% 81% 0.73 0.62
5 13% 47% 0.39 0.42
6 34% 75% 0.62 0.50

Table 4.2 Comparison of mean pre/posttest scores on each question, normalized gains and effect sizes for upper
level undergraduate QM students in class B who engaged with the CQS on Larmor precession of spin concept
(N=39).

Question Pretest Mean Posttest Mean Normalized Gain (g) Effect Size (d)

1 50% | 92% 0.85 0.56
2 67% 94% 0.82 0.48
3 52% | 95% 0.91 0.61
4 41% 79% 0.64 0.43
5 38% 82% 0.71 0.51
6 56% 85% 0.66 0.35

Table 4.3 Comparison of mean pre/posttest scores on each question, normalized gains and effect sizes for upper
level undergraduate QM students in both class A and class B combined who engaged with the CQS on Larmor
precession of spinoncepts (N=56).

Question Pretest Mean Posttest Mean Normalized Gain (g) Effect Size (d)

1 41% | 87% 0.78 0.59
2 60% 91% 0.77 0.49
3 41% 88% 0.79 0.59
4 38% 80% 0.67 0.49
5 30% | 70% 0.58 0.46
6 49% 82% 0.64 0.40
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All three tables show moderagdfect sizes from pre to posttest on each of the questions,
with all effect sizes above 0.3, and some even nearing 0.7. Additionally, all normalized gains
exceed 0.3, with most falling in the range of-0.8. Despite varied pretest scores for the two
classes on differemjuestions, posttest scores for both classes on most questions demonstrate that
the CQS is effective in addressing the learning goals.

Although the two groups of upp&vel physics majors in the QM course from the same
university in twoconsecutive years are different, the difference in pretest scores between two
classes may also be a reflection of the difference between the effectiveness of traditional
instruction of the two instructors. On a positive note, the posttest scores fgrdugbls are robust.

We note that overall the CQS implementation was consistent between the two years, and both
instructors provided the same class participation credit for clicker questions asthl®s testing

credit for students to take the posttes s . However, no constraints
teaching of the topic in class prior to the implementation of the CQS, as the CQS in this

i mpl ementation is meant to act primarily as
possible diffeences between the instructors may include, but are certainly not limited to, the
differences in pedagogy and the time spent in lecture on the topic.

Since the researchers did not have control over traditional instruction, we focus on the
posttest scoredtar the CQS. Table$.1 and4.2 show that the difference in pretest scores between
the two classes is also followed by a corresponding difference in posttest scores after the CQS.
These differences in posttest scores may indicate that the prior knowletthgematerial (or the
first coat) does affect how well students learn from the CQS implementation with peer instruction.
In particular, Class B, which exhibited higher pretest scores than Class A on all test questions, also

exhibited higher posttest s&s on five of the six test questions, and exhibited comparable posttest
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scores on question 4. From this comparison, we conclude that the CQS did not eliminate the
performance gap in pretest resulting from differences in knowledge after traditionaltiostiuic
the two classes and before students engaged with the CQS. It is possible that certain threshold
knowledge may be prerequisite for optimal learning from the CQS particularly because peer
instruction was involved and students can meaningfully comrateiand learn from each other
only if together they have certain threshold knowledge.

However, we note that those higher pretest scores of Class B in4l2ldle not exceed
the posttest scores of Class A in Table. While the highest average score @lass B on the
pretest is still below 70%, five of the six posttest scores for Class A exceed 70%. From this
comparison, we conclude that, regardless of the effectiveness of traditional -batace
instruction for a given instructor, students stilldhsomething to gain pertaining to the time
dependence of expectation values from the CQS.

Moreover, as shown in Tab{e3, overall (averaging over the two classes), the CQS was
effective in addressing its learning goals. On average, student performaeseaguestions range
from 30-:60% on the pretest, showing that there is much room for improvement after traditional
instruction. After the implementation of the CQS, average scores on test questions exceeded 70%
on the posttest and exceed 90% on quesfiehs

Difficulty with question 5 was the most common among students, with Class A averaging
below 50% on the question even after the CQS implementation. This suggests that there is still
room for improving the CQS when dealing with the second learningigoatierfor students to
understand the special role of the stationary states in different contexts. This was a learning goal
addressed by both questions 5 and 6 on the pretest and posttest, but the difference in performance

suggests that students wittss prior knowledge (Class A) failed to perform on question 5, even
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though they averaged above 75% on question 6, which provides more scaffolding. In order to
address this difficulty, the CQS may be improved by adding another question later in the CQS that
more directly addresses this second learning goal. This question could provide an opportunity to
wean students from the scaffolding provided in prior questions related to this learning goal and

may allow for more effective learning on future implementadiof this CQS

4.4 SUMMARY

Clicker questions are relatively easy to implement in the classroom alongside more
traditional lecturebased instruction. We developed and validated a clicker question sequence
related to the timelependence of expectation valileshe context of Larmor precession of spin
that continually builds on studentsé knowl edg
after traditional instruction in relevant concepts. Throughout the development and validation
which was an iterate process, many students and instructors provided feedback several times.

The inclass implementation of the CQS in two upferel quantum mechanics classes shows
moderate effect sizes for gains i n sdgingthent soé
CQS is effective in helping students learn these concepts. The differences in the pretest scores in
the two classes could be due to the differences in the students and the instructors and the
effectiveness of their traditional instruction owanich the researchers did not have any control.
However, the posttest scores on all questions in both classes were reasonable, suggesting that the
CQS is effective regardl ess of -bakddinstraction. o f a
Moreover, omparison of the pre/posttest scores on each question for the two classes in which

students engaged with the CQS may shed some light on the role of prior knowledge upon which
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students can build as they engage with the questions in the CQS. In parteuarertage posttest
scores were generally higher on each question for the class which had a higher pretest scores. This

issue will be investigated further in future implementation
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5.0STUDENT UNDERSTANDING OF FERMI ENERGY, THE FERMI -DIRAC
DISTRIBUTION, AND TOTAL ELECTRONIC ENERGY OF A FREE ELECTRON

GAS

5.1INTRODUCTION

In the past two decades, many investigations have focused on improving student learning
of quantum mechanics (QM) e.g., see Ref:9l1 We have been deeply involved in such
investigations and are using the research on student difficulties as a guide to develop-research

validated learning tools [183].

5.1.1 Goals of this investigation

While the Fermi rergy, the FermbDirac distribution and total electronic energy of a free
electron gas are important concepts [34] taught in advanced quantum and statistical mechanics
courses, there has been little work done on investigating student difficulties wighctimesepts.

Here we discuss an investigation of the difficulties that upper physics undergraduates in a

QM course and physics graduate students after quantum and statistical mechanics core courses
have with these concepts after they had learned ithhémeir respective courses. These difficulties

were probed by administering written conceptual and quantitative questions to undergraduate
students and asking some students in undergraduate and graduate courses to answer the questions
while thinking alowl [35] in oneon-one interviews. We find that advanced students have many

common difficulties with these concepts after traditional instruction. We also discuss the impact
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of a clicker question sequence (CQS) on undergraduate student performance apitesEhe

CQS was developed and validated to help students develop a better grasp of these concepts. The
implementation of the CQS ian upperlevel undergraduate QMourse shows that while
engaging with the CQS reduced these difficulties, many advandergs continued to struggle

with these challenging concepts.

5.1.2 Background on relevant topics

The free electron gas [34] is a commonly taught model of solids (metals) irszimaster
upperlevel undergraduate and core graduate quantum mechanics course. This model ignores many
realities of real metals like the electron charge and the underlyiioglaThe main consideration
is the Pauli exclusion principle, which requires electrons to occupy distinct-piadiele states.

In this noninteracting fermionic model in three spatial dimensions, electrons can be considered to
move freely in a thredimensional infinite rectangular box. Since the size of a solid is macroscopic
and the number of electrons is very | arge (of
the solid is not important for determining the properties of the solid, anfféb electron gas

model explains many qualitative properties of conductors reasonably well [34].

Although the concepts of Fermi energy and density of states are defined more broadly,
these are two key concepts advanced students often learn for thienfr&t the context of the
free electron gas model of a solid. The Fermi en&rgythe energy of the highest occupied state
at absolute zero temperature= 0 K. The density of states of the systeéino; is the number of

states per interval of energy for a given enegyhe concepts of Fermi energy and density of
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states can be used to calculate the total electronic energy of a sdlig atK, i.e., ' cacL
i, &66@06

In quantum statistical echanics [34], the concept of the distribution functidng;, which
is defined as the average number of particles in a given giagiiele state with energyat a
given temperaturé, becomes important. At = 0 K, the FermiDirac (FD) distribution faction
for a noninteracting fermionic system, e.g., electrons discussed here, is a step function such that
all singleparticle states below the Fermi energy are completely filled and all states above the Fermi
energy are empty. However, as the temperanoeases, the probability of occupying higher
single particle energy states increases and at very high temperature when the de Broglie
wavelength is so small that the wavefunctions of different electrons do not overlap, the Fermi

Dirac distribution fundbn reduces to the MaxweBoltzmann (MB) distribution function, which

is an exponential function of energg The FermiDirac distribution function isJ, ., 6; L

%— , Where &is the chemical potential, defined as the eneegyiredio add an extra particle
gCA 55

to the system. The chemical potentéalepends on temperatuf@and is equal to the Fermi energy
at T = 0 K The total electronic energy of the system at temperakuise given by ' c5cL

ij J:0; &:06;0 @. d-or comparison, thBoseEinstein (BE) distribution function for a bosonic

. . ., 5 . . .
system is given by, 5, 6; L ——x— &here are no constraints on the number of bosons in a given
@GR 25

singleparticle state.
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5.1.3 Background on Clicker Questions

Clicker questions are conceptual tipie-choice questionthat aretypically administered
in the classroom to engage studenth@iearning process and obtain feedback about their learning
via a live feedback system called clicke38-B7]. Integration of peer interaction witbctures via
clicker questions has been popularized in the physics community by Mz&uidrf Mazur's
approach, the instructor poses conceptual, multptace clicker questions to studentlich are
integrated throughout the lecture. Students first angach clicker question individually, which
requires them to take a stance regarding theinghtsabout the conceptavolved. Students then
discuss thie answers to theuestions with their peers and learn by articulating their thought
processes and similating their thoughts with those of the pedkiier the peer discussiothey
answer the question agaursing clickers followed bya general class discussion about those
concepts in which both students and the instructor participate. The feedbattiethregtructor
obtains is also valuable because the instructor has an estirttetgodvalence adftudentommon
difficulties and the fraction of the class that has understood the comatépést in the context in
which the clicker questions were pdsd&he use of clickers keeps students alert during lectures
and helps them monitor their learning. Clickeiestionsan be used in the classroom in different
situations, e.gtheycan be interspersed withlectureto evaluatestudentearning in each ggnent
of a class focusing on a concegt the end of a classr to review materials from previous classes
at the beginning of a class. They can also be used in-anJlishe-Teaching class [389] at any
time to engage students in learning based upat thley may have been asked to learn outside of

the class
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5.1.4 Clicker QuestionSequence on Fermi energy, total electronic energy, and Fermi

Dirac distribution function

While clicker questions for introductor®-37] and uppeiflevel QM [39-40] have been
devebped, there have beevery few efforts [41] towad a systematic developmemind
implementatiorof clicker question sequences (CQSs), ¢éhgpseon a given concepih which the
guestionsbuild on each other effectivelp help student®rganize their knovddge Here we
discusshow student performance on questions probing their understanding leértimé energy
andtotal electronic energgf a free electron gasndof the FermiDirac distribution functionin
an uppeilevel undergraduate QM couns@s impacted by a CQS focusingtbese concepts. This
CQS was developed and validated by contemplating the learning objectives, and by refining and
fine-tuning existing clicker questions or developing new qoastiThe learning objectives related
to Fermi energy include helping students learn to calculate the Fermi energy in terms of the free
electron number density and realize that the Fermi energy is not an extensive quantity. The learning
objectives relatedtthe total electronic energy of a free electron gas include helping students learn
to calculate the total electronic energy and realize that this quantity is extensive and therefore
scales with the size of the system. The learning objectives related thsthibution functions
include preparing students to be able to write an expression for them, be able to distinguish the
FermiDirac distribution function from the Bodginstein and MaxwelBoltzmann distribution
functions, be able to explain when therReDirac (and BosdEinstein) distribution functions will
approach the MaxweBoltzmann distribution function, and be able to graphically represent the
FermiDirac distribution function af = 0 Kand afT > 0 K. The validation was aterative process
Thethreeauthorsmet to holistically examine the instructional materials from the past few years

on these topics in an upplevel undergraduate QM course at a large university, which included
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existing clicker questions on these concepts. particular, the questions in the CQS were
developed or adapted from prior clicker questions and sequenced to balance difficulties, avoid
change of both concept and context betwamsTsecutivejuestions as appropriate in order to avoid

a cognitive overload, and includemix of abstract and concrete questions to help students develop

a good grasp of the concepédter the initial development of the CQS, we iterated the CQS with
three physics facultgnembersvho provided valuable feedback on finsming and refining both

the CQS as a whole amdlividualquestions that were developed and adajpted existingclicker
guestiongo ensure that the questions were unambiguously worded and build on each other based
upon the learningbjectives. We also conducted thintaloud irterviews [35] with advanced
students who had learned these concepts via traditional kuetses instruction to ensure that

they interpreted the CQS questions as intended and the sequencing of questions provided

appropriateguidanceo help them learn relvant concepts

5.2METHODOLOGY

The students who patrticipated in this study were ufgpal physics undergraduates in a
second semester junior/senlevel QM course and graduate students who had taken graduate core
guantum and statistical mechanics courBesgh the undergraduate and graduaterse typically
have 10-20 students each yearhe undergraduate students had also taken the first semester of QM
in the preceding semester and a majority of them had also taken or were concurrently taking a one
semeter undergraduate thermodynamics and statistical mechanics cthessudent difficulties

were investigated by administering opemded questions in written form tendergraduate
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students irthe QMcourse after traditiond¢cturebasednstruction in relevant concepiae will

call this pretestandalso after students had engaged with the CQS on relevant concepts (we will
call this posttest). As noted earliehetCQS questions were validated with the help of physics
instructors who hathughtQM and/or statistical mechanics courses several t{thesquestions
were iterated with them to ensure that they were robust and interpreted unambiguminglsi s/

experts) and students to ensure, e.g., that they interpreted the questionglad inte

In addition to written tests, we also conduciredividual semistructurednterviews with
a subset ofstudents in the undergraduate course and with graduate students after they had
completed core graduate QM and statistical mechanics coursescim nglevant concepts were
covered Individual interviews were conducted using a thadud protocol[35] to better
understand the rationale for student respari3esng the interviews, similar to the-gtass written
administration in the undergraduateurse, students were first given the opeded question after
traditional instruction (pretest), then they worked through the CQS, and then they were given the
openended questions again as a posttest. The testing materials were developed and tealidated
assess student understanding of these concepts based upon the learning objectives delineated
earlier. During these semistructured interviews, students were asked to verbalize their thought
processes while they answered the questibneyread the que®ns and answered them to the
best of their ability without being disturbed. We prompted them to think 4B&]df they were
quiet for a long time. After students had finished answering a particular question to the best of
their ability, we asked thenotfurther clarify and elaborate issues that they had not clearly

addressed eatrlier.

The final version of the CQS questions pertaining to this series on the free electron gas at

T = 0 K has 11 questions (first 11 questions as shown in the Appendix) bomltheslevant
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guestions for the pre/posttests are @27 and CQ10 (note that CQ11 pertaining to the two
dimensional freeelectron gas was not administered to students in this study but it is included here
as an instructional resource). The last six CQ&stians in the Appendix pertainto T > 0 K. Since

the instructor used the textbook by Griffiths [34], the notation and discussion (e.g., about an octant)
is consistent with that treatment although in solid state physics, the periodic boundary conditions
are used for application to transport properties and to extend the discussion to the band model
(which is necessary for understanding band gaps and properties of systems other than conductors,
which the free electron model fails to do). The first section¢chvfocuses on the Fermi energy,
density of states, and total electronic energy of a free electron gas at absolute zero temperature,
was administered in one class period. The second section focusing on the FD and BE distribution
functions and their limitig behavior was administered in another class period. Unless specified
ot her wi se, students were instructlesinifiesothea s s u me

magnitude of the momentum vector.

We note thatlte CQS was implemented with peeteraction[36-41] in the upperlevel
undergraduate QM class after traditional lecoased instruction in relevant concepts on the
Fermi energydensity of states, artdtal electronic energy of a soldthin the free electron gas
model and after learning abobetFermiDirac distribution function in the same QM course. When
students engaged with the CQS in-@meone interviews, there was no peer discussion, which may
be detrimental [3@12], but the fact that students were asked to thiokid [35] to make their
thought processes clear to the interviewer may have served a somewhat similar puipose.
engaging witithe CQS, students todke pretest after traditiondécturebasednstruction After
engaging with the CQS, they took the postteBhe five questions on the pretest and posttest

focusing on the topics of Fermi energy, density of states, total electronic energy, and distribution
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functions are the same and they are given in Fi§ureln the individual interviews, students
answered all five prefsttest questions together before and after engaging with both sections of
the CQS. However, in the written pretest in the undergraduate QM course, students were given the
first two questions of the test together in a pretest part | after students lahmedhe Fermi
energy, density of states and total electronic energy of the free electron gas via lecture and
guestions & together in another pretest (part 1l of the pretest) on a different day after students
learned about the distribution functions VJecturebased instruction. The posttest was also
administered in two parts on two days after students engaged with both sections of the CQS
focusing on these concepts and questions 1,4 and 5 were deliberately administered together on one
day (part | of tle posttest) and questions 2 and 3 were administered together on another day (part
Il of the posttest). Students had sufficient time to answer the questions on the pre/posttests. We
note that since questions 1 and 2 on the test are related (questionab@skihe Fermi energy

and total electronic energy as a conceptual question whereas question 2 asks about them as a
guestion focused on mathematical manipulation) and questibrex@ related (question 3 seeks
requisite mathematical expressions for theribution functions and constraints on the number of
particles in each singlgarticle state whereas question 5 asks about the farat distribution

function in graphical representation at two different temperatures and question 4 asks about a
limiting case of the quantum distribution functions), the grouping of the questions on the two parts
of thepretestmay have made it easier for the students to answer them in that the related questions
in each part of the pretest can prime students to answeu#stians more easily than on the
posttestin which the different types of questions on Fermi energy, total electronic energy and
FermiDirac distribution function were deliberately mixed in parts 1 and Il. For example, on pretest

part 1, if students answed question 2 correctly and found that the Fermi energy does not scale
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with the size of the system but the total electronic energy does, they can potentially use those
results to answer the conceptual question 1 correctly. Similarly, on pretest patudeat who

wrote the correct expression for the Feimiac distribution function when explicitly prompted

in question 3 can potentially take advantage of it to come up with its correct graphical
representation in question 5 or find the correct limitingecin question 4. However, as we will

see in the results section, student performance on all questions was poor on the pretest after
traditional lecturebased instruction, and they did not benefit on the pretest from having similar

guestions grouped toger.

(1) On vour desk vou have two cubes A and B which have N and 2N copper atoms,
respectively.

a. At temperatire T = 0K, which cube has the higher Fermi energy? Explain your
reqasoning.

b, At remperature T = 0 K, which cube has the higher total electronic energy? Explain

Yvour reasoning.
(2) Consider asyvstem af N non-interacting electrons in a two-dimensional infinite square well
af area A. Let o be the number of free electrons per unit aea and m be the mass of an

electron. Using this information, do the following:
a  Calcwlate the Fermi energv for the system.

b Derive an expression for the dersity of states.

¢. Calculate the rotal electronic energy for the system.

(3) Give an expression for each af the following distribution functions and give the constraints
on each of these distribution functions in terms aof how many particles each single-particle

state can accontmodarte.
a  Mmowell-Bolfzmeany: nyg(e) =

b Fermi-Dirac: ngp(e) =
¢. Bose-Einstein: nge(€) =
(4) Describe the limit in which both the Fermi-Dirac and Bose-Einstein distribution fimctions
approach the Maxwell-Boltzmam disoribution fimction. Explain vour reasoning.
(5) Forasystem aofidentical fermions, using the axes provided, graph the relationship between
the distribution fimction ngp(€) and energy € for bothT =0 K and T > 0K. Besureto
label the Fermi energy. [Note: Students were provided the aves. Also, in the intermiews,

students were asked about how the distribution fimetion would change when the
temperature changes from one non-zeroe value to another, e.g., kT > E..]

Figure 5.1 Questions students were asked in pre/posttests
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These questions map onto the learning goals of the CQS with varying levels of transfer of
learning required as follows. In the T = Oclise, question 1 is a near transfer question directly
related to CQ10. Question 2, which relates to GQQ7, requires further transfer because the
system is two dimensional instead of the thileeensional system under consideration in €Q1
CQ7. Note thatCQ11 was not administered to students, but would offer greater guidance and
support to help students answer pre/posttest questions related to two dimensiatatfree gas.

For the T > 0 K case, question 3 is a near transfer from €@IP5 and the sasequent class
discussion, and question 4 is a near transfer from CQ14. Finally, question 5 is not a near transfer
of the FD distribution function related concepts in questions EI@l@lthough they have related
concepts), since question 5 in the prefiass asks students to use a different representation of
knowledge. In particular, students have to use graphical representation to answer question 5.
Converting from mathematical representation to graphical representation is not easy for students
who arestill developing expertise in these topics. We note that direct scaffolding pertaining to
graphical representation of the FD distribution function can be provided by instructors after the
CQS (this is a suggested topic of class discussion following CQ®4& again emphasize that the
learning goals of some clicker questions provided in the appendix are not addressed by these test
guestions. These clicker questions were provided to give a complete picture of the CQS and offer

more of the context in which the topics were being discussed.

5.3RESULTS

A rubric was developed for grading student performance on the five questions on the

pretest and posttest. Two of the authors graded all student responses anddginedataeliability
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was better than 95%.able 51 compareshe inclass préposttest performances of studeints
upperlevel undergraduat®M after traditional lecturdased instruction (pretest) and aftieey
had engaged with the CQS threse concepts (posttestables lalso presentsie normalizedjain
(G whichiis calculated asCL :LKOHR LNA; :srr” FLNA;[43]. Moreover,Table 5.1
displays the #ect sizeon each question between the pre/posttest scores, whghalculated as

Cohe @D S;32F d&sg €iaanguhere dgis the mean of groupand the pooled standard

deviationis & aandx ¥:&ad E €225 t[43]. Table 5.1shows that student performance after

traditional lecturebased instruction was poor on all questions. After engaging the CQS, &lthoug
the average performance improved, it was still at approximately 50% on many of the questions.
Below, we discuss student difficulties without separating them into pre/posttest since the
difficulties were similar after traditional lectut®sed instructioand after students engaged with

the CQS, although the difficulties were less prevalent after engaging with thés€€Eabl&.1).

Table 5.1 Comparison of the mean pre/posttest scores onaagdtion, normalized gains and effect sizes for

students in uppdevel undergraduate QM (number of students N=13). The pretest was administered after traditional
lecturebased instruction and the posttest after students engaged with the entire CQ$ oartbegts. The

percentages in parentheses for questions 1 and 4 refer to the mean scores when students were not graded for whether

the reasoning they provided was correct.

Question  Pretest Mean Posttest Mean Normalized Gain (g)  Effect Size (d)

1a 8% (8%) | 46% (46%) 0.42 0.46
1b 50% (62%)  58% (77%) 0.15 0.09
2a 15% 77% 0.73 1.91
2b 8% 54% 0.50 1.23
2c 8% | 50% 0.46 1.33
3 50% 82% 0.64 0.96
4 29% (33%)  50% (62%) 0.29 0.45
5 38% 85% 0.75 1.36
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5.3.1 Student difficulties with the Fermi energy

In question 1, many students had difficulty with the fact that the Fermi energy of copper is
an intrinsic property and pr €ubée B lead highes Bepno ns e s
energy because higher states must be flle@heficube with 2N copperahs because it has a
higher free electron densiy, B hfs more atoms, thus it encloses a larger surface area in k
spax e 0 . One interviewed student, Wwhetdethigk ed wtlh
to do with exclusion principle. An atom with electrons will settle down to the 10 lowest states.
[ T h e rhgbes Felan] energy with 20 because there are more being pushed up the ladder with
higher energy. An additional one will have additional energy This type of
demonstrates dier incomplete conceptual understanding of Fermi energy, specifically how the
closer level spacing leaves the Fermi energy unchanged. It misses the fact that the volume occupied
by each state in the-d¢pace has inverse dependence on the volume of the tholgdthe Fermi
energy is an intrinsic property of a given material. Many students also had difficulty differentiating
between the Fermi energy and total electronic energy and characterized the Fermi energy as the
total energy of all the fermions in thgsseem Responding to question 1la on the posttest in class,
none of the students who answered correctly explicitly derived a mathematical expression for the
Fermi energy. However, Figube2 shows the response of a student who answered this conceptual
guesion incorrectly and attempted to derive an expression for the Fermi energy. Unlike many of
the other students who struggled to derive the expression for the Fermi energy in response to
question 1 a, Figurg.2 shows that this student wrote down corregctagions for the Fermi energy.
However, the student incorrectly inferred that the Fermi energy does depend on the number of
copper atoms because he did not take into account the volume and the fact that the Fermi energy

depends on the number density of tree electrons, which is constant for copper (and not the
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number of copper atoms). Response to question Zalle 5.1shows that a majority of students
struggled to derive an expression for the Fermi energy after traditional {eetsed instruction

but their performance improved significantly after engaging with the.CQS

A/
A Q) T o
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EF :-JJD\ZKF <, 1\12{5

n
Bo 4 ae L 2N Cop A s L.-:fx‘\m@\f\pft
- Ef\hfl}D'ag
i
Figue52A sampl e response to question la in which the stuc

copper atoms has higher Fer mi energyo based upon his d
wrote down the equations correctly lolid not take into account the volume and the fact that the Fermi energy

depends on the number density of the free electrons which is indepentesinéof the copper sample.

5.3.2 Student difficulties with the density of states

Many students struggled witlhe density of states in question 2b with responses such

as 6&:6; L%c‘) a 6%d6=N/ 66 When asked to explain what the density of states means, a
e

common difficulty was assuming that it is related to particle number density or probability of
occupyirg a particular singkparticle state (confusion between the density of states and the
distribution function) as in the following responsé@shis is the number of particles feach

energy perkVSDFH YROXPH"™ S3QXPEHU RI-failidkevddide-\iithl 8hetgpo HD FK VL
SWKH GHQVLW\ RI SDUWLFOHY LQ D SDUWLFXOD Uodgpiedd)J\ VWD

VWDWHY DUH WR RQH DQRWKHBEHUISIROWPRPHOHY KDYLQJ HQHUJ
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5.3.3 Student difficulties with the total electronic energy

In response to question 1b, the most common difficulty was assuming that the total
electronic energy would be the same regardless of the number of copper atoms. Discussions

suggest that some of them may have been confused because of the fact that efectiaiaic

energyper electronfor a free electron gas iéA' . and they remembered it incorrectly ag; (L

@A' . Moreover, in written responses, two students incorrectly claimed that the copper cube with

largerN will have a lower total electronic energy since the degeneracy pressure in the larger system
would be lower due to its larger dimension. The calculatiotheftotal electronic energy in

guestion 2c was extremely difficult for most students because this calculation cannot be done
correctly using an algorithmic approach unlike, e.g., the calculations involving traditional circuit
problems in introductory physis i n whi ch Kirchhoffds rules car
the correct value of current, voltage and resistance in different parts of a complicated circuit
without a functional understanding of the underlying concéptsajority of students strudgd to

piece together a solution for the total electronic endrggn interview, before engaging with the

CQS, in response to question 2c in the pretest, one student stafsiime | should integrate but

TP QRW VXUH KB Zh&/felowihb\are LiypicaX Bcorrect responses that suggest that

different students struggled with different aspects of setting up the integrdl: i 4D' ', @G,

A'cacl i, 0@, 'ail | &6@0, "4l i, &6@w, ' Lii,”*>" @ G Poiay

6a ra

A' L ‘|4b' °" sHH@ Gi:'a His length of square ik, His length of square iy, &is number

62
of free electrons per unit arealTable 5.1shows that the average student scores on questions 2b

and 2c related to thmalculation of the density of states and total electronic energy improved from
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less than 10% after traditional lectdyased instruction to approximately 50% after the CQS.
Deriving these expressions was extremely challenging for many students desfait¢ that the

only difference between the CQS and the pre/posttest questions 2b and 2c is that the dimensionality
of the system was two dimensions, rather than three dimensions. Some interviewed students
needed guidance from the interviewer to successtidlgulate the total electronic energy in
guestion 2c even on the posttest. Other interviewed students (not inclubulerb.) asked to

review CQ1CQ7 again, which were in the thrdemensional context, before answering question

2c¢ in two dimensions otine posttest

5.3.4 Student difficulties with the expressions for the distribution functions and constraints

on the number of particles in each singlparticle state

Table 5.1shows that out of all of theugstiors, students performed relatively well on both
pre/posttests on question 3 which asked for the expressions for the distribution fuantions
constraints on the number of particles in each sipghticle stateOn the pretest, average student
scores were @ on the distribution functions and 61% on the constraints and on the posttest,
average student scores were 85% on the distribution functions and 80% on the constraints. The
most common difficulties with regard to the distribution function was not inoduttie chemical
potential in the expressions or interchanging the signs in the denominator for the fermionic and
bosonic cases. The most common difficulty for the constraints was switching the fermionic and
bosonic cases. Other incorrect responses inalaiens that the constraint on the number of
particles in each single particle state for the fermionic case is between %2 to 1 particle or that it is
either O or 1 depending on spin. One student stated that for the MB distribution, there is a maximum
of oneparticle in each singlparticle state, confusing it with the fermionic case.
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5.3.5 Student difficulties with the high temperature limiting case of distribution functions

In the high temperature limi6 \ », the de Broglie wavelength of the particle wave
becomesvery small and the overlap of the wavefunction of different particles in the system
becomes negligible. In this limit, the Fer@irac and Bosdinstein distribution functions
approach the MaxweBoltzmann distribution function. Students had great difficuwith
guestion 4 which focused on this issue (§able 5.). The common student difficulties on this

guestion can be classified in a few categories as follows.

Some students claimed that the quantum distribution functions will approach the MB
distribuion functionwhen 6 \ r - (which is the exact opposite case in which the quantum effects
are important). These students often focused on the mathematical expressions for the quantum
distribution functions and mathematically reasoned about how they mighbamh the MB
distribution function. Interviews suggest that students with these types of responses who resorted
to using mathematical expressions as the basis for their answer did not think physically about
whether their mathematical reasoning made semseeptually. This dichotomy of either being in
the Amatho mode (which was prevalent\frer stud
or the Aphysicsd mode and not integrating the

making is a commmo novicelike problem solving approach and has been observed in other

contexts [36]. Two typicaMhenB‘eaﬁ—;eS—Hsle—sF’;—binanUis
FPAcs  PA

AiThey approach MaxweBoltzmaon distribution when the exponential partle most important,
so when6\ ro . F %.3gshowseanother student response that falls in this category. Bigure

shows that the student writes the correct distribution functions in response to question 2 and states

.
in response to question 4 thiiwhenthe A Aterm is much larger than 1, the distributions are
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roughly the same. This happens whér® dand low temperature6\ ré@ Thi s r espons

7
interesting because the student explicitly notes that the exponential¥etis much lager than

1 when 6P dand 6\ r K but does not contemplate the case whie® dand 6\ r -. For a
fermionic system, this latter casé O &and 6 \ r -) yields J, ., 6; L sfor all states below the

Fermi energy (which is the chemical potentialTatO K). This type of response suggests that
focusing only on mathematical reasoning prevented students from realizing that their reasoning
did not take into account all situatiofesg., 6 O dand 6 \ r K in Figure5.3). Interviews also
suggest that some of the students had inadequate understanding of the chemical potential of the
system which exacerbated the difficulty in reasoning about the limiting case. For example, students
did not realize thatafor particles with mass depends on temperature and for ferméosgqual

to the Fermi energy dt= 0K andthen it decreases with an increase in temperature\amually
becomes negative at high temperatures (whilebémons, ais zero at and below the critical

temperature and isegative otherwisp
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Figure 5.3 A sample response in which the student wrote the correct mathematical expressions for each of the

distribution functionsut drew an incorrect conclusion about the limiting case
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Other students who mainly reasoned using the expression for the distribution functions
focused only on large energdin the expression for the distribution functions, which does not

make sense. They claimed that the quantum distribution functions withagh MB distribution

function whené\ » as in the following student responseAtivery large g é PP sso it

approaches MB distributiord , As B\ », all converge b/c theGsin denominator becomes

irrelevan®d , In thie high élimit, as the expnential term becomes very ladge

Other students claimed that the quantum distribution functions will approach the MD
distribution function whenever the particles are-mteracting, as in the following responsgai:
there is no interaction, both of tlgFermi-Dirac and Boséinstein]becomelassical[Maxwell-
B ol t z mdlithere 8 morinteractior Fassicalo Discussions suggest that these students often
confused the fact that the overlap of the wavefunction of different particles in the systédh shou
be negligible (which happens in the high temperature limit) to conclude that the particles should
be noninteracting or Coulomb interaction between the electrons should be negligible to approach

the MB distribution limit
5.3.6 In-class implementation by instuctor A

The ability to transform from one representation of knowledge to another, e.g.,
mathematical to graphical, is a sign of expertise. Experts often transform from one representation
of knowledge to another to simplify the problem solving procesde 5.1shows that on question

5 on the pre/posttests that asked students to draw the-Beauidistribution function at=0 K

andT>0Kstudentsd average score more than doubl
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traditional lecturébased instruction. On the pretest, many students struggled with the graphical
representation of the Fersirac distribution function both at zero and Apero temperatures.
For example, Figuré.4 shows one such graph on which an interviewed student drew an

exponentially increasing, ., 6;vs. 6atT >0 K

n(e)

(T > 0)

Figure54An i ntervi ewed aphicadrepreserdationiofihe BerBirae didtribugian function at T
> OK stating the graph has exponential shape because the expressignf@i nvol ves fée to the s

probably has energy in there. filOminbdb D Bhowghuce

Another interviewed student incorrectly claimed that as the temperature increases, a peak
appears in J, ., 6;and that peak in the Ferrbirac distribution function would shift to higher
temperatures and the occupation of the gratate would eventually reach zero (see his drawing
in FiguyRE 75) WKHAUHTV D O&GK BuOit el [dubhédPoud &¢ T increases.

Much PXFK JUHDWHU DQG LW ZRXOG JHW SXVKHG RXW SDVW W
should be aything keeping that maximum at the Fermienergy | nt er vi ews sugage
students may have been confused about the peak in the Maxwell speed distribution (which has the
square of the speed from the volume element multiplying the exponential fathat vere is a

peak at a nouzero value of speed) and how the peak in that distribution moves to higher energies

as the temperature increases. In written responses to question 5 also, several students drew the
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FermiDirac distribution function with peakat the Fermi energy or some other fr@mo energy
similar to Figure5.5. For example, one student who drew the Fédimac distribution function
correctly afT=0 K, drew a graph similar to that shown in Figare for T >>0 K. Another student
drew a graph similar to that shown in Fig&B for T >>0 K for bothT=0 K andT > 0 K with
peaks of different heights centered at the same value of giaglele energy. Other students who
confused the fermionic and bosonic distribatifunctions, drew the Fernirac distribution
function to be a delta function &L r atT= 0K
0 A
nie) - t |

(T = 0)

(T:f?’ﬁ)

Figure55An i nterviewed student 6s i nc o rDirae digtribugion &ungtiori irc a | repr
which the student incorrectly stated that the sipgigticle ground state of the fermions would eventually be vacated
and the peak in the distribution function (which is not supposed to be there) will keep shifting to higher energies as

the temprature of the system increased

5.4SUMMARY AND FUTURE PLANS

We investigated the difficulties that physics students in ujgyel undergraduat®M and
graduate students after quantum and statistical mechanics core courses hined=eithi energy,

FermiDirac distribution and total electronic energy of a free electron gas after they had learned

130



relevant concepts in their respective courses. ThdBeulties were probed by administering
written conceptual and quantitative questions to undergraduate students andsaglengs in
undergraduate and graduateursego answer those questions while thinking al¢d®l in one

onone individual intenaws. We find that advanced students have many common difficulties with
these conceptsafter traditional lecturébased instruction and students struggled with both
conceptual and quantitative questions. We alsotfiatistudent performance in the undedgiate

course improved after students engaged with the CQS on relevant concepts but there is still
substantial room for improvement.

The future refinements of the CQS will focus atdresmg student difficultiefound via
in-class administration (imivo) as opposed to via the earlier administration in thearrene
interview situation (irvitro). For example,n order to better address tHdficulties with the
distribution function an increased emphasis e chemical potential, its role in the distribution
functions, and its behavior as a function of temperatiltde includedin the CQSvia additional
clicker questions. The common difficultiegth the limiting case posdd question 4will alsobe
addessed more explicitlyia additional clicker questions. Moreover, although it is typical to
guide students through calculational problems (that involve both conceptual and quantitative parts)
via a series of clicker questions as in CGQQ7, student learng maybe improvedor question 2
which involves calculations of the Fermi energy, density of states and total electronicl@nergy
changing the implementation of the CQI8.fact, a majority of interviewed students required at
least some guidance fromethnterviewer via leading questions in order to do the calculations
correctly in question 2 on the posttest, which focused on a two dimensional system instead of the
three dimensional system treated in CQQ7. Some interviewees asked to review €L17 ore

more time for the three dimensional calculations before calculating the corresponding quantities
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in two dimensions in question 2 on the posttest. In the future implementation of the CQS,
immediately after the students engage with clicker quesB@isCQ7 in the class, we plan to ask

them to respond to question 2 without any support so that they have an opportunity to reflect upon
their proficiency in deriving the expressions for the Fermi energy, density of states and total
electronic energy of a freeesltron gas and tell them right before they engage with the CQS that
they will have to do the derivations immediately after the CQS as a quiz. This type of immediate
individual reflection after engaging with the CQS with their peers may be helpful in imgrov
individual accountability and focus, and help students consolidate the concepts learned and
develop facility and selfeliance in calculating these quantities by combining conceptual and

guantitative problem solving
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5.7 CHAPTER APPENDIX

Notation andprocedures coincide with treatment by Griffiths'd(Edition). Correct

answers aréolded

Figure 5.6 lllustration provided to students with the CQD10 (Credit: Kyle Whitcomb, University of Pittsburgh)

Section 1 (T = 0 K):

(CQL) /HWTV FRQVL G K-EpabeQCRobBsY all@\helfdllowing statements that are correct
about thek-space for a free electron gas Bt 0 Kin a threedimensional solidzolume Vimade

up ofN a}toms each witlg free electrons, given that two electrons with opposite spins occupy a
volume.—l. in k-space.

(1) Ink-space, the volume of an octant with highest occupied waveved®r

—S'RKHQI{K)DAN&EIIN:@BCQD—iééGZAL @edA

(<2') The total volume occupied by the free electrons is

18¢08ea0 QéiUU A0@R0B0¢ é&/%ﬁme occupied by two electrons kspacg L %é @/- A

(3) The volume of an octant with highest occupied wavevégtand the total slume
occupied by the free electrons Hsace are equal, s@éGZAL %a@/ A

A.1only B.2only C.1and?2only D. 2 and 3 oHlyall of the above
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/
(CQ2) Equating @edAL 8 @Aand solving forG gives G L uebé;° "where é L - s the

free electron density (number of free electrons per unit volume). Using this information, choose
all of the following statements that are correct about the Fermi enérdpr norrinteracting
electrons in the free electron gaodel.

1) The Fermi energy , is the energy of the highest occupied stat€ at r -.

667

2) The Fermi energy is, L— L e,

3) The Fermi energy , only depends on thedectron numbedensityand the mass of the
electron.

A.lonly B.lah2only C.land3only D.2and 3 onfy all ofthe above

(CQ3) Choose all of the following statements that are correct about a free electron tase
dimensions

1) Each state in each shell betwdeandk+dk has energyo L %.

2) The volume of a shell of thickne&s I&tweerk andk+dk in the relevant octant ik
space occupied by free electronsi i@éd A@.G

3) The volume of a shell of thickne&s Itweerk andk+dk in the relevant octant ik
space occupied by free eIectronsiisn‘aC:6 ;@.G

A. 2only B. 3only C. 1and2onhD. 1and3only E. None of the above.

(CQ4)Choose all of the following statements that are correct for the 3D free electron gas model.
(Include electon spin when relevant.)

1) The number of electron states in each shell betwaedk+dk is:
6elagea@UilgRB 6@k8 b ox P

jaReadeeald BOPHeUalR@dy@?eid O _é
2) Thetotal energy of the electrons in a shell betwkan) GNE @ G%—'_ 3 @ @here

L. d@.G

oLLZ
3) The total electronic energy of the syster atO K can be calculated as:
sacl i, - @G~ 1, F@ G

A.1lonly B. land2only C. 1and3only D. 2and 3Enkll of the above.
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(CQ5) Choose all othe following statements that are correct about a free electronngimsee
dimensions(Include electron spin when relevarddefines a surface in-&pace. A shell is the
volume between two closedpaced energy surfaces.

1) The number of states i@ shell betweerd and &d dis &:06; @ where the density of
states &:6; as the number of states pemallinterval of energy for a giveid
2) The density of state: 6; &s the number of particles in a given energy interval between

energy 6éand &d 6

3) For a frec? electron gas dt= 0 K, the total energy, . s.c.can be calculated as
N7 . .
‘cack I, 0&:6,@ 06

A. lonly B. land2only C. 1and3only D. 2and3only E. All of the above.

(CQ6)Consider the following conversation:

6WXGHQW *)RU D IUHH HOHFWURQ JDV'DW |743/4 &0,@OWKH WRW
6WXGHQW 8, GLVDJUHH < RnXrdbdr Qf\atdte 5D @ R LW KIV MWK LW HR QW

6WXGHQW | eﬁér@/HB'\g\éELWj/D 0 &:6; @ which can also be calculated in terms of
kDV ZH GLG LQ D SUHFHGLQJ TXHVWLRQ °

A. Studentlonly B. Student2only C. Students 1 and 3 énlyStudents 2 and 3
only E. All of the above.

(CQ7)Choosall of the following statements that are correct about the density of statés for
the3D free electron gasnodelgiven that the number of electron states in the shell betwaed

k+dkis —' & @ @lectron spin has been included).
1) &6,@ & —' & @. Gherefore,&: 6; @i6 proportional to @ @.G
2) Giventhat6 L==, @63 G@G

3) Using (1) and (2)&: 6; @i$ proportional to ¥0@. @herefore&: 6;is proportional to 30

A. lonly B. land2only C. land3only D. 2and 3Enkll of the above.
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(CQ8)We now know that thetal electronic energy of the system of free electron8 &atr - is
L1
"cacl I'Ok;% G876 7 which can be written asfanction of volume given that the

number of free electrons is fixetl; 5 L %87° “. Then @.a.L :Ft u;%87° '@.8

Choose all of the following that are correct. (Assume no heat transfer from the free electron gas
to its surroundings in the poess discussed below).

1) If @ B negative,@ s positive.
2) The infinitesimal work by the syste@ 9L 2@ 8 F@.3@VR WKH SGHJHQHUDF\
SUHV VIXIWU:£: %879 7.

3) The degeneracy pressure is due to the-gyrimetrization requirement of the many
particle wavefunction aheelectrons.

4) Since decreasing the volume of the system increases the energy, it is not energetically
favorable.

A. land2only B. land3lgn C. 2and3only D. 1,2, and 3 only
E. All of the above.

(CQ9)Choose all of the following statements that are correct about a free electron gas system.

1) 3®*HIHQHUDF\ SUHVVXUH" GHVFULEHV WKH TXDQWXP PHFK]|
3 R X W Z ordelper unit aredhat prevents a solid from collapsing due to the restriction
that each electron must occupy a differeingle particlestate.

2) The degeneracy prag® plays a role in stabilizing a solid object.

3) If the electrons were bosons, the total electronic energy of the free electron gas at
temperaturel = OK would be lower than what it actually is.

A. lonly B. 3only C.1land2only D. 1amaiyE. All of the above.
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(CQ10) CubesA and B with the same atom number density h&veand 2N sodium atoms,
respectively. Choose all of the following statements that are correct.

1) Attemperaturd =0 K, the Fermi energy of sodium in cuBés larger than the Fermi
energy of sodium in cub®

2) Attemperaturd = 0 K, the total electronic energy of the electrons in cBh& larger
than the total electronic energy of the electrons in cibe

3) If we dowly compress the volume of cube A, the total electronic energy of the electrons in
cube A will increase.

A. lonly B. 2only C. 1land2onlhD. 2and 3 onlE. All of the above.

Class Discussion (3D free electron gas at T = 0 K)

/
A 7ZR HOHFWURQV LQ WKH VDPH VSDWLDO VW—IDiWH ZLWK 3R.
Gspace(regardless of the value &

/
A The volume.l.— in Gspace can accommodate two electrons due to the factldaitons
are spinl/2 fermions.

For an octant, lhe volume of a shell betwekandk+dk of thickness@ G—i ve@:@.G

A The number of electron states in the shell betvkeed k+dkisl_ @ @, @hich is equal
to &:0; @ Wwhere &: 6;is the densit of states withd L %.

A The energy of the electrons in a shell of thickn@s& @ 'L %i. F@.G

o Y Y
A The total electronic energy is; 5 ;L 0 —' ‘|4p' @ G%—'p—'g L I'C)Z‘l—?;GS?G 4

6a

A 3'HIJHQHUDF\ SUH\RYW @ ByUaBtYmBn@chanicdbrce per unit aredhat
prevents the system from collapsing.
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The following question was not administered in this study but could help scaffold transfer from
3D to 2D in future implementations.

(CQ11)Choose all of the following statements that are correct about the density of €tatgs,
for the2D free electron gasnodelgiven that the number of electron states in the shell betiveen

andk+dkis - G @eBectron spin has been included whereveint).

1) &06,@ 6- G @Therefore,&: 6, @i6 proportional toG @ G

2) Given that6 L% @ a% G@G

3) Using (1) and (2)&: 6; @is proportional to @, therefore &: 6; does not depend on energy
0

A. lonly B. land2only C. 1and3only D. 2and 3 only. All of the above.

Section 2 (System at T > 0 K):

(CQ12)
A The distribution functionl: ¢;is theaveragenumber of particles in one single particle
state with energyd

A For a given system&: 6; thedensity of statefor energy ¢ is the number of single
particle states per unit energy with energs

A Theaveragenumber of particleper unit energyith energy 6is 0 :6;

Choose all of the following statements that are correct:

1) J:6; L

c:;
[PLE

2) Fermions, bosons, and distinguishable particles have diffeleat

3) Bosons and distinguishable particles have the sdm@&because there is no limit to the
number of particles that can occupy a given sirg€icle state, unlike fermions.

A. lonly B. 2only C. 3onlyD. 1and?2only E. 1and 3 only.

141



(CQ13) Choose all of the following statements that are correct about
J:6; = HHU | > KD# @ FDA EQIO QAR JE J&C

1) The distribution function: ¢; is theaveragenumber of particles in a given single
particle state with energya
7.7 ;
2) The distribution function isl: 6; L A% in situations in which the particles can be
treated as distinguishable.

3) r QJ:6; Q sfor all single particle states with energyegardless of whether the
particles are bosons or fermions.

A. 2only B.3only C.land2only D. 2and3onlyE. Allof the above.

Class Discussion

&:6;- 3'HQV LW\ R4ThaMinad &f single particle states per unit energy with energy
0

J:6;- 3'LVWULE XW L R€Jhg av&&j@nurRb@r of particles in a given single particle
state with energyo

0:6; L &:6;J:0;is the average number of particlpsr unit energyvith energy 6a

Depending on the type of particles, the distribution function; can be one of the following:
A MaxweltBolizmann:  J:6; L ——
P A
A FermiDirac: J:6, L——
@ A>5

A BoseEinstein: J:6; L ——

&> Aos

Review the differences betwdermions bosonsanddistinguishable particlewith respect to
issues discussed in the two prior questions.
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(CQ14) Choose all of the following statements that are correct about the MaRaktimann
distribution (MBD), J:6; L —.
A
1) The MaxwelBoltzmann distribution can be used for classical distinguishable particles.

2) In the expression):o; L —5,— orepresents the energy of a singlarticle state.
A
3) In the high temperature limit, the FenbDirac and BoseEinstein distributbn functions
reduce to the MBIJ: 6; Lﬁs—
A

A. lonly B. 2only C. land2only D. 1and 3BnhAll of the above.

(CQ15)Choose all of the following statements that are correct aboutimenacting fermions.

Recall that the Remi-Dirac distribution function isJ: 6; L —75—

&> As5

1) AtT =0 K (absolute zero temperature);6=1if 6P &6 L r;and J:0=0 if
60ae6lLr;

2) AtT =0 K (absolute zero temperature), the Fermi energy is equal to the chemical
potential &:6 L r ;.

3) At a finite norzero temperature, ib= a:6; theaverageoccupation number for a
particular singleparticle state with energyis J:6; L s ta

A. lonly B. land2only C. land3onlp. 2and 3 only E. All of the above.

(CQ16)Choose all of the following statements that are correct abouimenracting bosons.

(1) The chemical potentidor a bosonic system is always less than or equal to zero,
a:e; Qr.

(2) As the temperature decreases, the chemical pote&ti@jincreases.

(3) BoseEinstein condensation can occur at low temperatures when a macroscopic number
of bosons occuesthe lowest sigle-particle state or ground state.

A. lonly B. land2only C. land3only D. 2and 3Enkll of the above.
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(CQ17) Given the distribution function): 6; L%A— for massive bosons, choose all of the
G A 25

_ @ 25 :
following statements that are true related to the chemical potential of the system:
1) J:6;cannot be negative, se?tﬁ Pr.

2) 6F &:6; P rimplies thato P &:6;for all allowed single particle energied

3) Sine the lowest single particle energylr, 6 P &:6;for all 6implies thata: 6;for a
boson is always negative.

A. lonly B. land2only C. l1land3only D. 2and3Eg&nlpll of the above.

Class Discussion
Discuss issues pertaining to the preceding questions such as these:

At high temperature, why do the FefrBirac and BoseEinstein distribution functions both
reduce to the MaxweBoltzmann distribution function?

What do the graphical representation$ the various distribution functions look like at
different temperatures?
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6.0IMP ACT OF INCOROPORATING MATHEMATICAL RIGOR IN A QUANTUM
| NTERACTI VE LEARNI NG TUTORI AL ON STUDENTS®O

UNDERSTANDING OF QUANTUM OPTICS

6.1INTRODUCTION

6.1.1 Background on expertise

In order to help students develop expertise in any area of physics, one must first ask how
experts, in general, compare to novices in terms of their knowledge structure and their{problem
solving, reasoning, and metacognitive skills. According to Sternb&éjg dome of the
characteristics of an expert in any field include the following: (1) having a large and well organized
knowledge structure about the domain; (2) spending significant amount of time in determining
how to represent problems before searchorgaf problem strategy, (i.e., analyzing the problem
and planning the solution); (3) developing representations of different problems based on deep
underlying structural similarities between problems; (4) working forward from the given
information in the poblem and implementing strategies to find the unknowns; (5) efficient
problem solving when under time constraints, experts solve problems more quickly than novices;
and (6) accurately predicting the difficulty in solving a problem. Additionally, expegtsnare
flexible than novices in their planning and actions [2].

Experts also have more robust metgnitive skills than novices. Metagnitive skills or
self-regulatory skills, refer to a set of activities that can help individuals control their lgd8ain

5]. The three main sefiegulatory skills are planning, monitoring, and evaluatieb][3lanning
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involves selecting appropriate strategies to use before beginning a task. Monitoring is the
awareness of comprehension in light of the problem andpmskrmance. Evaluation involves
appraising the product of the task and reevaluating conclusiebls §elfregulatory skills are

especially important for learning in knowledgeh domains such as physics. For example, in
physics, students benefit fromp@oaching a problem in a systematic way, such as analyzing the
problem (e.g., drawing a diagram, listing knowns and unknowns, and predicting qualitative
features of the solution that can be checked later), planning (e.g., selecting pertinent principles or
concepts to solve the problem), and evaluating (e.g., checking that the steps are valid and that the
answer makes sense)-3&]. When experts repeatedly practice problems in their domain of
expertise, problemolving and seffegulatory skills may even beme automatic and
subconscious 3] . Therefor e, unl ess experts are give
the problemsolving process in an automated manner without making a conscious effort to plan,
monitor, or evaluate their work [6]. Althoughdn vi dual s6 expertise in a
spectrum on a continuum, with this caveat in mind, here we refer to physics instructors as experts
and students as novices.

If our goal is to help students become experts in physics, whether at the introauctory
advanced level, we must also contemplate whether there is something special about the nature of
expertise in physics over and above what is true in general about expertise, e.g., what is needed
for becoming an expert tennis or chess player or musiorpezr [3338]. Physics is a discipline
that focuses on unraveling the underlying mechanisms of new physical phenomena in our universe.
Physicists make and refine models to test and explain physical phenomena that are observed or to
predict those that hawmot been observed so far. A cohesive physical model requires synthesis of

both conceptual and quantitative knowledge as shown schematically i6.Eigherefore, an
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important aspect of expertise in physics is the proficiency with which one makes ragiprop

connections between physics concepts necessary to understand physical phenomena and relevant

mathematics. Indeed, in physics, there are very few fundamental laws which are encapsulated in

compact mathematical forms and learning to unpack them caxéetlop expertise and organize

oneds knowledge hi

erarchi

c al

ly. I n particul ar

appropriate matiphysics connection in order to meaningfully unpack, interpret and apply the laws

of physics and use this seasaking to develop a good knowledge structure of physics and solve

novel problems in diverse situations. It is important to recognize that meaningfuhsakisg to

unpack, interpret

and

apply

t

he | aws oufe, physi

and retrieve relevant knowledge to solve complex physics problems is an iterative dynamic process

(see Figb.1) and appropriate reflection and metagnition during problem solving is required to

give individuals an opportunity to refine, repair amdend their knowledge structure and propel

them towards a higher level of expertise.

Physical Phenomena

Physical Model

Conceptual

Quantitative

Making Sense
of Physics
Concepts

Developing
Good Physics
Schema

Solving

Physics
Problems

Figure 6.1 Schematic diagram showing connectitetween physical phenomena and modeling involving

integration of conceptual and quantitative understanding in physics (left) and different synergistic components of

expertise development in physics (right).
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Unfortunately, even though some major goals of physics courses for physics majors (as
well as for other science and engineering majors) are to enable students to develop good reasoning
and problem solving skills, use these skills in a unified manner taiexgredict diverse physical
phenomena in everyday experience, numerous studies show that from a traditionally taught course,
many students do not acquire these skills and develop the level of expertise de3Rkpdrfe
difficulty in physics expertis development and learning to think like a physicist can partly be
attributed to the fact that many traditional courses from introductory to advanceddenefocus
on helping students mastle complex chain of reasoning thabfsenrequiredto solve problems
in the relatively precise domain of physi&udents have difficulty imaking the appropriate
mathphysicsconnectionwhich is critical for productive problem solving and using it to develop

a robust knowledge structure [6].

6.1.2 ICQUIP framework for developing expertise in physics from introductory to

advanced levels

Since appropriate qualitative (conceptual) and quantitative connection anehsakisg
are central to becoming an expert in physics but are often not adequately recognized amedaccou
for in traditional physics teaching at all levels for science and engineering majors via serious
contemplation of instructional goals, instructional design and assessment of learning, we propose
a framework called fAlntegwvatiUngleCehaadtuogl!l | a
Al CQUI Po. This framework focuses on an essent
devel op studentsbé expertise adequately and e«
knowledge and skills to unpack trenls of physics encapsulated in compact mathematical forms
and use physics problem solving for learning and organizing their knowledge hierarchically [6].
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The ICQUIP framework asserts that without focus on appropriate integration of conceptual and
guantitat ve wunderstanding in physics, commensur at ¢
physics learning will not be functional. Rather, many students may perform well in their physics
courses by memorizing concepts and formulas and solving the problemthabgcally using plug
and chug approaches. Indeed, prior research suggests that many students view physics as a
collection of disconnected facts and formulas and believe that performing well in physics courses
entails memorizing and regurgitating algbnits and doing pattern matching while solving
problems [3941]. The goal of the ICQUIP framework is to draw attention to the nature of expertise
in physics and emphasize the central role of the integration of an appropriate level of conceptual
and quantitate knowledge and skills and why this integration must be incorporated in
instructional goals, design and assessment in order for students at both the introductory and
advanced levels to truly become physics experts.

The ICQUIP framework that explicitlyrimgs out the importance of appropriate conceptual
and quantitative connection in teaching, learning and assessment for physics expertise
development is particularly important because of several related common misconceptions that
physics instructors at alévels often have. For example, instructors often believe that learning
physics concepts is easier for students at all levels than learning how to solve physics problems
using Ar i gor ou-45h Thaydbeliave tima if nescisnce n¥hajdrs can leaphysics
concepts, science and engineering majors (and particularly physics majors) can learn physics
concepts on their own and there is no point in wasting precious instructional time on concepts
instead of focusing on mathematical derivations and problthat will help students do complex
calculations. Moreover, in uppével or graduate courses, instructors often believe that students

should have learned the concepts in the previous physics courses (e.g., in undergraduate courses
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for graduate core cwses) so their goal as instructors is mainly to focus on developing the
Acal cul ational o facility of student s in the
appropriately integrate conceptual and quantitative understanding [42]. Some instrlsciors a
believe that students will learn the physics concepts anyway in order to be able to do the
calculations so there is no need to reward them for conceptual understanding by asking them
conceptual questions in assessment tasks [42]. Other instructonstitdaiithey always mention
important concepts involved before doing calculational problems or before doing complicated
derivations in their classes [42]. However, they only ask students to do complicated calculations
in assessment tasks that determine ttmirse grade (these are often problems that many students
attempt to do using algorithmic or plug and chug approaches) because this is the most efficient use
of instruction and learning time. Also, even if students have had one coat of exposure ttsconcep
in previous courses, integrating conceptual and quantitative aspects of physics in instructional
goals, instructional design and assessment of learning is critical for a majority of students to be
motivated to focus on functional understanding and Ippated to develop a good knowledge
structure of physics by solving a variety of integrated problems that are appropriately scaffolded.
Some instructors also claim that they select calculational problems that have rich conceptual
implications although theexpect students to unpack those conceptual implications on their own
when doing the calculation instead of explicitly integrating conceptual questions with those
calculational problems in order to provide scaffolding support to make appropriatg@inyatis
connections (without such incentive and support, many students at all levels do not make such
connections automatically and conceptual learning and development of a robust knowledge

structure and skills are compromised).
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The 1 CQUI P f r aneuws om &pprapriate xniedratian ioft conceptual and
guantitative understanding in physics for expertise development is important for instruction
because physics is one of those disciplines in which quantitative facility and algorithmic
approaches can masie lack of a robust knowledge structure and deep conceptual understanding.

In order to become an expert in physics, students must learn to integrate conceptual and
guantitative aspects of physics in a meaningful way and internalize each equation eedannter
physics problem solving as a relation between physical quantities, and not merely aaraplug
chug tool or a Aformulad to obtain a solutio
physics majors (and science and engineering students imafjepéien focus primarily on
guantitative assessments, the algorithmic approaches to solving physics problems that do not
reflect conceptual understanding can lead to many students obtaining good grades despite having
superficial understanding of the umigég physics concepts and novitike knowledge structure.

Since many students focus on what they are graded on, lack of emphasis on conceptual
understanding disincentivizes metacognition and making appropriatepimgtits connection to

develop a robustnowledge structure. In fact, motivational goal orientation of students can be
divided into two broad categories: goal orientation of students who are focused mainly on
performing well in a course instead godl on d
orientation, and those who are focused on ach
orientation [4648]. These different motivational goals can have a negative or positive feedback

loop effect on student attitudes and may shape thagmsolving beliefs and processes through
different levels of engagement and semsking while solving problems [48]. Unlike expertise in

playing tennis or chess or music performance, in which performance goal orientation would be

commensurate with traesire for mastery (so that the difference between performance and mastery
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goals blur), there can often be a huge gulf between performance and mastery goal orientations in
traditionally taught physics courses that evaluate student learning mainly athatgoproblem

solving, which can be accomplished using plug and chug approaches. In such courses, many
students who are motivated mainly by the course grade are disincentivized to develop mastery and
may not make sufficient effort to integrate math angspis appropriately and build a good
knowledge structure.

We also note that contrary to the common misconception of physics instructors, conceptual
reasoning without using quantitative tools can often be more challenging than reasoning
conceptually with gantitative tools, particularly for those who are not experts, because
guantitative problems can be solved algorithmically by constraint satisfaction. This is because
novices' knowledge hierarchy is fragmented and the limited capacity of working memory make
the cognitive load high during a conceptual reasoning task when no quantitative anchors are
available, leaving fewer cognitive resources available for metacognition [49]. On the other hand,
research shows that many students in physics courses, who d@raebfacile at quantitative
manipulation, are unable to answer similar isomorphic questions poseéptual. In other
words, if only quantitative problems are posed, students often view them asanglagug”
exercises while conceptual problems alane viewed as guessing tasks with little connection to
physics. Indeed, teaching students to draw conceptual inferences from quantitative tools
constitutes an important yet uneemphasized tool for helping them learn physics and develop
their reasoning rad metacognitive skills because once students have solved a quantitative
problem, the cognitive resources may be freed up for drawing meaningful conceptual inferences.
Thus, the ICQUIP framework is important for physics instruction because, without gelidaost

students do not exploit quantitative problem solving as an opportunity to reflect upon their answers
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conceptually and build a good knowledge structure. For example, if a student knows which
eqguations are involved in solving a problem, he or shecombine them in any order to obtain a
guantitative answer. On the contrary, while reasoning conceptually without quantitative tools, the
student must understand the physics underlying the given situation and generally proceed in a
particular order to are at the correct conclusion [6]. Therefore, the probability of deviating from
the correct reasoning chain increases rapidly as the chain of conceptual reasoning becomes long
because most students do not have sufficient level of expertise. Combiningatjuanand
conceptual problem solving can provide scaffolding for knowledge and skill acquisition and
opportunities for metaognition. As an example, a beginning student who has learned to reason
with equations can invoke Newton's second law in matheaidtirm explicitly to calculate the
normal force in terms of the tension and weight and then reason conceptually using this equation
to conclude that the tension in the cable is greater than the weight of the elevator accelerating
upward. On the other hdna physics expert can use the same ilaplicitly without using
guantitative tools and be confident in conceptually arguing that the upward acceleration implies
that tension must exceed the weight. Similarly, a student who does not know whether thermaxim
safe driving speed while making a turn on a curved horizontal road depends on the mass of the
vehicle will have great difficulty reasoning without equations that the maximum speed does not
depend on the mass. However, again in this situation, if ssdeatasked to make conceptual
inferences after solving a quantitative problem involving maximum safe driving speed, appropriate
scaffolding support can help them build a good knowledge structure and develop their reasoning
and metecognitive skills.

The ICQUIP framework is important for physics instruction at all levels for physics majors

(and courses for science and engineering majors in general) because several researchers have
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conducted investigations which suggest that students often perform wekwatit@five problems

but not on isomorphic conceptual questions. In a study on student understanding of diffraction and
interference concepts, the group that was given a quantitative problem performed significantly
better than the group given a similar ceptual question [50]. In another study, Kim et al.
examined the relation between traditional physics textsbylk quantitative problem solving and
conceptual reasoning [51]. They found that, although students in a mechanics course on average
had solved rare than 1000 quantitative problems and were facile at mathematical manipulations,
they still had many common difficulties when answering conceptual questions on related topics.
When Mazur gave a group of Harvard students quantitative problems relatedeiodissipation

in a circuit, students performed significantly better than when an equivalent group was given
conceptual questions about the relative brightness of light bulbs in similar circuits [52]. In solving

the quantitative problems givenby Mazsirf udent s applied Kirchhoff s
of equations and then solved the equations algebraically for the relevant variables from which they
calculated the power dissipated. When the conceptual circuit question was given to students in
similar classes, many students appeared to guess the answer rather than reason about it
systematically. For example, if students are given quantitative problems about the power dissipated

in each (identical) headlight of a car with resistaR@ehen the two bulbare connected in parallel

to a battery with an internal resistance r and then asked to repeat the calculation for the case when
one of the headlights is burned out, the pro
students solve for the power digaied in each headlight even if they cannot conceptually reason
about the current and voltage in different parts of the circuit. To reason without resorting explicitly

to mat hemati cal tools (Kirchhoff dsrighteriwes ) t ha

the other headlight is burned out, students have to reason in the following manner: The equivalent
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resistance of the circuit is lower when both headlights are working so that the current coming out
of the battery is larger. Hence, more of tiadtery voltage drops across the internal resistance r

and less of the battery voltage drops across each headlight and therefore each headlight will be less
bright. If a student deviates from this long chain of conceptual reasoning required, the stydent ma
not make a correct inference. Prior research in mechanics [45] also suggests that many students
were reluctant to convert a problem posed conceptually into a quantitative problem even when
explicitly asked to do so because due to lack of expertiseasghet first converting a conceptual
problem to a quantitative problem is cognitively demanding [49] (even though they were more
likely to obtain the correct answer by integrating conceptual and quantitative approaches). The
students often used their geefings rather than explicitly invoking relevant physics concepts or
principles for the conceptual problems. On the other hand, appropriate integration of conceptual
and quantitative understanding as emphasized in the ICQUIP framework can provide dgportun

for metacognition and expertise development.

Prior research suggests that the situation in advanced quantum mechanics courses is similar
[53-55]. For example, in surveys administered to 89 advanced undergraduates and more than two
hundred graduate stants from seven universities enrolled in quantum mechanics courses,
students were given a problem in which the wave function of an electron indinogresional

infinite square well of widtta, at timet = 0 in terms of stationary states is given 2:8a; L

§—§ G5 E §—9 G[53-56]. They were asked to write down the possible values of the energy and the

probability of measuring each and then calculate the expectation value of energy in the state

2 :8&;. Although 67% of the students correctly noted that the prabaful the outcome of the

ground state energy ks —_Gand the first excited state energgyiE—_g, a majority were unable to use
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this information to determine the expectation value of en—.5 ‘t'5s Ev'¢;. Not only did the
correct responses dease from 67% to 39%, the students who calculated the expectation value

7 Acorrectly mainly exploited brutterce methods: first writing,” AL i?ﬂﬂ .2 8 A@, Then

expressing 2 : & in terms of the two energy eigenstates, then ac®mp the eigenstates, and
finally using orthogonality to obtain the final answer. Some got lost early in this process while
others did not remember some other mechanical step, e.g., taking the complex conjugate of the
wave function, using orthogonality of stationary states or ealizing the proper limits of the
integral. Interviews reveal that many students did not know or recall the qualitative interpretation
of expectation value as an ensemble average, and did not realize that the expectation value could
be calculated more sirypin this case by taking advantage of the first part. Other questions posed
to advanced students in quantum mechanics confirmed that many of the difficulties students have
are conceptual in nature [55]. For example, analogous difficulties were alsoezbseresponse

to conceptual questions about Larmor spin precession, especially with regard to the expectation
values of spin components and their time dependence, given a particular initial state [55,56].
Interestingly, course instructors were often sisgdl and noted that on similar but exclusively
guantitative calculations, student performance was significantly higher. These examples
demonstrate that quantitative facility in problem solving does not automatically imply conceptual
understanding in quéumm mechanics, and students can master complex calculational problems
using algorithmic approaches without understanding the underlying quantum physics concepts. In
this sense, from the introductory to advanced levels, conceptual understanding, whtatals cr

for physics expertise development, is much more challenging than facility with the technical
aspects if students are mathematically savvy. Moreover, it is important to realize that similar to

the plug and chug approaches to problem solving in inttody physics, strict quantitative
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exercises in advanced courses often fail to provide adequate incentive and opportunity for
metacognition and drawing meaningful inferences from the problem solving process to repair,
organi ze and exttucwe. oneds knowl edge s

The ICQUIP framework focuses on the fact that in order to learn physics and develop
reasoning skills with quantitative tools, students must be given adequate opportunity to interpret
symbolic equations and draw qualitative inferences from theitholt this explicit focus on
integration of conceptual and quantitative aspects of physics learning, quantitative problem solving
can become a mere mathematical exercise instead of an opportunity to develop reasoning skills
and Acompil eodo phsiosaktmeexahptestgwhiclotiie preceding paragraphs have
alluded. In other words, for problem solving to be effective and useful for developing a good
knowledge structure of physics, students must be given incentives and support to utilize effective
problem solving strategies and combine conceptual and quantitative understanding. Unfortunately,
without explicit guidance and support, many students solve physics problems using superficial
clues and cues, and apply concepts essentially by pattern ngatithgimportant to recognize
that many traditional physics coursesvard the algorithmic problem solving strategies many
students utilize. Many instructors implicitly assume that students know that conceptual analysis
and decision making or planningyatuation of the plan, and reflection on the problem solving
process are as important as the implementation phase of the quantitative problem solution.
Consequently, they do not explicitly emphasize these strategies which involve making appropriate
mathphysics connection while solving quantitative problems during their lectures nor do they
typically assign conceptual problems in quizzes or exams that require students to think as opposed
to solve problems using plug and chug approaches. In introductorgghgsrses for science and

engineering majors, recitation time is usually taught by the teaching assistants who present
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guantitative homework solutions on the blackboard while students copy them in their notebooks.
There is no mechanism in place in a tiiadal physics courses at all levels to ensure that students
make a conscious effort to interpret the physical laws and concepts, make conceptual inferences
from the quantitative problem solving tasks, relate the new concepts to their prior knowledge and
build a robust knowledge structure. The examples in the preceding paragraphs attest to this fact
that many students perform well on quantitative problems by memorizing algorithms and
procedures without actually understanding the underlying physics conGepid performance on
guantitative problems using plug and chug approaches not only gives students the false impression
that they are learning and acquiring usable knowledge; these types of calculational problems can
lull instructors into thinking that tle students are developing a functional understanding of
physics, even if they are not. In fact, in one research study we found that physics Ph.D. students in
a graduate level core course in electricity and magnetism performed only marginally better than
introductory physics students on conceptual questions and had similar conceptual difficulties to
introductory students [57]. The ICQUIP framework has important instructional implications
particularly because many traditionally taught physics courses @éxpiatitly help students learn
effective problem solving strategies and focus on how to help them develop a robust knowledge
structure that necessitates appropriate reflection on both the conceptual and quantitative aspects of
the physics problems.

One efective approach for developing and implementing curricula that integrate
conceptual and quantitative understanding in physics consistent with the ICQUIP framework can
implement quantitative problem solving followed by conceptual problem solving basedaupon
careful analysis of the underlying knowledge inherent in the quantitative problems commensurate

with studentsé prior knowledge and skills. Th
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gualitative inferences from the quantitative problems thsygalved. Particular attention should
be given to designing conceptual questions which probe common misconceptions and challenge
students to make discrimination between concepts which can easily be misinterpreted. Protocols
can be designed to help studewith the reasoning and planning necessary for a class of problems.
For example, to draw inferences about electrostatic forces from a given charge configuration, the
protocol can have the concepts, physics laws, and the path that links them, e.g A chkecjeic
field A superposition of electric field force, where each arrow can show the nature of the
relationship between the adjacent concepts. The-tesltbd cognitive apprenticeship model [58]
can be used to help students learn productively fraiegrated conceptual and quantitative
problem solving. The instructor can constantly model the analysis, planning, implementation,
evaluation, and reflection phases of problem solving during lectures, and ensure that students
engage in effective problem solg strategies through the use of appropriate rewards. The
reflection phase of the problem solving can focus on strategies for making conceptual inferences
from symbolic equations and on helping students contemplate how those strategies help them
extend bheir current knowledge [6]. Students can be required to solve coupled quantitative and
conceptual problems in homework and recitatic
AScaffoldingo can be an I mport antdentsaevglapn e nt
independence while maintaining good discipline. Initially, the instructor can provide guided
practice with prompt, appropriate feedback and support, but the frequency and rigor can decrease
as students become better at employing the stesteqi

Indeed, prior research suggests that one effective instructional strategy consistent with the
ICQUIP framework for reducing conceptual difficulties and helping students develop a functional

understanding of physics involves using problems that comipiraatitative and conceptual
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problem solving [45]. Here, by conceptual difficulties, we refer to the difficulties in using one's
knowledge to interpret, explain and draw inferences while answering qualitative questions in
different physics contexts. Foraxple, we performed a controlled study in introductory physics

in which we posed only conceptual problems to some students and quantitative/conceptual
problem pairs to others [45]. In one conceptual problem, students were asked to compare the
momenta (massmes velocity) of two ships of different masses pulled by two identical tugboats

in the same fashion. The other group was first given a quantitative problem in which students had
to find an algebraic expression for the momentum of a ship with masating from rest and

pulled by a tugboat with a constant fofeever a distancd in a timet. Among 65 students who

were only posed the qualitative problem, only 16% provided the correct response. Among students
who were posed both problems, 56% and 52étided the correct responses to the quantitative
and conceptual problems, respectively [45]. The significant improvement in the performance on
the conceptual problem and discussions with students suggests that when they were posed both
problems, many studés recognized their similarity and took advantage of their quantitative
solution to solve the conceptual problem. After solving the quantitative problem, many students
recognized that the final momenta of the ships were independent of their massebaigdamt
conditions. Then, they were able to use that knowledge to answer the conceptual problem correctly.
Similarly, after recognizing that students in his introductory physics courses had not developed a
functional understanding, Mazur restructuredduarse and focused on qualitative reasoning by
posing conceptual questions to students during lectures and also emphasized such reasoning on
examinations. Student performance on conceptual problems improved significantly [52].
Additionally, if quantitatie problems were still included in the homework and recitation and

contribute to the course grade, emphasizing conceptual understanding in lectures also improved
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the performance on quantitative problems (although the increase was not as much as for the
coneeptual problems). Similar results have been obtained by replacing traditional recitations which
emphasize quantitative problem solving with conceptual tutorials [50] for traditionally taught
classes that heavily focus on quantitative problem solving. Stsigeerform significantly better

on conceptual problems but they also performed at least as well or better on the quantitative

problems

6.1.3 Developing expertise in advanced physics

While learning physics is challenging even at the introductory level because it requires
drawing meaningful inferences and unpacking and applying the few fundamental physics
principles, which are in compact mathematical forms, to diverse situationsd@linig upper
level physics is also challenging because one must continue to build on all of the prior knowledge
acquired at the introductory and intermediate levels. In addition, the mathematical sophistication
required is generally significantly higherfopperlevel physics. In order to develop a functional
understanding, students must focus on the physics concepts while solving problems and be able to
go back and forth between the mathematics and the physics, regardless of whether they are
converting aphysical situation to a mathematical representation or contemplating the physical
significance of the result of a complex mathematical procedure during problem solving. Advanced
students may possess a large amount of compiled knowledge about introdbgsicg pue to
repetition of the basic content in various courses and may not need to do munbrsglfing
while solving introductory problems. Therefore, although much remains to be understood about
the nature of expertise in advanced physics, the dagkvaluating how expertise develops in
advanced physics and whether the -gadihitoring skills of advanced students is better than
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introductory physics students should involve

understanding

6.1.4 Developingexpertise in quantum mechanics

Research suggests that learning quantum mechanics is especially challenging for advanced
students partly due to the abstract and-imbuitive nature of the subject matter. It is difficult to
visualize and reason about quamtconcepts especially because one does not generally observe
guantum phenomena in everyday experience and the formalism of quantum mechanics is
unintuitive. Several prior studies have found that many ulgvet undergraduate and graduate
students strugglwith the foundational concepts in quantum mechanics. Pedagogical approaches
have focused on helping students learn quantum mechanics better [e.g., seel@3$. 59

Prior research also demonstrates that the patterns of difficulties in the conteahtafrqu
mechanics bear a striking resemblance to those found in introductory classical mechanics [91].
These analogous patterns of difficulties are often due to the diversity in the goals, motivation, and
prior preparation of uppdevel students (i.e., thiact that even in an uppével physics course,

students may be inadequately prepared, have unclear goals, and may need extrinsic motivation to

~

engage with |l earning) [109] as wel/l as the AfAp

mechanics. Amam uppeflevel courses, quantum mechanics can be especially challenging for
students because the paradigms of classical mechanics and quantum mechanics are very different
[91]. For example, unlike classical physics, in which position and momentum are idetgcm
variables, in quantum mechanics they are operators that act on a wave function (or a state) which
lies in an abstract Hilbert space. In addition, according to the Copenhagen interpretation, which is
most commonly taught in quantum mechanics coue®lectron in a hydrogen atom does not,
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in general, have a definite distance from the nucleus; it is the act of measurement that collapses
the wave function and makes it localized at a certain distance. If the wave function is known right
before the meaurement, quantum theory only provides the probability of measuring the distance

in a narrow range. The significantly different paradigms of classical mechanics and quantum
mechanics suggest that even students with a good knowledge of classical mecitisstms as
novices and gradually build their knowledge st
model 0 of expertise can brchgomains sucha$ physitsy38lh e | p f
I n this model of expeotriysepnaapessdndseremg e
different knowledge pieces within a particular knowledge domain. Experts generally have their
knowledge hierarchically organized in pyrarsidaped schema in which the top nodes are more
foundational than nodeat a lower level and nodes are connected to other nodes through links that
signify the relation between those concepts. As a student develops expertise in a domain, links are
formed which connect different knowledge nodes. If a student continues herteftwganize,

repair, and extend her knowledge structure, she will reach a percolation threshold when all
knowledge nodes become connected to each other by at least one link in an appropriate manner.
At this point, the student will become at least a mahexpert. The student can continue on her

path to expertise with further strengthening of the nodes and building additional appropriate links.
Redundancy in appropriate links between different nodes is useful because it provides alternative
pathways durig problem solving when other pathways cannot be accessed, e.g., due to memory
decay. As a student starts to build a knowledge structure about quantum mechanics, her knowledge
nodes will not be appropriately connected to other nodes farther away, amds$aning about

guantum mechanics will only be locally consistent and lack global consistency [38]. In fact, a

person who begins a pursuit of expertise in any knowleidpedomain must go through a phase
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in which her knowledge is in small disconnected @se@hich are only locally consistent but lack
global consistency, leading to reasoning difficulties. Therefore, introductory students learning
classical mechanics and advanced students learning quantum mechanics are likely to show similar
patterns of reasong difficulties as they strive to move up along the expertise spectrum in each of

these sullomains of physics

6.1.5 Goal, motivation, and theoretical framework for this investigation

The investigation reported here is based on the hypothesis that consgitsténé ICQUIP
framework, even in the advanced courses such as quantum mechanics, integrating conceptual and
guantitative understanding can help students build a more coherent knowledge structure of physics
and develop their reasoning and rredgnitive kills. The goal of the research is to analyze the
impact of incorporating mathematical rigor in a Quantum Interactive Learning Tutorial (QuILT),
which consists of researsfalidated inquiryo ased | earning sequences,
understanding ofjluantum optics in the context of the Mach Zehnder Interferometer (MZI) with
single photons and polarizers [93,95,110]. We developed and validated a QuILT on the MZI with
single photons and polarizers that strives to help students learn about foundatioealin
guantum mechanics using an integrated conceptual and quantitative approach (called the hybrid
QUILT from now on for convenience) for developing functional understanding and compared
student performance after engaging with this QuILT with stugentormance after another
researckvalidated QUILT on the same topic which only uses conceptual inbasgd learning
sequences. The conceptual QUILT developed earlier focuses on engaging students with conceptual
reasoningonly under the assumption thidte underlying quantum mechanics concepts involving
singlephoton interference and quantum eraser are sufficiently complex that incorporating
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guantitative tools involving product states of path and polarization may cause cognitive overload
for students [4P However, as the ICQUIP framework emphasizes, developing a good knowledge
structure of physics without using quantitative tools can be particularly difficult for students who
are not experts because equations can actually provide constraints to hepssdodappropriate

sense making. In the hybrid QUILT, research on student difficulties was used as a guide and the
QUILT uses a scaffolded inquityased approach to learning and asks students to make conceptual
inferences from quantitative tools. Sinée learning goals of the hybrid QUILT pertaining to
conceptual understanding are the same as for the conceptual QuILT [93,95], after traditional
instruction in relevant concepts and after the hybrid QuILT, students were administered the same
pre/posttestgsee the Appendix) to evaluate their conceptual understanding as those who had
engaged with the conceptual QUILT on the same topic in earlier years. In other words, our goal is
to investigate the extent to which students who engaged with the hybrid Qedtried the
underlying concepts.

The reason the MZI with single photons was selected as the context for this investigation
is that in the past few decades, quantum optics has emerged as a vibrant research area and single
photon experiments have played amportant role in elucidating the foundational issues in
guantum mechanics. The MZI experiments with single photons and polarizers provides students
an opportunity to learn the fundamentals of quantum mechanics in a concrete context [e.g., see
refs. 93,95,10], e.g., these experiments elegantly illustrate the yavtcle duality of a single
photon, single photon interference, and the probabilistic nature of quantum measurement.

We note that the interpretation of these experiments using quantitativeinoolges
making conceptual inferences using product states of path and polarization, but the underlying

concepts can be taught qualitatively using only conceptual reasoning. We also note that both the
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conceptual and hybrid versions of the MZI QUuILT ussualization tools (simulations) involving
the MZI with single photons and polarizers to help students learn about single photon interference
and quantum spookiness, e.g., spookiness involving a quantum eraser. Both versions of the QuILT
focus on using difrent contexts of the MZI experiment to help students learn topics such as the
waveparticle duality of a single photon, interference of a single photon with itself, and the
probabilistic nature of quantum measurements. Students also learn how addindegbéctiars
and optical elements such as begplitters and polarizers in the paths of the MZI affect the
measurement outcomes. The difference between the two versions is that in the hybrid version some
of the guided learning sequences involving concepteasoning only are replaced by those
sequecnes involving both conceptual and quantitative reasoning. This is done with the assumption
that advanced students in quantum mechanics courses will benefit from the opportunity to make
gualitative inferences fronguantitative tools and will not have a cognitive overload despite
increased mathematical sophistication of the hybrid QUILT because the learning sequences are
researckvalidated and appropriately scaffolded. The findings of this research also have
implications for understanding the nature of expertise in advanced quantum mechanics.

The rest of the paper is organized as follows. We first discuss the background material
pertaining to the MZI with single photons and polarizers that both versions of the MEZT Qu
strive to help students learn. Next we discuss methodology for the development, validation and
in-class implementation of the hybrid QuILT, followed by an overview of the QUILT and how it
addresses common conceptual difficulties found via researclcowipare the data with those
obtained earlier for the conceptual only QUILT on the same topic and conclude with a discussion
and summary. Our findings suggest that students perform at least as well or better on questions

that require conceptual reasoninfjea engaging with the hybrid MZI QuILT that combines
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conceptual and quantitative problem solving compared to when they engaged with the conceptual

only QUILT on the same topic

6.2BACKGROUND ON THE MACH -ZEHNDER INTERFEROMETER WITH SINGLE

PHOTONS

This sectiorsummarizes the MZI experiments that students learn about in the QUILT as a
vehicle for learning foundational quantum mechanics concepts [93,95,110]. 6@sieows the
MZI setup. For simplicity, the following assumptions are made: 1) all optical elerasmideal,
2) the norpolarizing beansplitters (BS1 and BS2) are infinitesimally thin such that there is no
phase shift when a single photon propagates through them; 3) the monochromatic single photons
travel the same distance in vacuum in the uppdr @ and lower path (L) of the MZI; and 4)
the initial MZI without the phase shifter is set up such that there is completely constructive
interference at photdetector 1 (D1) and completely destructive interference at aleitrtor 2

(D2).

D2
Phase L ]
shifter
Mirror 2 : -
u BS2"
Source BS51 |_|
-/ .
i < Mirror 1

Figure 6.2 MZI setup with a phase shifter in the U path
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If single photons are emitted from the source in Figl2eBS1 causes each single photon
to be in a superposition state of the path states U and L. The photon path states reflect off the
mirrors and recombine at beesplitter BS2. BS2 mixes the photon path states such that each
component of the photon state rajothe U and L paths can be projected into the ptietectors
D1 and D2 in Figuré.2. The projection of both components leads to interference at the- photo
detectors (called detectors from now on). Depending on the thickness of the phase shifter,
interference observed at detectors D1 and D2 can be constructive, destructive, or intermediate.
Observing interference of a single photon with itself at D1 and D2 can be interpreted in terms of
not havi-pgt Miavhi ohor mati on ( WPI )95H®.oNPlis a he s
common terminology associated with these types of experiments popularized by Wheeler [110].
WPl is unknown (as in the setup shown in lid.) if both components of the photon state can be
projected into D1 and D2 and the projection othbeaomponents at each detector leads to
interference. When WPI is unknown and a large number of single photons are sent through the
setup, if a phase shifter is inserted in one of the paths of the MZI (as in the U patt6ifh)ragd
its thickness is vaed, the probability of the photons arriving at D1 and D2 will change with the
thickness of the phase shifter due to interference of the components of the single photon state from
the U and L paths.

In a simplified quantum mechanical model of a photatestvhich accounts for the two
paths and (see Fig6.2), a single photon traveling through the MZI can be considered to be a

two state quantum system. If a basis is chosen in which the state of the photon in the upper state is

denoted by AL @?Aand the tate of the photon in the lower state is denoted 4L CéA(and

we arbitrarily denote the initial state of the photon emitted from the sourcé\as(c?Athe state
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of the photon propagating towards detector D1 as path statL @?Aand the state of the photon

propagating towards detector D2 as the path stateAL @EA. the matrix representations of the

guantum mechanical operators that correspond to-sefditter 1 > s ?beamsplitter 2 > t Zhe

mirrors > ?and a phase shifter in the upper pathy Avhen the bsis vectors are chosen in the

5

order A Jare:> s?L
7

S S nl 5 Fs o s r "
I_st sC>t'L3/?6§s SC>.LLJ>:r I:SCand> v ?L

oig?o ;hwhere 1vis the phase shift introduced by the phase shifter.

In front of BS1 and after BS2, this article and associated QuILT materials firstéales
of the U and L paths as follows. The sources shown in figures of this article are all defined as U
path, while a source perpendicular to these would be defined as L path. BeyahaB3&#
cases where it is absent, where BS2 woufdl thee path dected toward D1 is defined as the U
path, while the path directed toward D2 is defined as the L path.

The final state of a photon An Figure6.2 can be determined by operating on the initial

photon state with the operators corresponding to the opfealeets in the appropriate time

ordered manner: AL > t2 > 2 s? AL—Z I ﬁtz E :p The probability of detector D1

registering a photon isees ¢ L :sE ... ‘ <1yt (the probability of detector D2 registering a
photonis @&t ¢® L :sF ... «1®t). Since the probabilitpf a detector registering a photon
depends on the phase shift of the phase shifter, interference effects are observed when the phase

shift of the phase shifter is gradually changed. If there is no phase shifter in the upper path in Fig.
6.1 ( twL 1), all photons are registered at detector D1IAL sAL @?A since completely

constructive interference takes place at detector D1 and completely destructive interference takes

place at detector D2.
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On the other hand, if the components of the photon path state asemmthined, there is
no possibility for interference of the photon path states to occur at the detectors. In this case, WPI
i s known about a photon that arrives at a det ¢
a photon if only one component dfet photon path state can be projected into each detector. For
example, if BS2 is removed from the setup (see &R), WPI is known for all single photons
arriving at the detectors because only the component of a photon state along the U path can be
projected in D1 and only the component of a photon state along the L path can be projected in D2.
When WPI is known, each detector (D1 and D2) has the same probability of clicking. A detector
clicks when a photon is detected by it and is absorbed (the sthtesifigle photon collapses, i.e.,
the single photon state is no longer in a superposition of the U and L path states). However, when
WPI is known, there is no way to know a priori which detector will click when a photon is emitted
until the photon stateotlapses either at D1 or at D2 with equal likelihood. When WPI is known,
changing the thickness of a phase shifter in one of the paths will not affect the probability of each
detector clicking when photons are registered (equal probability for all thedse$ the phase

shifter).

Phase [ ]

shifter
Mirror 2 ' .
‘ D1

U
Source 0551 L

Mirror 1

Figure 6.3 MZI setup with beansplitter 2 (BS2) removed
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If beamsplitter 2 is removed (see Fig.3), the final state of the photon is
AL > (> > s? ALg—f_ﬁIif;op The probability of detector D1 registering a photon is

@s ¢% L sot (the probability of detector D2 registering a photon is adsd). Thus, the
probability of the detectors registering a photon does not depend on the phase shift of the phase
shifter and intdierence effects are not observed when the phase shift of the phase shifter is
gradually changed.

When polarizers are added to the MZI setup, they can affect (and even eliminate or
reinstate) the interference of a single photon with itself at the det§a3@$,110]. In all the MZI
setups discussed, it is assumed that the detectors are polarization sensitive and the single photons
are linearly polarized. In Figu@4, two orthogonal polarizers are placed in the U and L paths of
the MZI. If the source ensta large number () of +45° polarized single photons, t photons are
absorbed by the polarizers. If a detector in Big.measures a vertically polarized photon, only
one component of the photon path state can be projected in the detector (i.eatthstatp) and
WPl is known. If a detector measures a horizontally polarized photon, again, only one component
of the photon path state can be projected into the detector (i.e., the U path state) and WPI is known.
WPI is known for all photons arriving ate detectors, and there is an equal probability of each
detector registering a photon (v photons arrive at each detector). There is no interference
observed at the detectors. Inserting a phase shifter and changing its thickness gradually will not

affectthe number of photons arriving at the detectors in&4y.
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Figure 6.4 MZI setup with a polarizer with a horizontal transmission axis placed in the U path and a polarizer with a

vertical transmission & placed in the L path

If we only consider photon polarization states, the polarization state of a vertically

polarized photon can be denoted byAL @Aand the polarization state of a horizontally polarized

photon can be denoted by AL @éA These two polar&ions are linearly independent and all

other photon polarizations can be constructed from these statesFaigqvAL : AE  Ao3j,
The Hilbert space involving both path states and polarization states is a product space. The product
space of the polarization statesfand  Aand the path states Zand  As four dimensional, and

the basis vectors are AT AL A AT AL A AT AL A AT AL A

If the initial path state of the photon emitted from the source is denotedlhy Cc?Aand the initial

polarization state of the photon iEVwWAL : AE  An3jf, inthe v H vproduct space, the initial

state of the photon gqAis goAL AT VWAL%n

S
> fr. The matrix representations of the
;

guantum mechanical operators that correspond todspéitter 1 > s ?beamsplitter 2> t ?the

mirrors > ?a phase shifter in the upper path y ?a horizontal polarizer in the upper paty | ?
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a vertical polarizern the lower path>p ;7 and a +45 polarizer in the path between BS2 and

detector D1¢ %5 9 gWhen the basis vectors are chosen inthe ordeA A A Aure:

Fs r s r s r Fs r s r r r
5 . 5 .
S s?L—_fr Fs r sJ, S t?L—_fr S r st’ >?LFfr S r r]LF,
% S I S T %S r S r r s r
r s r s r s r s r r r s
Hooor or o
fi . . . . .
> (2L f ' ¥ " Tj where 1s the phase shift introduced by the phase shifter,
r s r
r r r s
rr rr s r r
r s r r. r s r r.
>y, ?L f ,and>p?L f .
YL rros rf Pz7LT gy
r r r s rrorr

Thus, the final state of a photonAn Figure6.4 can be determined by operating on the
initial photon state with the operators copesding to the optical elements in the appropriate-time
ordered manner: CL> t2 (2 2p,2y .2 s?g0AL

AEfdio AF  Agfdio  Ao:t¥f; The probability of detector D1 registering a

. . . — 6 -
horizontally polarized photon is#d Lon:t %4+ L soz and the probability of detector D1

registering a vertically polarized photon-8 s@:t 4 ;f L sw©z The total probability of detector
D1 registering a photon isaz E saz L s@v. The total probability of detector D2 registering a
photon is alsas@v. Thus, in the case sha in Figure6.4, the probability of a detector registering
a horizontally or vertically polarized photon does not depend on the phase shift of the phase shifter
and interference effects are not observed when the phase shift of the phase shifter iy gradual
changed.

In Figure6.5, only one polarizer is present. Unlike the situation in Figutewhichpath

information is not known for all photons in the situation in Fighike Here, the final state of the
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photon after it propagates through the beafitspBS2, but before it reaches the detectors is:

5

= K A AEKdLoEso A AF A AE:fdioFs; A M If detector D1 is covered by a

vertical polarizer, the probability that detector D1 registers a vertically polarized pho%ion IS

(which-path information is known about e photons arriving at detector D1 and they do not

display interference). If the detector D1 is covered by a horizontal polarizer, the probability that

detector D1 registers a horizontally polarized photogirassmﬂ WPI is unknown about these

photons aiving at detector D1 and they display interference). The total probability that detector

>a m g

D1 clicks (if not covered by a polarizer)is > . Also, if detector D2 is covered by a vertical

polarizer, the probability that detector D2 registersrécadly polarized photon isi (which-path

information is known about these photons arriving at detector D2 and they do not display

interference). If the detector D2 is covered by a horizontal polarizer, the probability that detector
D2 registers a horizaally polarized photon is‘r’?a+:qfi (WPI is unknown about these photons
arriving at detector D2 and they display interference). The total probability that detector D2 clicks

. . 5 5?amiygs;
(if not covered by a polarizer) &+ 2aman

Phase D2

shifter
Mirror %/
f T +——] o1

Bs2
So urce \/55 1 J

S :

Mirror 1
86

Figure 6.5 MZI setup with a polarizer with a horizontal transmission axis placed in the U path
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Figure6.6 shows a quantum eraser setup in which two orthogonal polarizers are placed in
the two paths of the MZI and a third polarizer is placed between BS2 and detector D1. The third
polarizer has a transmission axis which is different from the two orthogoraalzees. Without
polarizer 3, WPI is known for all photons arriving at the detectors (as in F&@djyeand
interference is not observed at the detectors. However, when polarizer 3 is inserted between BS2
and detector D1, both the U and L path states mjegied into D1 and WPI is unknown for all
photons. For example, if detector D1 measures vertically polarized photons (using another
polarizer right in front of D1), both components of the photon path state are projected into detector
D1 and WPI is unknow. Similarly, if D1 measures horizontally polarized photons, both
components of the photon path state are projected into detector D1 and WPI is again unknown.
Interference is observed at detector D1. If a phase shifter is inserted into one of the ffahs of
MZI, changing its thickness gradually will change the number of photons arriving at D1. Because
polarizer 3 eliminates WPI at the detector D1, this MZI setup is called a quantum eraser. However,
in Fig. 6.6, WPI is known at detector D2 and no interfexe is observed there. Inserting a phase
shifter into one of the paths of the MZI and changing its thickness gradually will not affect the

number of photons that arrive at D2.
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Figure 6.6 Quantum eraser setup

The matrix representing a third polarizer with a +45° polarization axis inserted between

5 5

|—6 _6 rrp

: — : s 5 Ki
beamsplitter 2 and detector DX; 5.5 9 as shown in Figuré.6) is CysgogLl 75 3 I 'R
Ir r s X

Ir r r sO

. The finalstate of the photon in Figuf6 can be determined by operating on the initial photon

state with the operators corresponding to optical elements in the appropriabedered manner:
GL Csegol t2> > 2p,2y > 5?7 50AL
@E oA AE@E-#oa AR AEHio AWt
The probability of detector D1 registering a horizontally polarized photon is

_ 6
2—2 E—giq LO;Wt34;Z L :sE ... ¥rwesxand the probability of detector D1 registering a

_ 6
vertically polarized photon isZ—z E—z oWt 34 ;Z L :sE ... ‘Frwos X(the total probability

of detector D1 registering a photon is E ... ‘¥122.In the quantum eraser case shown in

Figure6.6, the probability of detector D1 registering a horizontally or vertically polarized photon
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depends on the phase shift of the phase shifter and interference &féegbserved when the phase
shift of the phase shifter is gradually changed. WPI is unknown at detector D1.

The quantum eraser setup also distinguishes between a stream of unpolarized photons and
photons which have been polarized at +45 the source mits unpolarized photons, one can
consider half of the photons emitted to be vertically polarized and half of the photons emitted to
be horizontally polarized (or half of the photons emitted can be considered +45° polarized and half
of the photons45°polaized). In Fig.6.6, if one considers unpolarized photons as a mixture of
half vertically polarized and half horizontally polarized photons incident at BS1 randomly, a single
photon with horizontal polarization can only go through the upper path andeaogon with a
vertical polarization can only go through the lower path. If the photon passes through polarizer 3,
the detector can only project one component of the photon path state and WPI is known.
Interference effects are not observed. Insertinges@ shifter and changing its thickness gradually
will not affect the number of photons arriving at the detectors. On the other hand, @7Fig.
one considers unpolarized photons as a mixture of half of the photons polarized at +45° and half
of the plotons polarized at45° incident at BS1 randomly, the total probability of unpolarized
photons arriving at detector D1 can be determined by averaging the total probabilities of detector
D1 registering a photon for the two cases in which the source enbitsitjle photons and5°
single photons. In the case in which the source emits +45° single photons, the total probability of
detector D1 registering a photon is E ... ‘¥1y2z as shown earlier. In the case in which the
source emits45° single photons, thtotal probability of detector D1 registering a photon is
:sF ... “¥rwoz The average of these two probabilities € ... ‘¥twez feT:sF ... ¥t wyoz
) is s®@z indicating that for unpolarized light (which can be treated as a mixture in which half of

the photons are 4 polarized and half of the photons a4®&° polarized) the setup in Fi§.5
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does not erase whigbath information and changing the phase shift of the phase shifter does not
affect the number of photons arriving at the detectorHidwever, in the quanta eraser setup

(see Fig6.6), if the source emits a stream of +45° polarized single photons, both components of
the photon path state can be projected in detector D1. The total probability of detector D1
registering a photon issE ... ‘“¥1w®&z and depends othe phase shift of the phase shifter.
Interference effects are observed at detector D1. Thus, the quantum eraser distinguishes between
a stream of unpolarized photons and photons which have been polarized: dh+4& quantum

eraser setup, interferenetects will not be observed at detector D1 when unpolarized photons are

emitted and interference effects are observed at detector D1 when polarized photons are emitted.
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Figure 6.7 The MZI arrangement similar to the quantum eraser setup, but with a horizontal polarizer in place of the
45° polarizer between BS2 and D1 (left) and an additional horizontal polarizer in addition to the 45° polarizer

between BS2 and D1 as shown (right)

Figure 6.7 shows two arrangements that share a surface feature with the quantum eraser
shown in Figureé.6. However, photons propagating through either of these arrangements do not
display interference in the way that the quantum eraser does because of WHitiotaalk. We
note that in both versions of the QUILT, students engaged with a situation similar to that in Figure
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6.7 on the lefthand side (but with a vertical polarizer right before detector D1). However, the
situation in the right hand side of Figu8&, which was posed as a question on the pre/posttests,
was novel for students in that they had not encountered this situation in traditional instruction or
in the QUILT. We wanted to use this context to investigate transfer of learning from the situations

students had learned to a new situation [12,45].

6.3METHODOLOGY FOR DEVELOPMENT AND VALIDATION AND OVERVIEW

OF THE QuILT

6.3.1 Methodology for development and validation of the hybrid QuUILT

Students who participated in this research were digpet undergraduateand graduate
students in respective core quantum mechanics courses at a large research university. We note that
the conceptual QUILT and the corresponding pre/posttests were developed and validated
previously [93,95] based upon research on student comiffmulties with quantum mechanics
concepts in the context of the MZI experiment after instruction in relevant concepts. The hybrid
QUILT on the MZI with single photons is inspired by the ICQUIP framework and strives to help
students develop a coherent argtanding of these concepts in the context of the MZI experiments
by integrating conceptual and quantitative understanding explicitly using a guided ibgs&y
approach to learning. Similar to the conceptual QUILT, the guided learning sequencéylmithe
QUILT take advantage of the synergistic models that emphasize providing appropriate scaffolding,
e.g., the Piageti an mo-H2]lthe prépardtiondar futonaléarnimgos mat c

APFLO framework of Schwalrt zan®drY¥nwgodoobskydandorn
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devel opment or AZPDO [ 114]. These models prov

|l earning sequences based upon research on st

students are able to do after ttahal instruction. Furthermore, a cognitive task analysis of the
underlying concepts from an expert perspective [6] was also used as a guide to develop the hybrid
QUILT. The cognitive task analysis from an expert perspective involves a careful anatyss of
underlying concepts in the order in which those concepts should be invoked and applied in each
situation to accomplish a task. The hybrid QuILT actively engages students in the learning process
using an inquirsbased approach in which quantitative ammhceptual aspects of learning are
integrated and various concepts build on each other. The hybrid QUILT can be used-levgiper
guantum mechanics courses after students have had instruction in the relevant topics. Here we will
focus on its effectiverss for both uppelevel undergraduate and graduate quantum mechanics
students compared to the conceptual only QUILT on the same topic
Similar to the conceptual only QUILT, the development of the hybrid QuUILT went through
a cyclic, iterative process of deepment and validation which included the following stages
before the irclass implementation:
(1) Development of the preliminary version based on a cognitive task analysis of the underlying
knowledge and research on student difficulties,
(2) Implementation anévaluation of the QUILT by administering it individually to students and
obtaining feedback from faculty members who are experts in these topics,
(3) Determining its impact on student learning and assessing what difficulties were not adequately
addressed by éhQUuILT,

(4) Refinements and modifications based on the feedback from the implementation and evaluation
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In addition to written fre@esponse questions administered to students in various classes,
individual interviews with 15 students were carried out usitingrk-aloud protoco|115]to better
understand the rationale for their responses throughout the development of various versions of the
hybrid QUILT. Studentsare askedo predict what should happen in a particular situation. After
their predictiors, studentdollow an integrated conceptual and quantitative guided incphased
approach to learning. Thexe acomputersimulation to check their predictions and reconcile the
differences between tise predictions and what the simulation sso After each individual
interviewutilizing a particular version of thieybrid QuUILT, modifications were made based upon
the feedback obtained from the interviewed students. For example, if students got stuck at a
particular point and could not make pregs from one question to the next with the scaffolding
already providedr could not make meaningful conceptual inferences from quantitative tools
despite the scaffolding supposuitable modifications were made. Thus, the administration of the
hybrid QUILT to the graduate students and upfexel undergraduate students individually was
useful to ensure that the guided approasimg integrated conceptual and quantitative toas
effective and the questions were unambiguously interpretedhyitited QUILT was also iterated
with three faculty members several times to ensure that the content and wording of the questions
were appropriate. Modifications were made based upon their feedback. When we found that the
QUILT was working well in individual administtion and the posttest performance was
significantly improved compared to the pretest performance, it was administarpgéarevel
undergraduate and graduate core quantum mechanics clHss&€3uILT is best used in class to
give students an opportunttywork together in small groups and discuss their thoughts with peers,
which provides peer learning support. However, studearisbeasked to work on the parts they

could not finish in class at home as homewarkven the entire QuILT as homework.
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6.3.2 Overview of the hybrid QuILT

The QuILT begins with awarru p t hat builds on studentsbo
interference of light and then helps students learn about the MZI with single photons using an
integrated conceptual and quantitative approach requiring only 2 by 2 matrix meehimitee
upper and lower path states. Then, students transition to the main section of the QUILT that focuses
on the fundamentals of quantum mechanics in the context of the MZI with single photons and
polarizers using an integrated conceptual and quawiteapproach requiring conceptual
interpretations of the product states of path and polarization. Students are provided scaffolding as
they construct matrices that describe different elements of the MZIl. Students then use these
matrices to describe variswarrangements and to do sensaking of the underlying concepts.
Using an integrated conceptual and quantitat:i
mi smatcho [111] by explicitly bringingnout co
providing appropriate scaffolding to help students develop a coherent understanding. Throughout
the QUILT, students make predictions about a particular MZI setup, work through integrated
conceptual and quantitative learning sequences, check their imesliaa a computer simulation
and reconcile the differences bet ween their
predictions and observations are inconsistent, further scaffolding is provided throughout the
QUILT to ensure that students remairtimme A opt i mal adaptability cor
Throughout the QUuILT, students are given opportunities to reflect on the concepts learned so far
in the guided integrated conceptual and quantitative approach to learning and ensure that they are
answvering the questions correctly.

As an example, despite traditional instruction, students often struggled with the concept of

WPI and the relationship between interference of a single photon at thedetettors and
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whether WPI is known or unknown. Theved, the QUILT gives students an opportunity to use an
integrated conceptual and quantitative approach to reason laeutWPI about the photons
arriving at the detectors D1 and D2 may be known in some situatidesviews suggest that

many students hadifficulty with how the interference at D1 and D2 in F&R is affected by

placing a single polarizer, e.g., with a vertical polarization axis, in the L path of the MZI. In
particular, students had difficulty with the fact that in this situation, ifsthé&rce emits a large
number of unpolarized single photons, there are three possible measurement outcomes at the
detectors due to the polarizer: 1) the photon is absorbed by the polarizer and it does not reach the
detectors D1 or D2 (25% probability); 2)etiphoton is not absorbed by the vertical polarizer but
both the photon path state and polarization state collapse, i.e., the photon has a 25% probability of
being in the U path with a horizontal polarization; and 3) the photon is not absorbed by tlaé¢ vertic
polarizer and the polarization state of the photon collapses but not the path state, i.e., the photon
has a 50% probability of having a vertical polarization and remaining in a superposition of the U
and L path states. If a detector registers a phoitin avhorizontal polarization, WPI is known

since the vertical polarizer collapsed the photon with a horizontal polarization to the U path state.
However, WPI is unknown if a detector registers a photon with vertical polarization since the
vertical polarier does not collapse the path state of such a photon and this photon displays
constructive interference at D1 and destructive interference at D2 in the given setup without the
phase shifter. Thus, D1 will register all single photons with a vertical pafieniz(50% of photons
emitted from the source) and 12.5% of the single photons emitted from the source which collapsed
to the horizontal polarization state due to the vertical polarizer in the L path. D2 will register only

photons with a horizontal polaation (12.5% of the photons emitted from the source).
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The QUILT incorporates these types of difficulties as resources. Student learning is
scaffolded via integrating conceptual and quantitative understanding, incorporating quantitative
aspects of MZI exp@ments via 2 by 2 (for path states only when polarizers are absent) or 4 by 4
matrix mechanics (when both path and polarization are present), and reasoning about what will
happen at the detectors D1 and D2 for the photon state after passing BS2 (orShisnnBt
there) in different situations. For example, for the situation shown ir6Eigbefore being asked
about the probability of detectors D1 and D2 clicking when the detectors are not covered by a

polarizer (e.g., @& 2¢% vs. when it is covered by horizontal or vertical polarizer (e.g.,

S
a&82clor a&* 2¢9, students are asked to first write the photon stateL 6;5 nAFgAr
AU AA

right after the photon exits BS2 in terms of the basis vectors chosen,e—jiémJASAE

AV ar7Ax AFE | ABAE AV A4 A* Jo Then students are guided to connect WPI and whether
interference is observed in a given situation to whether the probability of a detector clicking
depends on the phase shift introduced by the phase shifter (in this case, none of the probabilities
will depend on the phase shift since WPI is known for all photons arriving at the detectors in Fig.

6.3). On the other hand, for the situation in Fd, students learn to reason that the photon state
after BS2 is given b%si/;, k 7A8AE kAU AAE so 7A* AF . ASBAE :AVAAFE s . A* foand WPI

is known for some of the photons that arrive at D1 and D2 but not for other photons arriving there
so some photons display interference while others do not. The QUILT also strives to use the
coupled conceptual and quantitative aggioto help students reason about the quantum eraser.

Since students struggled with the concepts of whether interference is observed at detectors

D1 and D2 in different experimental situations involving the MZI and the collapse of the state of
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the photon pon measurement, the inquippsed approach employed in the QUILT strives to
scaffold their learning pertaining to these issues. For example, after traditional instruction, many
students had difficulties with the fact that, within the MZI, the U and L amapts of the photon

state can interfere at the detectors D1 and D2. To check if interference occurs at the detectors for
the MZI setup shown in Figuré.2, after working through the integrated conceptual and
guantitative learning sequences, students sikedato use a computer simulation and reconcile the
difference between their predictions and observations. In the computer simalatoeen is used

in place of point detector D1 and the photon has a transverse Gaussian width as opposed to being
a collimated beam having an infinitesimally small transverse width. The advantage of the screen
(as opposed to point detectors D1 and D2) is that an interference pattern is observed without
placing a phase shifter in one of the paths and changing the pathdéfegénce between the two

paths. For the case with point detectors D1 and D2, the thickness of the phase shifter must be
changed in order to observe interference if interference is displayed in a particular experimental
situation.Students can use the cpuater simulation to verify that single photons can exhibit wave
properties while propagating through the MZI setup and that the U and L components of the photon
state can interfere so that interference fringes are observed on the screen in suitablesdqiteati

Fig. 6.8) as they reasoned using the integrated conceptual and quantitative approach.
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Figure 6.8 Screershot of the computer simulation of a large number of single photons propatpatinghthe

MZI. Simulation developed by Albert Huber.

After working through the integrated conceptual and quantitative QuILT, students are
expected to be able to qualitatively reason about how a single photon can exhibit interference.
They are also expted to be able to describe how a photon can be delocalized or localized
depending on the situation and that the measur
the photon path state. Students are also expected to be able to explain tHeB8lesB$2, and
additional polarizers placed in the MZI and how these affect the interference at the detectors D1
and D2. Students should also be able to reason about whether a particular MZI setup gives WPI
about a single photon and destroys the intemfaz@bserved at the detectors and whether inserting

a phase shifter will change the number of photons arriving at detectors D1 and D2.

6.4METHODOLOGY FOR IN -CLASS IMPLEMENTATION OF VALIDATED QuILT

Thehybrid QUILT aboutthe MZI with single photons includegpeetest to be administered
immediatelyafter traditional instruction on the concepts involved in khél experimentswith

single photonsand polarizersbut before students engage with the QuILT and a postest
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administered after studerfisish working on the QUILT. The questions on the pretest and posttest
which are identicalare operendedand were validated earlier [93]. These are provided in the
Appendix The operended format requires that students generate answers based upon a robust
understandingf the concepts as opposed to memorizadioconceptsThe same rubric that was
used in Ref. [93] for the conceptual QUILT was also used for to grade the work of students who
used on the hybrid QuILT. The hybrid QuILT includes the same MZI experimentseas
conceptual QUILT [93] except that a situation similar to that shown (see pre/posttest question (4)
in the Appendix) with a detector in the U path was not in the hybrid QuILT, but there was an
isomorphic situation that students engaged with in theegnal QUILT with a detector in the L
path [93].

Ona we determined that theybrid QUILT was effective in individual administration, it
was administered to upptavel undergraduas€mainly physics juniors and senioes)dfirst year
physicsgraduate stdentsin core quantum mechanics courses at a large research university
Students in two uppdevel undergraduate quantum mechamicsrses (two consecutive years)
and one first yeagraduatecore quantum mechansccourse first hadraditional lecturebased
instruction in relevantoncepts The instructors for all of these courses were differéhie
instructionby the course instructomcluded an overview of the MZI setup and students learned
about the propagation of light throutlte bearrsplitters, phase difference introduced by the two
paths of the MZI, the meaning of what hapgpenwh en t he dandée éffectf Ac | i
polarizers in various locations of the MZI in different experiments students engage with in the
QUILT. We note that similar to Ref. [93], physics education researchers who developed and
validated the QuILT did not dictate how the topic of the MZI was to be covered in traditional

lecture prior to the administration of the pretest and subsequent engagathetitewQulLT.
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Instructors were advised on what should be covered before the pretest and provided a suggested
grade incentive for student participation on the pretest, QUILT and postiest. students were
giventhepretesin class The QUILT warmup was giveras homeworkStudents worked through
part of thenybrid quantitativequalitativeQuILT in class and were given one week to work through
the rest of the QUILT as homeworkhe part of the QUILT that students worked on in class was
facilitated for & of the courses by one of the authors of this article who filled in as a guest
instructor (she was also theédrass conceptual MZI QuILT facilitator for all of the classes in Ref.
[93]). Thus, there was a level of uniformity in thecilass implementain in all of the classegor

both undergraduates and graduate studdmsprtetest and QuUILT counted as a small portion of
their homework grade for the cours@ll students were theadministeredhe posttest intheir
respective quantum mechanmas®s All students had suffient time to take the piiposttests

The posttests were graded for correctness as afguizoth theundergraduate and graduate
guantum mechanics couss®Ve note that two graders graded all of the pre/posttests on the rubric
andthe interrater reliability was better than 95%.

We compare the data from the hybrid MZI QuUILT with data from the conceptual MZI
QUILT from Ref. [93]. We note that the data from undergraduates in Ref. [93] are for the
conceptual MZI QuILT implemented irhé same uppdevel quantum mechanics course for
physics juniors and seniors in preceding years. The data from graduate students in Ref. [93] are
for first year graduate students who were simultaneously enrolled in the graduate core quantum
mechanics couesand a semestng teaching of physics coursgich is amandatorypass/fail
course but the pretest, conceptual QUILT and posttest were part of the teaching of physics course
to help graduate students learn about the tutorial approach to learnirgelmdg (since the core

graduate quantum mechanics instructor was reluctant to administer these in the graduate quantum
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mechanics course due to tipenstraints) Thus, although the conceptual MZI QuILT was
administered in a similar manner to the hybridINIIILT to a similar graduate student population

in different years at the same university (first semester physics graduate students), since the
conceptual QUILT was administered in a pass/fail course/ppmatests and the conceptual MZI
QUILT were gradeé for completeness [93]. We note that the data that were previously reported in
Ref. [93] are for two consecutive years of the course for some of the test items, although we
compare student performance after engaging with the hybrid MZI QUILT also watticdatome

test items after the conceptual MZI QuILT that are unpublished.
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Table 6.1 Percentages of undergraduates and graduate students who correctly answered questions on the MZI pre/posttest

before and df e r

question. Graduate students are matched, while undergraduates had only small fluctuations in participation.

using t

he

hybrid

Qul LT.

Nor mal i zed

gai ns

and

Graduate Students

Undergraduates Group

Undergraduates Group B

Q Pre(%) | Post(%)| <g> | d Pre(%) | Post(%)| <g> | d Pre(%) | Post(%)| <g> | d
N=10 | N=10 N=24 | N=20 N=15 | N=16

1 55 100 1.00 | 0.67]| 17 93 0.91]1.21| 48 91 0.81] 0.54
2 55 82 0.60 | 0.40| 69 89 0.64 | 0.40| 57 84 0.64 | 0.46
3a 60 95 0.89 | 0.49| 34 100 1.00| 1.18| 55 100 1.00 | 0.74
3b - - - - - - - - 57 94 0.86 | 0.53
4a 10 82 0.80 | 2.33| 44 60 0.29|0.34| 77 100 1.00 | 0.92
4b 20 90 0.88 | 1.98| 29 56 0.36 | 0.54| 73 100 1.00 | 0.85
4c 30 82 0.74 | 1.22| 13 56 0.49]1.01| 40 94 0.90 | 1.39
6 64 80 0.45] 0.37| 56 75 0.43]0.49| 73 97 0.88 | 0.73
7a 5 68 0.67 | 3.21] 10 60 0.55[1.97| 23 47 0.31 ] 0.69
7b 36 85 0.76 | 1.19] 48 95 0.90|1.29| 80 81 0.06 | 0.03
7c 36 73 0.57 | 0.83] 23 65 0.55|1.20| 40 59 0.32 | 0.50
8a 5 95 0.95 | 6.32] 40 83 0.71|1.09| 77 91 0.60 | 0.44
8b 18 90 0.88 | 2.07| 13 40 0.31 | 0.66 40 88 0.79] 1.13
8c 41 91 0.85]1.29| 13 35 0.26 | 0.55| 20 81 0.77 | 1.55
%9a 23 91 0.88 | 2.21| 17 65 0.58 | 1.53| 47 88 0.77 | 1.44
9b 18 90 0.882.07| 4 80 0.79 | 2.40| 53 97 0.93] 1.20
9c 9 82 0.80 | 2.13| 2 58 0.57 | 1.79| 23 88 0.84 | 1.99
10a 18 91 0.89 | 2.39| 15 68 0.62 | 1.59]| 40 94 0.90 | 1.86
10b 27 90 0.86 | 1.65| 8 45 0.40|0.91| 30 88 0.82|1.48
10c 27 91 0.881.70| 4 50 0.48 | 1.20| 27 84 0.79 ] 1.46
1lla 14 91 0.89 | 2.59]| 15 45 0.36 | 0.77| 30 84 0.78 | 1.66
11b 27 90 0.86]165| 4 35 0.32|0.84]| 33 75 0.63 | 0.92
1lic 27 82 07511314 35 0.32|0.84]| 33 69 0.53 | 0.76
12 18 73 0671314 70 0.69 | 2.08| 36 94 0.90 | 1.54
Average| 33 87 0.80 | 3.46| 27 70 0.60 | 2.61| 48 88 0.77 | 2.46
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Table 6.2 Percentages of undergraduates and graduate students who correctly answered questions on the MZ|
pre/posttest before and after using the hybrid QUILT after averaging over tparssiof each question. Normalized

gainsare shown for each class for eachsiios.

Graduate Students Undergraduates Group A Undergraduates Group B
Q Pre(%) | Post(%) | <g> Pre(%) | Post(%) <g> | Pre(%) | Post(%) | <g>

N=25 N=10 N=24 N=20 N=15 N=16
1 55 100 1.00 17 93 0.91 | 48 91 0.81
2 55 82 0.60 69 89 0.64 | 57 84 0.64
3 60 95 0.89 34 100 1.00 | 56 97 0.93
4 20 85 0.81 29 57 0.39 | 63 98 0.95
6 64 80 0.44 56 75 0.43 | 73 97 0.88
7 26 75 0.66 27 73 0.63 | 48 62 0.27
8 21 92 0.90 22 53 0.39 | 46 87 0.75
9 17 88 0.86 8 68 0.65 | 41 91 0.85
10 24 91 0.88 9 54 0.50 | 32 89 0.83
11 23 88 0.84 8 38 0.42 | 32 76 0.64
12 18 73 0.67 4 70 0.69 | 36 94 0.90
Average | 33 87 0.80 27 70 0.60 | 48 88 0.77
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Table 6.3 Percentages of undergraduates and graduate students who correctly answered questions on the MZ|
pre/posttest before and after using the conceptual only QUILT after averaging overplaetsuds each question.
Normalized gains are shown for each classefimh question (effect sizes were not calculated). Data were primarily
taken from Ref. [93], with subjuestions averaged for comparison (we note that a few question numberings differed
from the prior study but have been matched appropriately). Unlessvigtbespecified, the number of graduate
students was 45 (matched), the numbers of undergraduates were 44 (pre) and 38 (post), with data collected over a
period of two years in both cases. Data marked with an asterigke(ijeviously unpublished data,tiv 28

graduate students (matched) and 26 undergraduates in pretest and 25 in posttest. Normalized gain is shown for each

class.
Graduate Students Undergraduates
Q Pre(%) Post(%) <g> Pre(%) Post(%) <g>
1 21 66 0.57 8 72 0.70
2 41 76 0.59 31 86 0.80
3 18 79 0.74 15 79 0.75
4 50 87 0.74 61 97 0.92
6* 7 59 0.56 31 73 0.61
7* 23 66 0.56 25 75 0.67
8 38 70 0.52 19 85 0.81
9 30 72 0.60 13 86 0.84
10* 29 69 0.56 8 66 0.63
11* 29 51 0.31 8 44 0.39
12* 22 48 0.33 8 54 0.50
Average 28 68 0.55 21 74 0.68
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Figure 6.9 Bar graph depicting the distribution of student pretest scores for each hybrid QUILT group.

Distribution of Posttest Scores for
Students using Hybrid QulILT
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Figure 6.10 Bar graph depicting the distribution of student posttest scores in each hybrid QuILT group.
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6.5RESULTS AND DISCUSSION

Tables6.1 and 6.2 show percentages of undergraduates and graduate students who
correctly answered questions on the MZI pre/posttests before and after engaging with the hybrid
Qul LT. Normalized gains and effect sizes (Coh
Table6.2 representthe same datsetas in Tablé.1 but after averaging over the spérts of each
guestion. Tabl®&.3 shows data for (comparison with Tablg) mostly from Ref. [93] (although
the data for the last few questions have not been pedisee caption of Tablé.3) for the
pre/posttests administered to undergraduate and graduate students before and after the conceptual

MZI QUILT at the same large research university

6.5.1 Comparison of pre/posttest performance of different groups that learnefom the

hybrid MZI QuILT

Tables6.1 and6.2 show that the graduate students and both groups of undergraduate
students performed poorly on the pretest after traditional instruction but the posttest performance
after working on the hybrid QuUILT was good arost questions for the graduate students and
undergraduate group B. Howeveangparson ofundergraduatgroupsA and Bshows thatdr
both the pretest and the posttest, group B perforsigadficantly better on most test items. In
particular, onlyQ1-3, which address ore basic concepts (no polarizers are involved so the Hilbert
space is twalimensionalhave similar posttest scores in batidergraduatgroupsA and B (see
Table6.2). This suggests that the hybrid QUILT was effectivlelping studentéearn these

concepts

194



In contrast,Table6.2 shows thaQ4-6, 8-12 have considerably higher posttest scores for
group B, which tended to also perform better on the pretest. hykhigl QUILT, these questions
covered concepts and MZI arrangemenislving higher mathematical rigor than @3 (four
dimensional Hilbert space involving product space of both path and polarizaBen that these
two classes were taught at the same university in subsequent years, the population can be
considered comparbbin prior mathematical knowledg®ne possible reason for tHéferences
between thesgroupsmay likely be the differenca the pretest scores, i.e., how much the students
had learned about these concepts after traditional instruction in these umescahich were
taught by different instructorsin particular, undergraduattudents in group A had very low
pretest scores on the later questions before they engaged with the hybrid QuILT. This may be due
to how the course instructor for undergraduate group A taught this material, how much time the
instructor devoted to this tapbefore students took the pretest and potentially how this material
was incentivized. We note that the pretest scores are very low on some of the questions even for
the graduate students (see TahB), but they still managed to perform significantlyttbethan
undergraduate group A and the graduate students performed comparable to undergraduate group
B (which generally had higher pretest scores on later questions than graduate students).

One possible hypothesis for this difference between the avposgiest performance of
graduate students and undergraduate students in group A (see6Paldespite both groups
having poor pretest performance is that the graduate students on average may have better
guantitative facility than the undergraduates dms &dvantage may reduce their cognitive load
while learning from the hybrid MZI QuILT despite having low level of initial physics knowledge
of the MZI (as inferred from the pretest performance). In particular, since the undergraduate

guantum mechanics cae is mandatory for all undergraduates whether they are graduate school
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bound or not, there is a greater diversity in
course than in the graduate course.froBthmce st
hybrid QUILT is limited, if students have both limited conceptual and quantitative facility with the
hybrid QUILT content, integration of conceptual and quantitative understanding while learning
from the QUILT may cause cognitive overload andvke few cognitive resources for meta
cognition. It is possible that graduate stude
as manifested by their pretest scores did not increase the cognitive load as much as the
undergraduate students in groApsince graduate students on average had better quantitative
facility which can reduce cognitive load while learning from the hybrid QuILT that integrates
conceptual and quantitative understanding and leave more cognitive resources for conceptual
reasonig and sensenaking. In fact, Figure6.9 and6.10 show bar graphs of the percentages of
students for the three student groups that engaged with the hybrid QUILT. These figures show that
while both the undergraduate group A and some graduate studentsneerjooorly on pretest
(Fig.6.9), the pretest scores of many students in undergraduate group A is very low after traditional
instruction (this is the group that did not improve significantly on the posttest as shown in Fig.
6.10).

Synthesizing these diffent comparisonand keeping in mind Tabk2 and Figure$.9
and6.10 (which show that the pretest performance of undergraduate group A is worst followed by
graduate students and then undergraduate group B but on the posttest, the graduate student
performance is comparable to undergraduate group B with the undergraduate group A performing
worst), wehypothesize the possible reasongar trends.Onetrend concernprior mathematical
preparation as it pertains toaking appropriate mafphysics connectits andlearning new

physicsconcepts in a mathch context.On average, gduate studentt the same universigan
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typically be considered more experienced in applying advanced mathematical skills to physics
contexts and are more comfortable changiatyveen and connectindjfferent representations.

This is in contrast to uppéevel undergraduate studewtsly half of whom are typically graduate
school boundThe differencemay manifesin graduate students not having as much cognitive
overload(as umergraduate group A) wharsing mathematical representatidndearn physics
concepts even if their initial physics knowledge of these concepts was not very good as evidenced
by their low pretest scores in Tab&2 and Fig.6.9. In the case of the MZI,he more
mathematically rigorous concepts involved calculatiooscerning a foudimensional Hilbert

space On the other handindergraduate student group B may have benefited from the hybrid
QUILT as much as the graduate students, as evidenced bydkgasp performance since they

had the best conceptual physics knowledge of these concepts out of the three groups as evidenced
by their pretest scores (see Tabl2 and Fig.6.9) which may have reduced their cognitive load
when engaging withmathematicdy rigorous conceptand making conceptual inferences from

them.

6.5.2 Comparison of pre/posttest performance of graduate students that learned from the

hybrid or conceptual MZI QuILT

A comparison offables6.2 and6.3 shows thatdth groups of graduate studep&sformed
somewhasimilarly on average on the pretealhough there are some variations across questions
(e.g.,the hybridQuIlLTgr oup 6 s p e r F3suggeatsiticer lecture exerience had them
better prepared for the more basic concepts of tBethan theirconceptual QuiLTcounterparts,
buttheir performance on Q62 suggests that the opposite is true for the mamglex situations)

On the postteshowever, the hybriQuiLT group performedat worst, roughly the same asd
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in most cases, considerably better thanitheonceptual QUILT counterpart One possible
explanation ighat, for the graduate students, a population tHikigky to have higher quantitative
facility at leastin the context of physics, thetegratedconceptuabnd quantitativeMZl QuILT
improves studerperformance omonceptuafjuestions on many of the concepts compared to the

conceptual MZI QuILT

6.5.3 Comparison of pre/posttest performance of undergraduates that learned from the

hybrid or conceptual MZI QuILT

With some variations by question, the hyb@dILT undergraduatgroup A (see Table
6.2) on averag@erformed somewhat similartg the conceptual QulLgroup on the pretest (see
Tables6.2 and6.3). There werelear trendson which conceptuaissues pertainig to the MZI
exhibited bettepretest performanceHowever on the posttest, group A performed better on Q1
3, while performing worse on Q1. For example, question 3 focuses on the of bearrsplitter
2 (BS2)and how itaffects inteference of singl@hotons. In particular, this question investigates
whether students understand homoving or inserting beasplitter BS2 will change the
probability of the single photons arriving at each detector D1 orAddntegrated conceptual and
guantitativeinquiry-based sequensénvolving a two dimensional Hilbert space wdesigned to
provide scaffolding support ttave studentsontemplateéhe role of BS2 and whether interference
is observedfor single photons without BSZrhe posttest performance of aludent groups
(graduate students and undergraduate groups A and B) after engaging with the hybrid QuILT is
close to perfect whereas both graduate and undergraduate students averaged 79% after engaging

with the conceptual QUILT (see Tabgg and6.3).
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Onepossible hypothesis for why undergraduate student group A in Ba&bfeerformed
well on QX3 but not on Q711 attributes this difference across questions on the posttest to the
mathematical facilities of group A (especially in the light of the fact tiet had poor conceptual
understanding of the underlying concepts as reflected by the low pretest scores) and the fact that
the increased mathematical rigor in the hybrid QUILT may have caused a cognitive overload for
students particularly for the questiansolving polarizers that involves product states of path and
polarization. In particular, concepts involved in-@1equire a two dimensional Hilbert space
(only photon path states through the MZI are relevant since polarizers are not present)eOn thes
guestions, undergraduates in Group A appear to have benefitted more from the hybrid QUILT as
reflected by their posttest performance. However, forl@0n the posttest, which involve the
four-dimensional Hilbert space (since both photon path statgsadaiization states must be taken
into account to understand the outcomes of the experiment) their performance is poor.

In contrast, theindergraduatgroup Bwhich engaged with thbybrid QUILT exhibited
betterpretest performanddan theundergraduatesho engaged with the conceptual QulLThis
is likely an instructor effectwith the instructor ofthe undergraduate group B preparing and
incentivizing studentsbetter tharthe instructor of the undergraduate conceptual QuUILT group
Moreover, these undergraduate students in group B outperformed all other groups on the
conceptual posttest including those who engaged with the conceptual QuILT.

We note that question (4) on the posttest evaluates student understandingotd tfe r
addifonal detectors inserted into one of the paths of the. Mifdarticular, it investigates student
understanding of howserting an additional detector in the U path of the MZI would affect the
interference at the detectors D1 and D2. Students need tnréesgan additional detector would

collapse the state of the photon to the U or L path state (instead of the single photon state being a
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superposition of the U and L path statasjihow the collapse of the photon state to the U or L
path state causesatiletectors D1 or D2 after BS2 to click with equal probability and destroys the
interference at the detector§his type of situation is covered in the conceptual QUILT but is not
covered in the hybrid MZI QuILT, although students had learned aboutlthefrdetectors D1

and D2 after BS2. Tabk.2 shows that on the posttest, graduate students and undergraduates in
group B who engaged with the hybrid QUILT performed comparably to the graduate and
undergraduate students in the conceptual QUILT group.i§biscouraging since it suggests that
students were able to transfer their learning about the role of detectors from those after BS2 (photo
detectors D1 and D2) to a detector in the U path of the MZI. For example, we believe this is a
farther transfer copared to the situation in question 10 on the posttest in which students had
worked through a situation in which the polarizer right before detector D1 was a vertical polarizer

(instead of a horizontal polarizer).

6.6 DISCUSSION AND SUMMARY

We usetheil nt egrating Conceptual and Quantita
Al CQUI Po framework to develop, validate and e
(QuILT) which incorporates mathematical rigor while focusing on helping students develop
expetise, i.e., a good conceptual understanding of quantum optics asiWigch Zehnder
Interferometer with single photons and polarizefsh e Al CQUI Po framewor k
appropriate integration of conceptual and quantitative aspects of physics in teachaggessing
student learning is central for effective instruction, advancing students along the expertise

spectrum and equipping them with adequate level of mastery within the context of a physics
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course. Constructing a conceptual reasoning chain witmpueations can be more difficult than
learning to reason with quantitative tools by constraint satisfaction. The framework also
emphasizes that the instructional design shprdglide appropriate scaffolding supporstadents
commensurate with their prikknowledge and skills to integrate conceptual and quantitative
understanding, learn physics concepts dadeloptheir problem solvingreasoningand meta
cognitive skills. In other words,if the level of matkphysics connection (or conceptual and
guantiitive connection) is not appropriate, use of quantitative tools in courses can increase
students' cognitive load to the extent that very little cognitive resources may be available for
drawing conceptual inferences from them. These issues are critici theelimited capacity of
working memory. In other words, in order to learn physics and build a robust knowledge structure
with quantitative tools [23], students must be given opportunities to interpret symbolic equations
correctly and be able to draw amptual inferences from them. This implies that students must be
given support to not treat quantitative problem solving merely as a mathematical exercise but as
an opportunity for sense making, learning physics concepts and developing expertise. fas requ
that students are provided scaffolding to engage in effective problem solving strategies. Through
integration of appropriate levels of mathematics and physics and expecting students to learn to
reason by drawing conceptual inferences from quantitatigblem solving in order to perform
well in the course, physics learning and expertise development can, in general, be enhanced
significantly.

The hybrid MZI QuILT uses an approach consistent with the ICQUIP framework and
integrates conceptual and quanat i ve aspects of MZI experi ment
and conceptual understanding of physit® compard upperlevel undergraduate and graduate

studentsd performance on conc elyhrid@ulLT witb @ st i 0o n s
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conceptal QuILT [93] focusing on the same topics in which quantitative tools were not employed.
Both versions of the QUILT use a guided ingthised approach to learning and are based on
research on student difficulties in learning these challenging conceptdlas a cognitive task
analysis from an expert perspective. We find
on conceptual questions after engaging with the hybrid QUILT was generally better than their
performance after engaging with the ceptual QuILT. For undergraduate studettis, findings

were mixed.One group of undergraduates, which madsonabl@retest scoreafter traditional
lecturebased instruction on these topics and which engaged with the hybrid QuILT after the
pretest, outpormed the undergraduates who engaged with the conceptual QUILT on the posttest,
which was completely conceptual. On the other hand, another group of undergraduates, which had
very lowaverage pretest score after traditional lechased instruction omése topics and which
engaged with the hybrid QuILT after the pretest, lymd posttest performance on some
conceptual questions, especially those pertaining ttwo-dimensional Hilbert space involving

only path statesf the single photons through theZM However, their posttest performance on

many of the other conceptual posttest questions was worse than the undergraduates who used the
conceptual QuILT.

One possible interpretation of these findings consistent with the ICQUIP framework is that
integraton of conceptual and quantitative aspects of physics should be commensurate with
studentsé prior knowledge of physics and mat h
cognitive overload while engaging with such a learning tool striving to dp\aelgood grasp of
physics concepts. In the undergraduate course in which students did not benefit as much from the
hybrid QUILT that focused on integration of conceptual and quantitative understanding to help

students learn physics concepts, their prggedbrmance suggests that the traditional instruction

202



may not have sufficiently given a fAfirst coat ¢
to engage with the hybrid QuILBince physics majors in the mandatory undergraduate quantum
mechants course come with diverse physics and mathematics backgrounds, the hybrid QuILT

may have caused cognitive overload at least for some students (on topics in which their conceptual
posttest performance is not good) so that they could not benefit fromaitet@gconceptual and
guantitative learning sequences. In other words, integration of conceptual and quantitative
understanding in physics must adequately buil
overload and help students develop expertise.

In summary, conceptual and quantitative aspects of physics learning should be integrated
appropriately in order to help students develop physics expertise at all levels. By incorporating
mathematical rigor in the hybrid MZI QuILT, we aimed to improve studend conceptu
understanding of the challenging single photon quantum mechanics experiments in the context of
a MZl as measured by the conceptual posttest questions. By comparing to performance on
conceptual pretest and posttest, we find that integratingeptual and quantitative aspects of the
MZI with single photons in the hybrid MZI QuILT provided opportunity for more effective
learning for graduate students and undergraduates who had an adequate first coat of conceptual
understanding of the MZI experents when compared to students who engaged with the
conceptual MZI QUILT. On the other hand, undergraduates who had very low pretest scores
before engaging with the hybrid QUILT exhibited similar or worse conceptual learning than those
who engaged withhie conceptual QUILT. One possible hypothesis for the significantly better
posttest performance of graduate students compared to the undergraduates, both of whom engaged
with the hybrid QUILT and performed poorly on the pretest, is that the graduatatstuah

more experience using advanced math in the physics context were able to more consistently and
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effectively benefit from the mathematical representations of concepts in the hybrid QuILT and did
not experience cognitive overload despite having lovellef conceptual understanding of the

MZI with single photons are manifested by the pretest scorass, adequate prior physics and
mathematical facility above a certain threshold is necessary for students to be in the optimal
adaptability corridor andngiage effectively with the hybrid QUILT that integrates conceptual and

guantitative understanding of physics.
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The

6.9 CHAPTER APPENDIX: MACH -ZEHNDER INTERFEROMETER (MZI)

POSTTEST

setup for the ideal Maetehnder Interferometer (MZI) shown below in Figure 1 is as follows:

The photons originate from a monochromatic coherent point source. (Note: Experimentally, a source can
nearly monochromatic photons such that there is a very small range of wavelengths coming from the sou
we assume that the photonséavneg!l i gi bl e fispreado in energy.)
Assume that the photons propagating through both the U and L paths travel the same digé@ncentio reach eac
detector.

All angles of incidence are 45° with respect to the normal to the surface.

For simplicity, wewill assume that a photon can only reflect from one of the two surfaces of the identiciMeadfc
mirrors (beam splitters) BS1 and BS2 because of arrefigction coating on one of the surfaces.

Assume that beam splitters BS1 and B®2 infinitesmally thin so that there is no phase shift when a pt
propagates through them.

The phase shifter is ideal and nadlective.

Ignore the effect of polarization of the photons due to reflection by the beam splitters or mirrors.

The photedetectors D1d D2 are point detectors located symmetrically with respect to the other componer
MZI as shown.

All photo-detectors are ideal and 100% efficient.

Polarizers do not introduce phase shifts.

All measurements are ideal projective measurements.

D2

=N
Mirror 2.~

Source 0551 |

SILVERED SIDE

ANTI-REFLECTION ~~ Mirror 1
COATING

Figure 1

For all of the following questions, assume that:

T

1

The single photons are emitted from the source in a highly collimated stream, i.e., the wic
transverse Gaussian profile of each photon is negligible.

A very large numberl) of single photonsre emitted from the source one at a time and
through beam splitter BS1.
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1. Consider the following statement about single photons emitted from the source in Figure 1:
1 If the source emit®l photons one at a time, the number of photons reaching detect
and D2 will beN/ 2 each.
Explain why you agree or disagree with this staem

2. Consider the following conversation between Student 1 and Student 2:

I Student 1. The beam splitter BS1 causes the photon to split into two parts and the «
the incoming photon is also split in half. Each photon with half cétieegy of the incomir
photon travels along the U and L paths of the MZI and produces interference at dete
and D2.

9 Student 2: If we send one photon at a time through the MZI, there is no way to
interference in the detectors D1 and D2. ligiesmce is due to the superposition of wi
from the U and L paths. A single photon must choose either the U or the L path.

Do you agree with Student 1, Student 2, both, or neither? Explain your reasoning.

D2 D2

[ ]
Mirror%, Mirror 2 .Dl
b1 u BS2

Source BS1 L
-
|~ 25 >

~ Mirror 1

Soyrce BS1 L‘

Mirror 1
Figure 2

3a. Suppose waemove BS2 from the MZI setup as shown in Figure 2 above. How dc
probability that detector D1 or D2 will register a photon in this case differ from the case wher
present as in Figure 1? Explain your reasoning.
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D2 D2

[ ]
Mirror 2 .Dl Mirror%»
1 D1

Source BS1 L
- 79 AP
Mirror 1

Figure 3

Mirror 1

3b.  Suppose we have an MZI setup initially without BS2. If we suddenly insert BS2 after the
enters BS1 but before it reaches the point where BS2 is inserted (see Figure 3 above), \
probabilities do detectors D1 and D2 register the photori#al your reasoning. Assume that
situation after BS2 is inserted is identical to Figure 1.

D2

Mirror 2.4
) D1

u BS2

detector.
Source BS1 L
< Mirror 1

Figure 4
4. Suppose we modify the set up shown in Figure 1 and insert a-gétgctor into the upper pi

between BS1 and mirror 2 as shown in Figure 4.
a) What is the fraction of single photons emitted by the source that reach each detecto
D2? Explain youre@asoning.

b) If you place a phase shifter in the L path and change its thickness gradually to change
length difference between the U and L paths, how would the phase shifter affect the
of photons arriving at detectors D1 and D2? Explain your reagonin

c) If there is interference displayed in part 5b) by any photons at detector D1, write d«
percentage of the photons emitted by the source that display interference. You mus
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For all of the following questions, assume that the single photon source emits photons that are
polarized at +45°.

6. Consider the following statement about a source emitting +45° polarized single photons:

o [If we place additional polarizers in the paths of the MZI, the polarizers will absorb some
photons and they will not arrive at the detectors. However, the polarizers will not affect
whether interference is displayed at the detectors.

Explain why you agree or disagree with the statement

216



D2

I_U ps3 D1

Source 251 J -

S Mirror 1
Figure 3

7. You modify the set up shown in Figure | by inserting a polarizer with a vertical polarization
axis as shown in Figure 5.

a)

b)

d)

What is the fraction of single photons emitted by the source that reach each detector
D1 and D27 Explain your reasoning.

If you place a phase shifter in the U path and change its thickness gradually to change
the phase difference between the U and L paths, how would the phase shifter affect
the fraction of photons arriving at detectors D1 and D2? Explain your reasoning.

If there is interference displayved by any photons in part 7b) at detector D1, write
down the percentage of the photons emitted by the source that display interference.
You must explain your reasoning.

Describe in detail what you would observe at the detectors D1 and D2 in Figure 5
above and how this situation will differ from the case in Figure | in which there is no
polarizer in path U. Assume both in Figure | and Figure 5 that the source emits single
photons that are polarized at 45°.
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Figure 6

8. You modify the set up shown in Figure | and insert polarizer 1 with a vertical polarization
axis (between BS1 and mirror 2) and polarizer 2 with a horizontal polarization axis (between
BS1 and mirror 1) in the U and L paths as shown in Figure 6.

a)

b)

d)

What is the fraction of single photons emitted by the source that reach each detector
DI and D27 Explain your reasoning.

If you place a phase shifier in the U path and change its thickness gradually to change
the phase difference between the U and L paths, how would the phase shifter affect
the fraction of photons arriving at detectors D1 and D2? Explain your reasoning.

If there is interference displayed by any photons in part 8b) at detector D1, write
down the percentage of the photons emitted by the source that display interference.
You must explain your reasoning.

Describe in detail what you would observe at the detectors D1 and D2 in Figure 6
above and how this situation will differ from the case in Figure 5 in which only
polarizer 1 was present (as in question 7). Explain your reasoning.
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9. You start with the set up shown in Figure 6 with polarizer | with a vertical polarization axis
and polarizer 2 with a horizontal polarization axis inserted in the U and L paths, respectively.
You modify the set up and insert polarizer 3 with a +45° polarization axis between BS2 and

detector D1 (see Figure T).
a) What is the fraction of single photons emitted by the source that reach each detector

D1 and D27 Explain your reasoning,

b) If vou place a phase shifter in the U path and change its thickness gradually to change
the phase difference between the U and L paths, how would the phase shifter affect
the fraction of photons arriving at detectors D1 and D27 Explain your reasoning.

c) If there is interference displayed by any photons in part 9b) at detector D1, write
down the percentage of the photons emitted by the source that display interference.
Y ou must explain your reasoning.

d) Describe in detail what vou would observe at the detectors D1 and D2 in Figure 7
above and how this situation will differ from the case in Figure 6 in which polarizer 3
was not present (as in question 8). Explain your reasoning.
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10. You start with the set up shown in Figure 6 with polarizer 1 with a vertical polarization axis
and polarizer 2 with a horizontal polarization axis inserted in the U and L paths, respectively.
You modify the set up and insert polarizer 3 with a horizontal polarization axis between BS2
and the detector D1 (see Figure 8).

a) What is the fraction of single photons emitted by the source that reach each detector
D1 and D27 Explain your reasoning.

b) If you place a phase shifter in the U path and change its thickness gradually to change
the phase difference between the U and L paths, how would the phase shifter affect
the fraction of photons arriving at detectors D1 and D27 Explain your reasoning.

c) If there is interference displayed by any photons in part 10b) at detector D1, write
down the percentage of the photons emitted by the source that display interference.
You must explain your reasoning.

d) Describe in detail what you would observe at the detectors D1 and D2 in Figure 8
above and how this situation will differ from the case in Figure 6 in which polarizer 3
was not present (as in question 8). Explain yvour reasoning.
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11. You set up an MZI as shown in Figure 9, inserting polarizer | with a vertical polarization
axis and polarizer 2 with a horizontal polarization axis in the U and L paths, respectively.
You also insert polarizer 3 with a horizontal polarization axis and polarizer 4 with a 45°
polarization axis between B52 and detector D1 (see Figure 9).

a) What is the fraction of single photons emitted by the source that reach each detector
D1 and D2? Explain your reasoning.

b) If vou place a phase shifter in the U path and change its thickness gradually to change
the phase difference between the U and L paths, how would the phase shifier affect
the fraction of photons arriving at detectors D1 and D27 Explain your reasoning.

c) If there is interference displayed by any photons in part 11b) at detector D1, write
down the percentage of the photons emitted by the source that display interference.
You must explain your reasoning.

d) How does what you observe at the detectors D1 and D2 in Figure 9 above compare
with the situation in which polarizer 3 was not present?
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12. Describe an experiment using a Mach-Zehnder Interferometer in which you could distinguish
between a source emitting unpolarized photons and a source emitting +45° polarized
photons.
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7.0FUTURE DIRECTIONS

In this thesis | discussed thelevelopmentvalidationsand implementation of multiple
instructional toolgo help students leaupperlevel quantum mechanics. The use of robust clicker
guestion sequences (CQfgrtaining to many quantum mechanics conceyas found to be
effectiveness i rondeptuplrunderstamding sntraledaaticdpts. However,
many of these sequencescan still be iterated, refined, and improvgdrticularly after
implementing them in classes at other universities and coll&mae common student difficulties
still have pom to be addressed in a more impactful way.

The findings in thighesishave implications formprovingteaching and learningf not
only upperlevel quantum mechanics, but afeo developing learning tools for other introductory
and advanced courseblerethe framework for the developmentlidationand implementation
of a CQS has been applied to an udpeel quantum mechanics cour3de effectivenessf this
frameworkto helping students learn physicsoitter courses, such as introductory physics, should
beinvestigated in the future. Additionally, a number of CQSs have been developed for other topics
in upperlevel quantum mechanics. Some of these can be found in Apgn@ile preliminary
data haseen gathered for most of these CQSs, not only should those data be anatieed in
future,theCQSs should be refined and iterated by researblased upon data analysisd further

implementedand evaluated in the refined form
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APPENDIX A: MACH -ZEHNDER INTERFEROMETER HYBRID QUANTITATIVE -

QUALITATIVE Q ulLT

A.1 HYBRID QuUILT SECTION WITHOUT POLARIZERS
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Understanding the Mach-Zehnder Interferometer (MZI) with Single Photons: Homework

The goal of this homework is to use a simplified ideal version of MZI to help you:
¢ Connect qualitative understanding of the MZI with a simple mathematical model
* After choosing a basis, you will:

A.

B.

(5]

Determine the matrix representations of quantum mechanical operators that correspond to
beam splitter 1 and beam splitter 2

Determine the matrix representation of the quantum mechanical operator that corresponds
to the mirrors

Find the action of the beam splitters BS1 and BS2 on an input state and the probability of a
detector D1 or D2 “clicking”

Determine the matrix representation of a quantum mechanical operator that corresponds to
a phase shifter (e.g., a glass piece of a certain thickness inserted into one of the paths of the
MZI)

Find probabilities of detectors “clicking” after a phase shifter is inserted and acquire
intermediate interference at detectors D1 and D2 (neither fully constructive nor fully
destructive)

Verify that the matrix representation of the quantum mechanical time-evolution operators
corresponding to beam splitter 1, beam splitter 2, mirrors, and phase shifter evolve the state
of the system in time and are unitary operators which preserve the norm of the physical
state

D2

Mirror 2

Ve D1

U BS2

BS1 ,
Sou’rce 0 L r

SILVERED SIDE

ANTI-REFLECTION ~ Mirror 1
COATING
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The setup for the ideal Mach-Zehnder Interferometer (MZI) shown below is as follows:

The photons originate from a monochromatic coherent point source. (Note: Experimentally, a
source can only emit nearly monochromatic photons such that there is a very small range of
wavelengths coming from the source. Here, we assume that the photons have negligible “spread”
in energy.)

Assume that the photons propagating through both the U and L paths travel the same distance in
vacuum to reach each detector.

All angles of incidence are 45° with respect to the normal to the surface.

For simplicity, we will assume that a photon can only reflect from one of the two surfaces of the
identical half-silvered mirrors (beam splitters) BS1 and BS2 because of an anti-reflection coating
on one of the surfaces.

Assume that beam splitters BS1 and BS2 are infinitesimally thin so that there is no phase shift
when a photon propagates through them.

The phase shifter is ideal and non-reflective.

Ignore the effect of polarization of the photons due to reflection by the beam splitters or mirrors.
The photo-detectors D1 and D2 are point detectors located symmetrically with respect to the
other components of the MZI as shown.

All photo-detectors are ideal and 100% efficient.

Polarizers do not introduce phase shifts.

All measurements are ideal projective measurements.

“Which-path™ information is known when each detector D1 and D2 shown below can only
project the component of the photon state along the U path or the L path. “Which-path”
information is unknown when each detector D1 and D2 can project both the U and L components
of the photon state.

For the entire tutorial, assume that a large number of photons (N) are sent one at a time.

D2

Mirror 2
D1
U BS2

>

Source /\/\BSl L,

SILVERED SIDE =
ANTI-REFLECTION <~ Mirror 1
COATING
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Before we begin, we will make a few assumptions and observations:

The beam splitters are 50/50 splitters, meaning that a measurement of the photon position
immediately after it exits the beam splitter BS1 would yield an outcome such that the photon is
either in the upper path or the lower path with 50% probability.

The silvered side of the beam splitter is the point of reflection. No reflection occurs at the air-
glass interface (the bold side of the beam splitter), due to anti-reflection coatings.

From here on, assume that the thickness of the beam splitters is negligible so the phase shift
introduced by the propagation of light through the beam splitters is zero (¢ zs = 0).

No relative phase shift between the |U) and |L) path states is introduced when a photon
propagates through vacuum because the photon travels the same distance in vacuum along each
of'the U and L paths.

In all of the matrix representations of the operators, in a given basis, we will simplify the “="
sign which means “is represented in a given basis by” with “=" for convenience.

To differentiate between the upper and lower path inside the MZI, the upper path U is marked in
RED and the lower path Z is marked in BLACK.

D2

Mirror 2
\/\/'/'( A D 1
U BS2

Source BS1
i

SILVERED SIDE

ANTI-REFLECTION
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A. Determining the matrix representations of the quantum mechanical operators that correspond
to Beam Splitter 1 (BS1) and Beam Splitter 2 (BS2)

In a simplified quantum mechanical model of a photon state which accounts for the two paths U and L, a

single photon traveling through the MZI can be considered to be a two state quantum system.

BS1
y
Source BS1 M
% |B)
14) .
Source
Figure 1.a : photon initially in | 4) path state Figure 1.b: photon initially in | B) path state

Let’s consider BS1. Note that in Figure l.a and Figure 1.b, depending on the position of the
source, a photon can travel along different paths before it enters BS1. We will call these initial
path states |A}) and |B).

Let’s choose a basis in which we denote the state of the photon from the source towards BS1

along path state |[A) = ((1)

|B) = ((1)) as shown in Figure 1.b.
Inside the MZL, let’s choose a basis in which we denote the state of the photon in the upper state
(RED path), by |U} = (é) and denote the state along the lower path (BLACK path), by lower

state |L) = ((1))

After exiting BS1, the quantum mechanical state of the photon is in an equal superposition of the
upper and lower states (since BS1 is a 50/50 beam splitter).
If a measurement of the photon’s position is made immediately after BS1 by a photo-detector, the

) as shown in Figure l.a and denote the state along the path state

measurement would yield the photon either in the RED path, denoted by upper state |U} = ((1)),

or the BLACK path, denoted by lower state |L} = (2)

Here is a summary of the phase shifts from the MZI warm-up. Use this table to find the phase shifts for
the photon that enters BS1 and goes into a state which is an equal superposition of the U and L states.
Knowing the phase shifts will help us determine the superposition state of the photon after exiting BS1
and the operator matrix for BS1.

Table 1

Initially in medium with lower »

Initially in medium with higher »

Reflection at interface

Phase shift of ©

No phase shift

Transmission at interface

No phase shift

No phase shift

Propagation through a medium

Phase shift ¢ depends on thickness and refractive index 7 of the medium
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e Since there are two linearly independent states of the photon in this simplified model, i.e., (é)

and (g), the Hilbert space is two dimensional.

e Any operator in a two dimensional Hilbert space can be represented by a 2 X 2 matrix in the
chosen basis.
e We can think of the beam splitters and mirrors as quantum mechanical operators which act on the
photon state and change it at various times during its propagation through the MZI.
The BS1 operator acts on a photon in an initial state (either |[A) or |B) depending on the location of the
source) and puts it into an equal superposition of the upper and lower states. We will denote the quantum
mechanical operator corresponding to BS1 as [BS1].

Source BS1
®
|4)
Figure 1.a: photon initially in |A) path state

1. Consider the following statements from three students about the effect of operator [BS1] on the initial

photon state |[4) = (é) shown in Figure 1.a

e Student 1: [BSI](3)= % (é) + ((1))] since the operator [BS1] puts the photon state into an

equal superposition of (3) and ((1))

) 1\_1[/1y_ (O ’ y
e Student 2: No, [BSI](O) \/7[(0) ( 1)] because there is a phase shift of @ for the part that
passes through BS1 and ¢** = —1.

e Student 3: No. [BSI](é):%[— ((1)) + ((1))] since there is a phase shift of = for the part that

reflects and no phase shift for the part that passes through BS1.

Which students, if any, do you agree with and why? (Hint: look at Table 1)
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Source BS1
E 3
|4)

Figure 1.a: photon initially in |A) path state
The action of the operator [BS1] on the photon in the initial state |A) = ((1)) as shown in Figure 1.a
should be

ot n_17_(1 0\ _1/-1
114 s11(g)-7[- (o) + ()] == (%) O
The%ensures that after the photon exits BS1, there is a 50% probability that a measurement of the

photon’s position would yield the photon either in the upper or lower state. Using Table 1, the upper state
is multiplied by -1 because of the reflection at the vacuum-BS1 interface (initially in a medium with a
lower index of refraction). Thus, the upper state undergoes a phase change of m. Therefore, we multiply
the upper state by e/ = —1. The lower state is transmitted at the vacuum-BS1 interface, so it is not
phase shifted (see Table 1).

2. Call the [BS1] matrix in the given basis [? 2] Using equation (1) and [BS1] = [‘: Z] determine

the matrix elements ¢ and c.

Now let’s determine matrix elements b and d of the operator [BS1].

BS1

|B)
Sofjrce
Figure 1.b: photon initially in |B) path state
3. Consider Figure 1.b for which the initial state of the photon before passing through BS1 is |[B) =

(g) Use Table 1 to find the phase shifts of the upper and lower states immediately after the photon

exits BS1.
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4. The action of the operator BS1 on the photon in the initial state |B) = ((1)) as shown in Figure 1.b
should be

msu1e) =esti(3)-5[(o) + ()] =

Since the upper and lower states are not phase shifted in this case (see Table 1), there are no minus signs.

Using equation (2) and [BS1] = [Z Z] find the matrix elements b and d of the operator [BS1].

5. Write down the matrix IZ Z] for the operator [BS1] corresponding to beam splitter 1 in terms of
what you found in the preceding questions 1-4.

Now we need to find the matrix representation of the operator [BS2], the quantum mechanical operator
corresponding to beam splitter BS2, for the two state system for a photon we are considering
corresponding to the two possible paths U and L.

e Let’s consider BS2. Note that in Figure 2.a and Figure 2.b, a photon can travel along different
paths before it is registered at detector D1 or detector D2. We will call these final path states |C)
and |D).

e Let’s choose a basis in which we denote the state of the photon propagating towards detector D1

as path state |C) = ((1)) and denote the state of the photon propagating towards detector D2 as the
path state |D) = (2)

D2 D2
D) 1o
D1 o) D1
BS2
Bs2” 1C)
Figure 2.a: Photon enters BS2 via upper path Figure 2.b: Photon enters BS2 via the lower path

6. In Figure 2.a, the photon enters BS2 from the upper path. Use Table 1 to find the phase shifts of the
final states after the photon exits BS2.
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7. Using the phase shifts identified in the preceding question, what is [BSZ]( ) =9
1 0
@ [BSZ!( )f #-(0)+ ()]

8. The correct answer for question 7 is (d), since neither final state |C) nor the final state |D) is phase
shifted. Let the operator matrix in the given basis be [BS2]= [; ﬁ Find the matrix elements e and

g using the answer to the preceding question.

D2
|D)
D1
BS2 |C)
Figure 2.b: Photon enters BS2 via the lower path

9. In Figure 2.b, the photon enters BS2 from the lower path. Use Table 1 to find the phase shifts of the
final states after the photon exits BS2.

10. Using the phase shifts identified in the preceding question, what is [BSZ]((l)) = 9

@ ws21(y)- 5[~ (o)+ (]

) ms21(%)- %[(3)—((1))]
@ Bs21(3)- %[~ (o) - (D]
@ s21(3)-5[0)+ ()]
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11. The correct answer to the preceding question 10 is (a), since the final state C undergoes a phase
change of 7. Therefore, we multiply the state C by e™ = —1. The final state D is not phase shifted.
Use your answers to the preceding questions to find the matrix elements f and h of the [BS2] matrix.

f
h

what you found in the preceding questions.

12. Write down the matrix L; ]for the operator [BS2] corresponding to beam splitter 2 in terms of

13. Consider the following conversation between two students:
e Student A: The matrices we found for the operators corresponding to BS1 and BS2 are

_1r-1 1 _171 -1 ; ;
[BS1]= A R] 1] and [BS2] ﬁ[l 1 ] This makes sense because we chose the basis

vectors in the order |U}, |L) and |4}, |B) (see matrix [BS1] below). If the photon is in the initial
state |4} = ((1)), after it propagates through BS1, the component of the photon path state in the

upper path state |U}) = (é) undergoes a phase change of 7 of the upper path state (multiplied by

e'™ = —1). Thus the matrix element {4|BS1|U} = — % (the % ensures that after the photon exits

BS1, there is a 50% probability that a measurement of the photon’s position would yield the
photon either in the upper or lower state). The remaining photon components do not undergo any
phase shift and the corresponding matrix elements are positive.

v) 1L

“ -— =
ssu=" "% 7
B = 4

i W

e Student B: I agree with you. Similarly, [BS2] acting on the lower state |L} causes a phase change
of 7 in the path state |C) propagating toward detector D1 (multiplied by e™ = —1). Thus, the
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matrix element (C|BS1|L) = —\%.

photon components do not undergo any phase shifts (see matrix [BS2] below).

The remaining matrix elements are positive because the

v I

o s
esa="' 7 7
B — =
GV

Do you agree with the students? Explain your reasoning.

B. Determining the matrix representation of the quantum mechanical operators that correspond
to the mirrors (M)

Let’s now consider the action of the mirrors on the photon states.

D2

Mirror 2

Source
-

SIVEREDSIDE .
ANTIREFLECTION " Mirror 1
COATING

Figure 3

e In Figure 3, mirror 1 (M1) reflects only the photon state in the lower path and mirror 2 (M2) reflects
only the photon state in the upper path. Thus, we can think of the mirrors as quantum mechanical
reflection operators.

o The phase shifts of the photon state in the lower and upper paths due to reflection off the mirrors is &,
and e = —1. Both mirror operators are reflection operator that should multiply the incoming state
by a factor e’ = —1. Mirror 1 acts on the lower state and Mirror 2 acts on the upper state.

¢ We will denote the quantum mechanical operator corresponding to mirror 1 as [M1] and the quantum
mechanical operator corresponding to mirror 2 as [M2].

e Since M1 only phase shifts the photon state in the lower path state [L) = ((1)) by e'”, [Ml]:[(l) _01]

e Since M2 only phase shifts the photon state in the upper path state |U) = ((1)) by e,
-1 0
M2 [0 1]'

10
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14. Consider the following conversation between Student A and Student B:

Student A: Suppose the initial state of the photon is the upper state, c.g., |A) = ((1)) . After the
photon propagates through BS1, the photon state is given by equation (1) which is
= N\_a1y_¢(1 0\ _1r-1
ms1114) = s11(o)= 5[ (o) + (D] = 5(7)

To check that the mirror operator [M1] only shifts the photon state in the lower path |L) = ((1)),
L1 Ty, (N _ il O7[_(1y, (O\]_ 1] (1y_(0
weean waite 7 MU [~ (o) + ()] = Flo 2l [=(0)+ (D] = 7= (0) = (] sowe

see that L) = ((1)) has been phase shifted by 7 (multiplied by ™ = —1).

Student B: I agree. To check that the mirror operator [M2] only shifts the photon state in the
(1 :

upper path |U) = (0), we can write

#02[-(o)+ (] =70 -G+ DI =F0) + (D] soweseethariv) =

((1)) has been phase shifted by n (multiplied by '™ = —1).

Do you agree with Student A and Student B’s reasoning? Explain.

15. Mirror 1 and Mirror 2 produce reflection at the same time, ¢.g., t = £;, on the photon state in the
lower and upper paths, respectively. Therefore, the net effect of the mirrors on the state of the photon
attime t = ¢t is the product of the two operators [M1][M2]. Combine the effects of the two mirrors
on the photon state and find the matrix representation for the operator [M]=[M1][M2] that
corresponds to the action of M1 and M2 on the photon state.

16. Consider the following conversation between two students:

Student 1: The mirror operators corresponding to Mirror 1 and Mirror 2 operate on two different
components of photon state, i.c., the upper path state and lower path state of the photon.
Therefore, the mirror operators [M1] and [M2] commute. Thus, we can combine the mirror
operators to find the net effect of the mirrors on the photon state, 1.e., [M]=[M1][M2].

Student 2: I agree with you. And since we chose our basis vectors to be in the order |U), |L), the
matrix corresponding to the combined mirror operator is as follows:

|U) |L)
Ml=(U] -1 0
(L o -1

The diagonal matrix elements of [M] are -1 because the mirror operator causes a reflection of the
photon state in the upper and lower paths, ic., (U|M|U) = (U|-1|U) = —1 and (L|IM|L) =
{L|—1|L) = —1. The off-diagonal matrix elements are zero because of the orthogonality of the
|U} and |L) path states, i.e, {L|M|U} = {L|—1|U} = 0 and (U|M|L) = (U|—-1|L) = 0.

Do you agree with the students? Explain your reasoning.

11
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C. Finding the action of the beam splitters and mirrors on an input state and their effect on the
probability of a detector D1 or D2 “clicking” after a photon is emitted from the source

We now have the matrix representations of the beam splitters and mirrors:

Bsi=+[71 7

vzl1 1

Al
s [t )

[M]= [—01 _01] =-1 [g (1)] = —I, where [ is the identity operator.

D2

Mirror 2

Source
“

SIVERED SIDE i
ANTLREFLECTION Mirror 1

COATING

Figure 3

17. Find the action of these optical elements on a photon in an initial state |4) as shown in Figure 3
above, i.e.. [BS2][M][BS1] |A4).

18. Describe the implication of the answer to your preceding question on obtaining constructive or
destructive interference at detectors D1 and D2 for the case in which the photons started in state

=)

12
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19.

20.

21.

22.

In the MZI warm-up, you found that the phase shifts of the upper and lower paths were such that at
detector D1 there was constructive interference and at detector D2 there was destructive interference
1
0

for a photon that was initially in the state |A) = ( ) Does your answer to question 18 agree with this

earlier finding? Explain your reasoning.

Suppose the source is set up as in Figure 1.b such that the initial state of the photon is |B) = ((1))
Find the action of [BS2][M][BS1]|B).

Consider the following conversation between two students:

o Student 1: [BSZ][M][BSI]:[(l) _01]. So [BS2][M][BS1]|A) :((1)). This implies that if the
initial state of the photon is |A) = (é) , the photon will end up in detector D1 since that
corresponds to the final path state |C) = ((1))

e Student 2. T agree with you. And [BS2][M][BS1]|B} =— ((1)), which implies that if the initial
state of the photon is |B) = (2), the photon will end up in detector D2 since that corresponds to

|D}= ((1)) The expressions for the operators [BS1] and [BS2] we came up with were based upon
how we defined the states corresponding to the A, B, U, L, C, and D paths.

Do you agree with Student 1 and Student 2? Explain your reasoning.

Explain whether for the case in which the photons started in the state |B} = ((1)) you will see

constructive interference at detector D1 or D2.

13
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<+ Checkpoint
o Infigure 3, if the initial state of the photon is |A) = (é)

o The final state of the photon is (é)
o The photon will always arrive at detector D1 since that corresponds to the final path state
[ey= (;) There is completely constructive interference at detector D1.

o The photon will never arrive at detector D2 because there is completely destructive
interference at detector D2.
o “Which-path” information is unknown.

o In figure 3, if the initial state of the photon is changed to |B) = (2)

o The final state of the photon is — ((1))

o The photon will always arrive in detector D2 since that corresponds to [D) = (g) There
is completely constructive interference at detector D1.

o The photon will never arrive at detector D1 because there is completely destructive
interference at detector D1.

o “Which-path” information is unknown.

D. Determine the matrix representation of a quantum mechanical operator that corresponds to a
phase shifter (PS) (e.g., a glass piece of a certain thickness inserted into one of the paths of the
MZI)

Suppose we now insert a phase shifter (piece of glass with a certain thickness) in the upper path as shown
in Figure 4 which shifts the photon state by a phase ¢ps.

D2

Mirror 2

Phase
shifter

Source
%

SUVEREDSIOE e
ANTI-REFLECTION Mirror 1
COATING

Figure 4

Let’s find the matrix representation of the operator corresponding to the phase shifter.
e Recall that after the photon exits BS1, the photon state is

n_ 11 1ymy_ 11 1 0
[B31] (o) —ﬁ[ 1 1 (0) - ﬁ[ (o) ® (1)]
e As shown in Figure 4, after the photon exits BS1, the next optical element to act on the photon
state is the phase shifter (glass piece). Since the phase shifter is an operator which only acts on

14
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the upper state because it is placed in the upper path, the matrix representation of the phase shifter

[PSy] must shift the upper state like this: ((1)) - (elzps), but should not change the lower state
_ (0
0= (7)

e The only matrix that will accomplish this operation is [PSU]:[ET;PS (1)]

Let’s check that the phase shifter operator only shifts the upper state U} = ((1)) by ¢pg and leaves the

lower state |L) = (2) unchanged, e.g,
otk Q013 S O35+ 0)

Note: @pg can be calculated if you are given the thickness of the phase shifter and the index of refraction,
but in this homework ¢ps will be stated explicitly in each case.

23. What would be the matrix representation of the phase shifter if it was placed in the lower path
(somewhere between BS1 and BS2) which shifts the photon state by a phase ¢p¢ in the lower path
L?

24. Consider the following conversation between two students:
e Student A: If we choose our basis vectors in the order |U), |L), the phase shifter which is
placed in the upper path will have a matrix representation as shown below.

vy IL)
[PSy]l = (U] e'¥rs 0
(L o 1

We can see this because the phase shifter in U path only affects the photon state along the
upper path. The matrix elements can be found using the orthogonality conditions for the |U})
and |L) path states, i.e., {U|PS,|U} = (Ulei¢P5|U> = e'®rs and (L|PS,|U) = (Llei¢P5|U) =
0.

e Student B: I agree with you. Also, it makes sense that the operator corresponding to a phase
shifter in the upper path does NOT affect the lower path state (it is equivalent to an identity
operator in the lower path), so the matrix elements involving |L} are {L|PS;,|L) = {L|1|L} =
1 and (U|PSy|L) = (U|1|L) = 0.

Do you agree with the students? Explain your reasoning.

15
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E. Finding probabilities of detectors “clicking” after a phase shifter is inserted due to intermediate
interference at the detectors

For the following questions 25-29, assume Figure 4 is the setup of the MZI.

D2

Mirror 2.

Phase

shifter

Source
kS

SUVEREDSIDE "
ANTI-REFLECTION Mirror 1
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Figure 4
25. Let’s suppose we know that the phase angle of the phase shifter is @pg = 7?” . What is the final state
1
0

the operators [BS1], [PS], [M], and [BS2] and act with these operators on the state |4) = (é) in the

of the photon that starts in state |A) = ( ) when it exits BS2? Hint: Use the matrix representations of

appropriate time-ordered manner.

26. Based upon your response to the preceding question, what is the probability that detector 1 clicks?
(Hint: probability that detector D1 will click is [(C|¥)|2, where |¥) is the final state of the photon
after it passes through BS2).

27. Based upon your response to question 25, what is the probability that detector 2 clicks? (Hint:
probability that detector D2 will click is [(D|W¥)|?, where |¥) is the final state of the photon after it
passes through BS2).
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