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Quantitative literacy—the use of mathematics to describe and understand the world—is

an essential skill. Physics has an opportunity to contribute to how students develop quanti-

tative literacy, as much of physics curriculum centers on making sense of quantitative models.

One facet of quantitative literacy in physics is covariational reasoning : how changes in one

quantity affect changes in another, related quantity. Covariational reasoning is at the heart

of developing and making sense of quantitative models, and is central to graphical reasoning.

Much of the research on covariation lies in mathematics education; the language of covari-

ation has only recently begun to be used amongst physics education research. Research

in physics and mathematics education has demonstrated that reasoning mathematically in

physics contexts is distinct from reasoning mathematically in a context-free way. Early indi-

cations suggest that, similarly, covariational reasoning is likely different in physics contexts

than in mathematics. Moreover, research into quantitative literacy more generally has shown

that it is unlikely to improve in physics classrooms without direct instruction. Therefore,

there is a need to characterize and understand physics covariational reasoning towards devel-

oping instructional activities that can be used in physics classrooms to help students develop

quantitative literacy.

The research presented in this dissertation represents a collection of work that provides a

foundation for instructional activity development. We describe research into characterizing



and operationalizing physics covariational reasoning through a series of studies that examine

how physics experts reasoned while generating graphical models. The results of this study,

together with prior research in the field, are organized into a framework of covariational

reasoning: the Covariational Reasoning in Physics (CoRP) framework. We present this

framework in this dissertation, and describe how it can be used towards identifying learning

outcomes for introductory physics courses and beyond, identifying proto-expert resources

that students may already have when entering physics courses, and developing instructional

interventions that attend to improving students’ quantitative literacy. We then present

two short reflections on two assessment tools, the Physics Inventory of Quantitative Literacy

(PIQL) and the Generalized Equation-based Reasoning inventory of Quantity and Negativity

(GERQN), that are designed to measure physics quantitative literacy across a wide range of

student populations. These assessment tools can be used to measure the impact of instruction

on students’ physics quantitative literacy, and thus are a necessary tool towards designing

activities that are supported by research. This dissertation concludes with a reflection on how

these pieces can be used together for future steps towards the development of instructional

materials.
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GLOSSARY

CONCEPTUAL BLEND: A conceptual blend is the subconcious, interwoven meaning of two
ideas. This analysis was popularized by linguistics Fauconnier and Turner and is used
in physics education to refer to the inseparability of mathematical and physics ideas
[52].

COVARIATIONAL REASONING: How one reasons about how changes in one quantity affect
changes in another, related quantity.

GERQN: The Generalized Equation-based Reasoning inventory of Quantity and Negativ-
ity is a version of the PIQL for algebra-based physics classrooms. It is pronounced
“gherkin.”

PQL: Physics Quantitative Literacy, which is defined by White Brahmia as “Quantitative
literacy in the context of physics, has the potential to be an important learning outcome
for all students taking introductory physics” [166].

PIQL: The Physics Inventory for Quantitative Literacy is an assessment tool for measuring
PQL, validated at the University of Washington for calculus-based physics students and
beyond. It is pronounced “pickle.”

PROCEPTUAL UNDERSTANDING: A combination of the words “procedural” and “conceptual”,
proceptual understanding denotes reasoning that is informed both by making sense of
the procedures involved and the concepts behind why those procedures make sense
[56].

QUANTITATIVE LITERACY: The ways in which one uses familiar mathematics to make
sense of the world in sophisticated ways [139, 102, 166].

ZONE OF PROXIMAL DEVELOPMENT: Defined by Vygotsky as “The distance between the
actual development level as determined by independent problem solving and the level
of potential development as determined through problem solving under adult guidance
or in collaboration with more capable peer” [156].
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1

Chapter 1

INTRODUCTION

Quantitative literacy—the ways in which we use mathematics to interpret and make

sense of the world around us—is an essential part of day to day life. As modeling real-world

observations quantitatively is at the heart of physics, physics courses are excellently suited

to help students develop their quantitative literacy for future careers in STEM and beyond.

In addition, it has been well-established in mathematics and physics education research that

reasoning in pure math contexts is fundamentally different from reasoning in physics contexts,

or contexts in which the quantities are situated in the real world [130, 13, 84, 67, 116, 163].

We cannot simply assume that the mathematics used in physics courses “comes along” with

mathematics instruction. Rather, it must be integrated into the ways physics instructors

teach their students to reason quantitatively.

In physics contexts, we refer to this reasoning as Physics Quantitative Literacy (PQL).

White Brahmia, Olsho, Smith, Broudreaux, Eaton and Zimmerman recently demonstrated

that PQL is unlikely to improve over the course of an introductory physics sequence, even in

classrooms that are using highly refined, research-based instructional materials designed to

improve conceptual physics reasoning [166]. This research was situated at the University of

Washington; the researchers administered an assessment tool, called the Physics Inventory

for Quantitative Literacy (PIQL), to measure PQL across the introductory physics sequence

over the course of several years. An updated version of their results is shown in Figure 1.1.

Research in physics education has used Cohen’s d effect size to measure differences between

pre- and post-instruction; an effect size of about d = 1 is typical on conceptual physics

assessments [96]. The effect size on the data shown in Figure 1.1 is much lower: d = 0:2

from PreMech to PostMech and d = 0:1 from PostMech to PostE&M. From these data,
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Figure 1.1: (A) A distribution of PIQL (Physics Inventory for Quantitative Literacy) scores
from administration in the introductory physics sequence at the University of Washington.
These data are an updated version of our previously published results [166], and represent
results from 801 students who enrolled in all three courses. “Pre-Mech” refers to their scores
coming into the university before physics instruction, “Post-Mech” refers to scores at the
beginning of their second quarter in physics (Introductory E&M), and “Post-EM” refers to
scores at the beginning of their third quarter in physics, after taking Introductory E&M. The
data are modeled with normal distributions. (B) A comparison of the normalized change
(how much a student’s score changed in relation to the amount of points they had to gain
or lose) with their incoming PIQL score.
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we conclude that students’ PIQL scores do not change significantly over the three course

sequence. We consider this evidence that many students are completing an introductory

physics sequence with little to no improvement in their quantitative literacy, even when

instruction is thoughtfully designed and aligned with current research practices.

To examine the change in PIQL score more closely, Figure 1.1 includes a comparison

of the normalized change in PIQL score to students’ incoming PIQL scores (“PreMech”).

Normalized change is a measure recommended in physics education research as it compares

how much a score has changed to how much it could have changed. It is related to normalized

gain, and defined as:

c =

8>>>>>>>><>>>>>>>>:

post�pre
100�pre

if post > pre

drop if post = pre = max or 0

0 if post = pre

post�pre
pre

if post < pre

(1.1)

At first glance, this plot may appear to show a sweeping trend upward for those with initially

high pre-test scores (shown in the upper right) and a sweeping trend downward for those with

initially low pre-test scores (shown in the lower left). However, it is important to note that

normalized change becomes increasingly binned at extreme ends of the spectrum—students

who initially scored a 19 can only have a normalized change of 1, if they improve on the

assessment. Therefore, we suggest this pattern is a feature of normalized change and the

data demonstrate little improvement and no obvious patterns as to which students may be

benefiting from instruction.

Preliminary work by Guo, Zimmerman, and White Brahmia suggests this trend continues

in upper division courses [58]. Gains from the 100 to 200 level were reasonably similar across

incoming scores, but the 200 to 300 level tells a different story. Students with incoming scores

in the top third of the distribution were likely to have higher PIQL scores after taking a 300

level course, whereas students with incoming scores in the bottom third of the distribution

were likely to experience little change. A student from the study was reflecting on the score
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distribution shown in Figure 6.5, and stated:

“I found it interesting that even as students advance through higher

level physics classes, they don’t really gain a better understanding...I

honestly found it [the lack of collective improvement] really reassur-

ing...I never felt like I was actually improving, just learning more. It’s

kind of a debilitation[sic] feeling.”

This student appears glad to know that they are not alone, but also describes debilitating

feelings. These results suggest that students experiences in a physics major may be partially

pre-determined by their incoming PIQL scores, which, like SAT Math scores, are likely to be

dependent on the socio-economic status of the school district from which they came [112].

For some, the experience is a negative one.

Research in physics education has traditionally centered on conceptual physics content;

research-based interventions tend to focus on a particular conceptual idea that students are

likely to find challenging. The development of research-based, instructional interventions

that target PQL at the introductory level continues to be a growing body of work within

physics education [47, 50, 162, 93], in part because more work is needed to characterize the

ways in which conceptual mathematical ideas are used in introductory physics. Recent re-

search in mathematics education has shown that instructional activities targeting conceptual,

mathematical reasoning can be effective and helpful towards developing student conceptu-

alization of calculus principles [91, 66]. However, due to the differences between reasoning

in mathematics and physics, there is a need to develop similar such materials particular to

physics courses.

An essential part of PQL is developing, making sense of, and validating functional rela-

tionships between two quantities. Mathematics education research has defined covariational

reasoning to mean reasoning about how changes in one quantity affect changes in other,

related quantities. Covariational reasoning is ubiquitous in physics, describing the reason-

ing behind statements such as “the force goes like 1=r2,” “If the speed doubles, the kinetic

energy increases by a factor of four,” and “as distance from the source approaches infinity,
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the potential approaches zero.” The language of covariation, as defined in mathematics ed-

ucation research, has been productive towards characterizing student reasoning in physics

[137, 46, 104, 90, 6]. There remains a need, however, to characterize what we mean by

physics covariational reasoning towards developing materials for physics classrooms that

help students develop this facet of PQL.

This thesis represents a collection of efforts that aim to better understand how experts

and students are reasoning covariationally. The ultimate goal of this work is to provide

the necessary research for instructors and researchers to develop instructional materials that

support student development of covariational reasoning and PQL more broadly, regardless

of their prior instruction. In order to develop such materials, we first need to:

1. Understand what we mean by “covariational reasoning” in physics contexts, as most

of the current research has been conducted in mathematics contexts.

2. Identify learning objectives of introductory physics towards covariational reasoning

that are within students’ zone of proximal development1.

3. Identify what productive resources students coming into an introductory physics course

already have towards reasoning quantitatively in physics contexts.

4. Have an assessment tool to assess potential instruction that builds from where students

are towards our learning objectives for a wide array of physics classrooms.

The chapters of this thesis are aligned with these aims. In Chapter 3, I will present a

study of covariational reasoning in physics experts. This study was integral to developing

an empirical characterization of how physics experts use covariational reasoning differently

than mathematicians. Chapter 4 supplements this research by investigating the role that

1The Zone of Proximal Development is de�ned by Vygotsky as \The distance between the actual de-
velopment level as determined by independent problem solving and the level of potential development as
determined through problem solving under adult guidance or in collaboration with more capable peer"
[156].
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the meaning of the quantities plays when experts reason covariationally. In Chapter 5, I will

present a framework of covariational reasoning that was developed in close collaboration with

Alexis Olsho and Suzanne White Brahmia. This framework is emergent from our research,

and is designed to be a first step towards helping instructors and other researchers identify

learning objectives for covariational reasoning that are appropriate for introductory physics

courses.

Chapter 6 focus on two assessment instruments: the Physics Inventory for Quantita-

tive Literacy (PIQL, pronounced “pickle”) and the Generalized Equation-based Reasoning

Inventory for Quantitative Literacy (GERQN, pronounced “gherkin”). The PIQL was de-

veloped several years ago and has been used at the University of Washington since to help

assess how students in the calculus-based sequence and beyond are reasoning quantitatively.

The GERQN is a newly developed version of the PIQL designed for algebra-based physics

classrooms. Chapter 6 describes how PIQL results can be used to assess what resources

students have coming into introductory physics courses, and identifies a few resources about

covariational reasoning that instructors can build upon. Chapter 6 also discusses the de-

velopment of the GERQN and preliminary findings from its first year implemented at the

University of Washington. It also describes the early findings from an on-going collaboration

with KU Leuven, a university in Belgium, as part of our study into comparing how students’

quantitative literacy develops during a physics major in Europe and in the U.S.

A version of each research chapter in this thesis has been submitted for publication2.

I served as the lead researcher and author for all chapters except Chapter 5, however I

consider all of this work to be highly collaborative. For Chapters 3, 4, 6, I contributed

the majority of the writing. For Chapter 5, my writing contributions are mainly in the

background section and in the description of the framework, as well as via regular discussion

with the lead author, Alexis Olsho. Alexis Olsho, Suzanne White Brahmia, and I developed

the framework together over several years of discussion and consider it a shared result.

2As of June 2nd, Chapters 3, 6 and ?? have been submitted. We anticipate submitting Chapters 4 and
5 imminently.
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The background sections for many of the chapters share similar literary reviews; therefore

I have written a brief background section (Chapter 2) to synthesize these ideas for the reader

of this thesis. The background sections of individual research chapters have been left in their

original forms as a reminder of the important ideas for the studies in that chapter. Finally,

I provide a summative chapter (Ch. 7) which provides a brief description of how this work

might collectively be used towards developing curricular interventions.
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Chapter 2

LITERARY REVIEW

In this section, I aim to situate the work presented in this thesis in the current literature.

As this work is focused on reasoning mathematically in physics contexts, I will first discuss

research into the differences between reasoning mathematically in mathematics contexts and

doing so in physics contexts. I will then share research into how making sense of physical

quantities is central to this difference between the two fields.

A core thread of this thesis is in characterizing and assessing covariational reasoning.

Therefore, the second section of the background describes current research in covariational

reasoning as defined in mathematics education research, and the ways in which physics

education research has begun to engage with the language of covariation. The final section

provides a brief description of the PIQL, its development, and recent findings upon which

much of our analysis and research perspective is based.

2.1 Mathematical Reasoning in Math Class is not the same as Mathematical
Reasoning in Physics Class

Research has demonstrated that reasoning mathematically in physics contexts is different

from reasoning mathematically in mathematics contexts [130, 13, 84, 67, 116, 163]. In this

section, I will provide some examples of this difference, and propose the meaning of quantity

as an essential contribution to why students and experts reason differently in physics than

in pure math contexts.

In 2016, Bajracharya and Thompson report on students solving a task which asks them to

find the change in temperature between two time instances using a graph that depicts the rate

of temperature change (dT=dt) on the vertical axis and time on the horizontal axis (Fig. 2.1).
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Figure 2.1: The graph used in Bajarcharya and Thompson’s study of student quantitative
reasoning about “area-under-the-curve” problems [11].

They found that students who did not have a strong understanding of the meaning of the

area under the curve could not complete the task. Those that relied on a direct integration

approach were stymied by not being provided with a function that related temperature and

time, suggesting they have a procedural understanding of integration. Students that had a

conceptual understanding of integration were able to connect the procedural and conceptual

aspects of solving an integral by finding the area under the curve. This combination of

both procedural and conceptual understandings is referred to by mathematics education

researchers as proceputal understanding, and has been cited as a requisite part of making

sense in calculus and physics contexts [56, 17, 104].

Recent work shows that the importance of a proceptual understanding of change persists

beyond the introductory level—students that were asked to solve negative integrals wres-

tled with the meaning of dx representing a small, negative change [10]. In particular, the

researchers found that the students had dual meanings of the symbol dx. When asked to

make sense of a negative dx quantity, a junior mathematics major stated that it didn’t make

sense unless viewed in a physical context:
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“When you think about just like, the pure math problems, that’s all

you really think about—just the fact that dx is just telling you...what

variable to use. But...here [in the context of a compressed spring], it

represents, it represents something.”

This finding highlights the difference between reasoning mathematically in pure math con-

texts and in physics contexts—physics requires a blended approach, one that combines both

the meaning of the quantities involved and the meaning of the procedures that one undertakes

to solve a problem.

Redish discusses this difference as a change in dialect; while both disciplines appear to

speak the same language, the symbols imply different meaning [116]. In a recent paper,

Taylor and Loverude reflect on student views of physics and mathematics. One student is

quoted stating:

“I have math and physics on different days, so I forget about math

when I go to physics, I forget about physics when I go to math [136].”

Researchers have argued that at the heart of this difference is the blended nature of physics—

in particular, that the physical meaning of the quantities is inseparable from the ways that

mathematical reasoning is used in physics [163, 160].

Conceptual blending originated in linguistics to describe the subconcious blending of

language and metaphor [52]. It has gained popularity in physics education research to

describe the ways that mathematics and physics are inextricably linked [13, 67, 68, 137,

44, 150, 164, 98]. A conceptual blend analysis typically involves a fine-grained approach

where mathematics and physics “input spaces” are identified for particular utterances or

equations that are subconsciously blended into one idea. There is also growing use of the

term more informally amongst physics education research to refer to the blended nature of

mathematical structure and physical meaning [166, 103, 44, 86]. The work presented in this

thesis takes the perspective that mathematical reasoning in physics is inherently a blended

cognitive activity.
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Figure 2.2: (A) the measurement symbolic form [42], (B) the quantity symbolic form [160]

2.2 Reasoning about Symbols and Quantities in Physics Contexts

Research in both physics and mathematics education has shown that the meaning of quantity

plays an essential role in developing, making sense of, and validating mathematical models

[139, 71, 163, 165, 39, 40, 78]. However, armed with the knowledge that mathematical

reasoning in physics is distinct, there is a need to better understand how physics students

and experts do use and make sense of symbols and quantities.

Sherin developed a framework to characterize symbolic patterns in the ways that upper-

division physics students were observed to make sense of various physics equations [130].

These “symbolic forms” represent how a proceputal, and blended, view of symbols and

quantities are useful in physics education. For example, consider the symbolic form base +

change: □+∆. In this form, Sherin identified how students described a quantity accumulat-

ing, beginning with an initial value and gaining amounts of change over time. Mathematics

education research, in which quantity often means a value with a unit, has defined a measure-

ment symbolic form shown in Fig. 2.2A. White Brahmia adds to this definition in physics to

develop the quantity symbolic form which includes sign, and implies a physical connection to

the meaning of the quantity that goes beyond the unit associated with the value (Fig. 2.2B)

[160]. For example, consider a variable m which is understood to have units of kilograms.

In physics, the unit kilograms also implies that the value of m is understood to be a positive
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Figure 2.3: Two popular modeling cycles in mathematics and physics education research;
(A) by Blum and Leiß[16] and (B) by Uhden, Karam, Pietrocola, and Pospiech [148]

number.

Reasoning about symbols in the context of physics has been shown to be more difficult

for students coming into physics from mathematics courses, where the physical meaning

of the quantities cannot be guaranteed to “come along for the ride” [130, 143, 163, 103].

Traditionally, the development of mathematical models is referred to as a cycle, where the

first and last steps are often centered on connecting the mathematics to the meaning of

the quantities involved. Consider the two modeling cycles in Figure 2.3 that are popular in

both mathematics and physics education. Common across these different descriptions are

two important features: (1) the separation of physics and math reasoning spaces, and (2)

the cycles that are shown to leave from, and return to, the physical world between which

reasoners “do math.” However, making sense of the meaning of the quantities has been

shown to be an essential, continuous activity when modeling the real world [37, 160].

Research in mathematics education suggests that there is little evidence students reason

in cyclic patterns [53, 7]. Recent work by Czocher examined engineering students solving

a wide variety of word problems akin to those in mathematics and engineering textbooks.

Her research showed that successful students—those that were able to produce mathematical

models of the various problems they were asked to solve—did not follow a cyclic approach
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as suggested by these diagrams [37]. Rather, the students were shown to go back to the

problem to reflect on the meaning of the quantities involved throughout model development

(rather than simply at the end). Similarly, Serbin and Wawro demonstrate that upper-

division students enrolled in quantum mechanics physics courses were likely to use “physics-

like” and “math-like” reasoning in deeply interconnected ways, as opposed to reasoning first

physically, then computing, and then making sense of the mathematics in the context of the

problem [128]. The authors state “when students draw on their mathematical knowledge. . . it

relies on their understanding of how the mathematical concepts and physics concepts are

intertwined” [128]. We expand on our own observations of the connection between quantity

and mathematical sense making in Chapters 4 and 5.

2.3 Covariational Reasoning in Mathematics and Physics Education

Covariational reasoning—reasoning about how one quantity changes as a result of changes in

another, related quantity—is an essential part of reasoning quantitatively in physics and de-

veloping, making sense of, and validating mathematical models [28, 141, 166]. Covariational

reasoning was developed in mathematics education research, and is an essential tool for rea-

soning about a relationship between two or more quantities [138, 36, 125, 28, 94, 33, 70, 65,

141, 107, 45, 23]. In recent years, physics education research has taken up the language of

covariation [137, 46, 104, 90, 6]. There is also a large body of work in physics education that

relates to covariational reasoning prior to the adaptation of the language from mathematics

education research [18, 5, 88, 130, 8, 146, 15]. In this section, we provide a brief summary of

how covariational reasoning has been used in mathematics education research and in physics

education research.

2.3.1 Covariational Reasoning in Mathematics Education Research

Covariation has been studied in contexts of reasoning about function [36, 29, 100, 72, 141,

107], as well as graphing and the use of coordinate systems [95, 157, 70, 65, 24], and found

to be an essential component of reasoning about rates of change. Mathematics education
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researchers Carlson et al. developed a framework of mental actions (MA) and associated

behaviors that effectively operationalizes covariational reasoning [28]. This original frame-

work was based on results from a study in 1998 into undergraduate and graduate students

reasoning about function [28, 29]. The framework was revised in 2017 [141], and summarized

by Jones in 2022 [76]. These frameworks have been productive for studies into how students

reason about rates of change [28, 31, 71, 76], limits and accumulation [30], coordinate sys-

tems [95], parametric relationships [106], and generating graphs [33, 157, 65]. We find Jones’

simplified and streamlined framework was most productive for our analysis across the studies

presented here [76]. A slightly modified version is shown in Table 2.1.

2.3.2 Covariational Reasoning in Physics Education

In physics education research, reasoning about how two or more quantities change with

respect to one another often falls under the names of proportional reasoning or scaling

[5, 18, 17, 15]. Proportional reasoning typically refers to directly proportional relationships

(i.e. F / a), and has at times been extended to refer to non-linear relationships (i.e. U /

�1=r). Scaling is often considered to refer to geometric contexts, however it is also stretched

throughout the literature to refer to relating discrete changes of two quantities (i.e. if I

double this, what happens to that?). In the language of covariational reasoning, we consider

proportional reasoning to be a linear version of covariation and scaling to be an instance

of discrete covariation. Recent work in physics education research has demonstrated that

the language of covariational reasoning from mathematics education is helpful in analyzing

novice and expert work [137, 46, 104, 90, 151, 172, 171, 133]. However, preliminary work

in characterizing physics experts’ covariational reasoning through the lens of covariation as

defined in Table ?? suggests that there are some distinct differences between the ways that

physics and mathematics experts reason covariationally [172, 171].
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Label Mental Action [28,
141]

Brief Description [76] Example Behavior

MA 1 Recognize
Dependence

Identify variables that are
dependent

Labeling axes

MA 1.5 Precoordination Asynchronous changes in
variables

Articulating that first, one
quantity changes, and then
the other changes

MA 2 Gross Coordination General increase/decrease
relationship

Describing that as one
quantity increases, another
decreases

MA 3 Coordination of Val-
ues

Tracking variable’s values Plotting points

MA 4 Chunky Continuous Values changing in discrete
chunks

Articulating that as one
quantity doubles, the other
triples

MA 5 Smooth Continuous Continuous, simultaneous
changes

Describing that the quanti-
ties vary together, smoothly
and continuously

Table 2.1: A summary of the covariational reasoning mental actions (MA) used in this study.
The framework we provide here is a slightly modified version of that summarized by Jones
in 2022 [28, 141, 76]. We use names and descriptions from Jones’ summary. Numeric labels
and example behaviors were added by the authors and correspond to the original mental
actions from the 2002 framework, with the addition of 1.5 for “precoordination”, for ease of
reference within this paper.
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Figure 2.4: An example item from the PIQL [166, 1].

2.4 Assessing Quantitative Literacy: the PIQL

In order to determine whether instruction is improving students’ quantitative literacy, in-

cluding covariational reasoning, we require an assessment tool. The Physics Inventory for

Quantitative Literacy (PIQL) was developed at the University of Washington, and is avail-

able for widespread use [166, 1]. The PIQL is designed for calculus-based classrooms, and is

a reasoning inventory, meaning that it measures how students make sense of novel situations

rather than content knowledge. An example of a PIQL item is shown in Figure 2.4. In this

item, students are prompted to develop a way to quantify the “steepness” of the slide, and

rank four slides based on how steep they are.

The items on the PIQL are designed to measure three main categories of quantitative

reasoning: reasoning about signs, proportional reasoning, and covariational reasoning. We

note that while proportional reasoning is a subset of covariation, it is so common in physics

that we consider it its own category for the purposes of item development. The PIQL was

developed and validated over several years, following the procedure described by Adams and

Weiman [3]. It has been administered in the calculus-based sequence for several years at the

University of Washington, and recent work has begun exploring how students’ scores change

in upper division courses [?].

Analysis has found that PIQL scores are unlikely to change during the course of instruc-
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Figure 2.5: The correlation between incoming PIQL score (before any physics instruction
at the University of Washington) and final course grade after one quarter of introductory
physics. These data represent a sample of 1024 students. The linear regression shown is
described by: (Course Grade) = (60� 1) + (0:39� 0:02)(PIQL Score). R2 = 0:31� 0:03.

tion (Fig 1.1 A), and are positively correlated to course grade (Fig 2.5). A single regression

analysis shows that R2 = 0:31 � 0:03, which can be interpreted to mean that 30% of the

students’ course grade can be explained by their incoming PIQL score. If quantitative rea-

soning is not improving as a result of instruction—especially considering the instruction at

the University of Washington has been developed over many years as a result of research—

there is a concern that participation and perceived success in physics may be related to the

school district students are coming from.

We suspect this issue continues in the algebra-based sequence, and therefore have devel-

oped an algebra-based version of the PIQL. This assessment’s development, distinction from

the PIQL, and early results are discussed in Chapter 6.
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Chapter 3

CHARACTERIZING EXPERT PHYSICS COVARIATIONAL
REASONING IN GRAPHING TASKS

3.1 Introduction

Learning to model the physical world quantitatively is a key objective of courses in physics,

math, and other mathematics-based disciplines [63, 48, 20]. Reasoning quantitatively is at

the heart of what it means to “think like a physicist.” There is a large body of research

in physics education that has examined the role of conceptualizing mathematics in how

students reason about physics [148, 79, 154, 25, 69]. Emergent from this research is evidence

that quantitative reasoning is fundamentally different in a physics setting than in a purely

mathematical one [130, 13, 84, 67, 116, 163].

A central construct for this chapter is covariational reasoning. Covariational reasoning is

a common subject of mathematics education research [138, 28, 102, 70, 141, 65, 76]. A simple

working definition is that covariational reasoning is the reasoning used when coordinating

how two quantities vary. Mathematics education researchers have effectively operationalized

covariational reasoning by creating a framework of “mental actions” that describes specific

ways in which covariational reasoning can be observed in novice and expert mathematical

reasoning [28, 141, 76]. Covariational reasoning, and the associated mental actions described

by mathematics education research, resemble ideas widely found in physics; e.g. in the im-

mediate moments after a switch is closed in a circuit, the voltage increases as time increases.

However, the rate of increase diminishes until the voltage reaches a steady value equal to the

battery voltage.

The work described in this chapter began as an effort to determine the extent to which

covariational reasoning, as described by mathematics education researchers, is a useful lens
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through which physics reasoning can be studied. We began by replicating a study of expert

mathematics covariation with physics experts and comparing the two populations’ reasoning.

The replicated study involved novel graphing tasks—that is, the tasks prompted participants

to relate familiar quantities in unfamiliar ways. The lack of familiarity with the relationship

between the quantities was intended to prompt participants to use covariational reasoning.

As our project with physics experts progressed, it became clear that covariational reasoning

as described by mathematics education research is indeed a useful way to analyze reasoning

by expert physicists, but that physics covariational reasoning encompasses a broader set of

thought processes.

Therefore, we expanded our investigation into two questions:

• Research Question 1: In what ways are the covariational reasoning frameworks de-

veloped by mathematics education researchers productive for describing expert physi-

cists’ modeling in novel graphing tasks?

• Research Question 2: What patterns do we observe in the covariational reasoning

of physics experts as they solve novel graphing tasks?

We examine these questions across three studies: Study 1, in which we replicate mathe-

matics education researchers Hobson and Moore’s 2017 study of expert mathematics covari-

ational reasoning [65] with physics experts; Study 2, an extension of this work with tasks

situated in more advanced physics contexts; and Study 3, an extension of Studies 1 and 2

with a broader population. We identify the ways in which the mathematics covariational

reasoning framework is useful in analyzing physics experts’ reasoning, and propose five emer-

gent reasoning devices and three problem solving modes that represent a wider set of thought

processes related to physics covariational reasoning. While these devices and modes may not

be exclusive to physics, they were prevalent throughout our experts’ reasoning and seem

essential to a complete description of physics covariation.
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3.2 Background

In this section, we situate our work in the current literature on covariational reasoning in

mathematics and physics education research. As covariational reasoning is an essential part

of developing, making sense of, and validating mathematical models [139, 28], we begin by

reflecting on traditional perspectives on the mathematical modeling in physical contexts and

how these perspectives relate to this work. We then discuss covariational reasoning as defined

by mathematics education researchers, and examine work in physics education research on

reasoning about rates of change through a covariational reasoning lens. Finally, we provide

a brief summary of expert mathematics covariational reasoning as described by Hobson and

Moore [65], as their study forms the jumping off point of our research.

3.2.1 Modeling and Covariational Reasoning

Modeling involves making connections between the real world and mathematics, as shown in

Blum and Leiß’s modeling cycle (reproduced in Fig. 2.3A) [16]. Research in mathematics and

physics education demonstrates that attending to the physical meaning of a quantity is an

essential part of modeling across many contexts [139, 161, 160, 39, 78]. Reasoning about the

meaning of quantities in a particular model is traditionally described as an initial and/or final

step in the modeling cycle. However, a recent study of engineering students demonstrated

that making sense of the meaning of the quantities involved in a particular model was a

continuous activity throughout the modeling process [37]. These findings are in line with

recent work that suggests reasoning mathematically in physics can be viewed as a blend of

conceptual mathematical ideas and reasoning about the physical meaning of the quantities

involved [13, 67, 116, 137, 68, 44, 160, 150]. We take the blended nature of physics and math

as a foundation of our research perspective. Therefore, we suggest that physics covariational

reasoning is necessarily grounded in the meaning of the relevant physical quantities.

In mathematics education research, covariational reasoning is defined broadly as reason-

ing about how two or more quantities vary with respect to one another [141]. It has been
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studied in the context of mathematics for several decades, and is an essential tool for reason-

ing about a relationship between two or more quantities [138, 36, 125, 28, 94, 33, 70, 65, 141,

107, 45, 23]. Mathematics education researchers Carlson et al. developed a framework of

mental actions (MA) and associated behaviors that effectively operationalizes covariational

reasoning, and has been used by researchers to investigate covariational reasoning in student

and expert statements [28, 141, 65, 76]. This original framework was based on results from

a study in 1998 into undergraduate and graduate students reasoning about function [28, 29].

The framework was revised in 2017 [141], and summarized by Jones in 2022 [76]. We find

Jones’ simplified and streamlined framework was most productive for our analysis [76], and

a slightly modified version is shown in Table 2.1.

Physics education researchers describe student reasoning about change using the lan-

guage of proportional reasoning [18, 5, 88, 130] and scaling [8, 146, 15]. In the context of

covariational reasoning, we argue that proportional reasoning is a linear version of covari-

ation and that scaling could be described in the language of the mathematics covariational

reasoning framework as Mental Action 4: Chunky Continuous, in which one might ask “if I

double this, what happens to that?” Physics education research has already begun to benefit

from integrating the language of covariational reasoning in investigations into mathematical

modeling in physics [137, 46, 104, 90, 6]. Incorporating the language of covariation has thus

far been useful in physics education research, and we suggest this may be because it allows

for descriptions of reasoning about change across a wide variety of continuous, functional

relationships between two or more quantities [76].

Covariation in mathematics is centered on explicitly coordinating the change in one quan-

tity with the change in another, i.e. “as time increases, the distance will also increase.” We

will refer to this as “direct” covariational reasoning. While direct covariational reasoning

certainly appears often in physics, there is some preliminary evidence that covariation and

reasoning about quantities more generally may have additional, distinct features in physics

[172, 160]. In particular, early findings in our prior work suggest that physics covariational

reasoning may involve a broader tool set than reasoning focused on the specific functional
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relationship between two quantities [172, 104], perhaps due to the blended nature of physics

reasoning. In this chapter, we will use the mental actions as described in Table 2.1 as a

launching point for our investigation into physics covariational reasoning.

3.2.2 Expert Mathematics Covariational Reasoning: Hobson and Moore’s 2017 Study

The first study described in this chapter is a replication of a study conducted by Hobson

and Moore in 2017 [65]. That study examined how expert mathematicians use covariational

reasoning by asking several mathematics graduate students to complete novel graphing tasks.

The authors considered graduate students to represent experts in the context of the intro-

ductory calculus problems, as graduate students are expected to “have sufficient experience

engaging in tasks involving representing and reasoning about quantities” [65]. The graduate

students were given animations developed by the researchers of three graphing tasks identical

to those shown in Figure 3.1, with place names adjusted to the local region.

All three tasks asked participants to relate a particular quantity (e.g., the height of a

Ferris wheel cart) to the total distance traveled of an object moving at constant speed. This

was an intentional choice by the researchers, who noted the facility with time-based motion

tasks that many experts in math-based disciplines have acquired. The research demonstrated

that mathematics graduate students were likely to:

(1) Directly covary the quantities asked for in the task (in some cases, with prompting

from the interviewer), and

(2) Equally divide the domain of the task, or large sections of the motion, into small

sections to compare the change in the two quantities and then map these equal segments

to their graphs [65].

In this chapter, we report the results from our replication study and compare our observations

to those provided by Hobson and Moore. We then discuss the results from the extension

studies that examined a broader set of physics contexts and included a larger population.
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Study 1: Replication Study 2: Extension Study 3: Faculty

Subjects 10 Graduate Students 5 Graduate Students from
Study 1

5 R1 Faculty

5 New Graduate Students

Tasks Going Around Tacoma Gravitation
Electric Charge

Gravitation

Ferris Wheel Ferris Wheel

Square Track

Drone Drone

Intensity Intensity

Table 3.1: A summary of the differences between the populations and tasks across the three
studies.

We report on the patterns we observed across all the studies as physics experts reasoned

covariationally.

3.3 Methods

In this section, we describe the methods, population, and interview tasks used to conduct the

series of studies. We discuss the two analytical approaches we used in our coding process—

grounded theory and thematic analysis—to account for the difference between Study 1,

during which we were informed only by our literary review, and Studies 2 and 3, during

which our analysis was influenced by our experiences from Study 1. Finally, we describe how

we sought patterns in the coded data to address our two research questions.

3.3.1 Study Design

This work was situated at a large, R1 university in the Pacific Northwest. The popula-

tion across the three studies included 20 experts, nine of whom were female or non-binary

identifying and 11 of whom self-identified as male. The pool of experts spanned from first-

year graduate students through tenured professors with over 30 years of experience. The
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population also spanned a variety of physics subfields, including both experimentalists and

theorists. An effort was made to include diversity across race and country of origin. We cat-

egorize the graduate students into two groups: those who were early in their graduate career

and were still enrolled in required courses, and those late in their graduate career who were

fully engaged in research. We entered the research study assuming all of our participants to

be experts in the physics contexts of the tasks across all three studies. We discuss how the

populations compare in the findings.

Study 1 was a replication of the Hobson and Moore 2017 investigation into expert covari-

ational reasoning that was conducted with mathematics graduate students (see Sec. 3.2.2).

In order to study expert physics covariational reasoning, we repeated their study with a

population of physics graduate students. Study 2 was an extension of Study 1, using new

tasks situated outside of constant motion contexts. Constant motion contexts are so com-

monplace for physics graduate students that they are likely part of their everyday thinking.

We hoped to elicit a wider variety of reasoning by asking the graduate students to engage

with less-familiar contexts in Study 2.

Study 3 was conducted with five tenure-track or tenured physics professors. The intent

was to see if the patterns we noticed in graduate students’ reasoning were present in faculty

members’ reasoning, and if any new patterns might emerge. Study 3 used a subset of tasks

from the Studies 1 and 2 (see Table 3.1).

In all three studies, participants were solicited by email and offered a gift card to a local

coffee shop as a thank you for their time and effort. An interview involved one interviewer and

one participant. During each interview, the participant was presented with a handout of three

to four graphing tasks. Participants had access to a computer that allowed them to interact

with short animations associated with each prompt. Each task prompted the participant to

create a graph to represent the relationship between two quantities. The participants were

invited to move between questions at their own pace, and play the animations as desired. The

interviews lasted between 25 and 50 minutes, depending on how long the participants chose to

work on the tasks. The participants were encouraged to think aloud while they created their
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Figure 3.1: Stills from the animations associated with tasks administered in Study 1: (A)
Going Around Tacoma, (B) Ferris Wheel, and (C) Square Track. All tasks asked participants
to create a graph that related a particular quantity (distance to Tacoma, height of the cart,
and distance from the cart to the wall, respectively) to the total distance traveled of an
object in constant motion. These graphing tasks are identical those in the original study
conducted by Hobson and Moore [65], with the exception that we changed the place names
in Going Around Tacoma.

graph, and the interviewer asked follow up questions after the participant expressed they

were finished with all of the tasks. The interviews were audio recorded; initial transcripts

were created automatically using the Otter.ai software program [2], and were subsequently

hand corrected.

The following sections discuss details particular to each study, including a brief description

of the tasks. A summary comparison of the populations and tasks used in the three studies

can be found in Table 3.1.

3.3.2 Study 1: Replication Study

In Study 1, we followed the procedure described in Hobson and Moore’s 2017 paper. We

used the same tasks as those they administered with minor modifications of the place names

to reflect the local area (Fig. 3.1). We included both written descriptions and animations of

each task’s context. We recruited 10 physics graduate students to participate as our experts,
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Figure 3.2: Stills from the animations associated with the first task administered in Study
2. Participants either saw (A) Electric Charge or (B) Gravitation. The tasks prompt par-
ticipants to create a graph that relates either the electric or gravitational potential and the
total distance traveled of the probe or spaceship, as it moves at constant speed from start
to finish.

Figure 3.3: Stills from the animations associated with the second and third tasks adminis-
tered in Study 2: (A) Drone, in which participants were prompted to create a graph that
relates the height to the angle of the drone, flying in the arc shown, and (B) Intensity, in
which participants were prompted to create a graph that relates the intensity measured by
the probe at the side of the liquid column to the total distance traveled of the probe as it
moves from the bottom of the column to the top.
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consistent with the original study [65].

Each task prompts the participant to create a graph that relates a particular quantity to

the total distance traveled by an object (Fig. 3.1). In the first task, Going Around Tacoma,

participants are asked to relate the distance from Tacoma and the total distance traveled

by the car. In the second task, Ferris Wheel, participants are asked to relate the height of

the Ferris wheel cart and the total distance traveled by the cart. In the third task, Square

Track, participants are asked to relate the distance of the go-cart from the wall to the total

distance traveled by the go-cart.

3.3.3 Study 2: Extension Study

The extension study was designed upon reflection of the results from the replication study

(Study 1). The interviewers noticed that the physics graduate students were so well ac-

quainted with motion-based tasks that few of the graduate students engaged in direct co-

variational reasoning—that is, they were unlikely to compare the change in one quantity to

the change in another, and instead assigned functional relationships between the two quanti-

ties [172]. While it may not surprise physics instructors and researchers that an expert would

rely on their understanding of kinematics rather than develop a new relationship between

the two distances, this was notably different from the mathematicians. The similarities and

differences in the patterns from our interviews are compared to those reported by Hobson

and Moore thoroughly in Section 3.4.1.

In order to better understand how physics experts use covariational reasoning, a new

set of three tasks were developed using physics contexts outside of kinematics. A summary

of the tasks can be found in Figures 3.2 and 3.3. We designed two isomorphic versions of

the first task, Going Around Tacoma. One version, Electric Charge, asks the participants

to relate the electric potential measured by a probe and the total distance traveled as the

probe moves around a charge (Fig. 3.2A). The other version, Gravitation, asks participants

to relate the gravitational potential of the system and the total distance traveled of a rocket

ship as it moves around a planet called Rigamarole (Fig. 3.2B). Half of the graduate students
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were given Electric Charge, and the other half were given Gravitation.

The second task, Drone, was designed to relate two familiar quantities—height and

angle—in a novel way (Fig. 3.3A). The task asks participants to relate the height of a

drone to the angle the drone makes with the horizontal axis, with the constraint that the

drone is designed to tilt such that its axis is always aligned with its velocity vector (as shown

with the faded drone images in the figure). Finally, the third task, Intensity, depicts a laser

shining through a column of liquid and asks participants to relate the intensity measured

by a probe and the total distance traveled by the probe as it moves with apparent constant

speed upward along the column of liquid (Fig. 3.3B). All of the graduate students saw both

Drone and Intensity.

Five graduate students from the first study elected to participate in the extension study,

and five additional graduate students were recruited to ensure there was no bias from par-

ticipating in the first round.

3.3.4 Study 3: Faculty Study

The final study probed whether the patterns that emerged amongst graduate students could

be observed in faculty reasoning and whether any new patterns emerged in a population

with more extensive physics experience. The tasks for this study were chosen based on the

researchers’ experience with the tasks in the first two studies. Ferris Wheel, Gravitation,

Drone, and Intensity had been most successful at eliciting covariational reasoning.

Five faculty members were recruited individually by email based on their strong engage-

ment with teaching. We considered engagement with teaching as a measure of those faculty

that may be most likely to be able and willing to think aloud about their reasoning.

3.3.5 Data Analysis

The interviews were analyzed through an iterative, qualitative coding process. For Study

1, the research team’s analysis was informed by prior literature on covariational reasoning

in mathematics education research, as well as prior literature on proportional reasoning and
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Figure 3.4: An example time on task chart for a faculty member from Study 3. The horizontal
axis represents normalized time, or the fraction of time on task. The symbol represents the
time the category was coded, and the band represents the duration that the interviewee was
engaged with that kind of reasoning.

scaling in physics education research. The aim of Study 1 was to investigate the similarities

and differences in the ways the physics graduate students reasoned covariationally, as com-

pared to the covariational reasoning of mathematics graduate students reported in Hobson

and Moore’s study. However, we wanted to ensure that the results rose out of the data itself.

We chose to set aside the mathematics covariational reasoning framework and employed a

modified grounded theory approach [55] to seek patterns in the data. A grounded theory ap-

proach provided a framework to acknowledge the prior knowledge the research team brought

to the analysis and to reflect the effort made to seek emerging codes from the data.

Grounded theory involves three main steps: initial coding, intermediate coding, and

advanced coding [55, 105]. In initial coding, the research team codes as they read through

the data, allowing the codes to emerge from the data as they read it. This process is refined

and reviewed through iterative passes of coding until the codes are stable and orthogonal—

meaning every code is applied more than once, and that each code means something different

and distinct than another. These codes are then reflected on by the research team, and

reliability is ensured by having a second member of the research team code the data using

the proposed codebook. If the codes are consistent, the codebook is considered validated.

During intermediate coding, the codes are collected into categories. During our analysis, this

process was conducted by having two members of the research team group codes separately,

and then come together to compare, discuss, and finalize the code categories. Finally, during

advanced coding, the entire research team reflects together on the categories to find patterns
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and a cohesive story throughout the data.

Studies 2 and 3 were conducted after Study 1 was analyzed. A thematic analysis frame-

work [97] was used to account for the ways in which the results of Study 1 impacted the

research teams’ interpretation of the data. Thematic analysis provides a structure for the

research team to seek emergent patterns while keeping a record of how prior experiences

with the subject may be influencing the choices they make.

Thematic analysis involves similar steps to grounded theory, but the process is expanded

to include additional reflection by the entire research team and to address issues of prior

experience [97]. The first step of thematic analysis, for example, is to gain familiarity with

the data. In contrast to grounded theory, where one codes during an initial first pass of

the data, thematic analysis encourages the entire research team to become familiar with the

data. During this process, documentation of thoughts and reflections is essential to maintain

a written record of research. During the initial coding phase, thematic analysis relies on

peer debriefing—continuous discussion across research team members—and researcher trian-

gulation, during which multiple members of the research team reflect on pieces of transcript

to choose codes. Similarly to grounded theory, this process is an iterative one. However,

discussion amongst the research team is encouraged to ensure validity of the codes. This

emphasis on discussion and documentation continues through the categorization and pattern

recognition phases.

To ensure the codes were grounded in the data, research team members met regularly dur-

ing the coding process to discuss how the data supported the particular codes that emerged.

Studies 2 and 3 were coded together using the same codebook.

For each set of studies, the lead researcher cyclically coded the transcripts for emergent

patterns related to quantitative reasoning. Between coding cycles, the lead researcher con-

ferred with the research team to establish inter-rater reliability and wide-spread agreement

with the coding scheme. We established code categories by independently clustering codes,

and then discussing our clusters as a group until consensus was reached. The resulting code

categories that are pertinent to the discussion in this chapter can be found in the Appendix.
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The codes and code categories allowed us to compare small pieces of reasoning to the

mathematics covariational reasoning framework, and begin to pull apart the similarities and

differences between the reasoning of mathematics and physics experts. For example, when

we compared the emergent code categories from Study 1 to the framework in Table 2.1, we

found some important connections between the codes we identified and the mental actions

in the mathematics covariational reasoning framework (see Section 3.4.1). As a result, we

used these mental actions as codes in Studies 2 and 3.

It was also evident that there were larger patterns across the experts and tasks for all

three studies. Therefore, we sought patterns between code categories to characterize the ways

in which physics experts engaged with covariational reasoning as part of the wider group of

strategies they used to solve the tasks. We approached this pattern analysis differently for

Study 1 and for Studies 2 and 3 to account for our prior experience; our process for each is

described in detail in the following sections.

Study 1 Data Analysis

To seek patterns between code categories for Study 1, two members of the research team

performed a card-sorting task [34, 127] to characterize larger patterns in expert reasoning.

They separately grouped sections of coded transcript based on the ways participants ex-

pressed their reasoning. The two researchers compared their findings and compiled a list

of reasoning patterns that were observed across all participants. Each pattern is associated

with one or more code categories.

Studies 2 and 3 Data Analysis

Studies 2 and 3 were led by the same researcher who led Study 1. In order to mitigate

confirmation bias while interpreting the patterns in our code categories, we opted out of

using a card sorting task and instead created a timeline (see Figure 3.4) for each participant.

The timelines are plots that show the code categories assigned to a participant over time.

Each plot shows the fraction of total time on task along the horizontal axis, and a mark for
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each code category at the each moment it was assigned. The tails associated with each mark

show for how long the participant was engaged in that code category. Each code category is

plotted with a di�erent shaped mark and color. Therefore, this method allowed the research

team to �nd patterns between colors in the diagrams and then draw conclusions about how

code categories may be interacting, grounding the analysis in the data.

The research team sought patterns in the code categories by looking for categories that

occur at the same time and categories that rarely appear together. As an example, consider

the patterns in Figure 3.4. The code category \Quantity," which includes symbolizing and

relating quantities to one another, often appears at the same time as the code category

\Physical World," which includes making sense of the physical context of the task. In

contrast, the code category \Function," which includes assigning functional forms, often

appears next to|but not at the same time as|the code category \Mental Actions," which

includes the mental actions from the mathematics covariational reasoning framework.

Once initial patterns were identi�ed across the 15 interviews in Studies 2 and 3, we went

back into the transcripts to examine how the participants described their thought processes

and what behaviors were observed by the interviewer at those moments where code categories

coincided or were apart. We then iteratively went back and forth between the timelines and

the transcripts to characterize the patterns we observed.

During this time, some new patterns emerged, some were revised and clari�ed, and others

were set aside. For example, the code category \Graphing," which describes behaviors

associated with drawing a graph, often appears at the same time as \Mental Actions" in

Figure 3.4. The transcript reveals, however, that this is because the mathematical mental

actions describe reasoning that is closely tied to graphical behaviors (e.g. identifying that

two quantities are related is tightly associated with the behavior of labeling the axes of a

graph). This relationship is well documented in mathematics education research, and taken

as a premise of the mathematical mental actions. Therefore, we did not further characterize

this relationship.
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3.4 Findings

Three main patterns emerged:

A. Physics experts engaged with covariational reasoning in some ways that align with the

mathematics covariational reasoning framework (towards Research Question 1).

B. Physics experts used a set of �ve distinct \reasoning devices" that were not well

described by the mathematics covariational reasoning framework (towards Research

Question 2).

C. Physics experts broadly engaged in three di�erent modeling modes when they were

solving covariational graphing tasks (towards Research Question 2).

During our analysis, we also found empirical evidence of the intertwined nature of physical

sense-making and mathematical modeling. This integrated way of reasoning about math

and physics was an essential part of how all experts engaged with the tasks. In this section,

we �rst discuss the relationship between math and physics, as it underlies the rest of our

analysis. We will then discuss the main �ndings in the subsections that follow.

While we did not intend to investigate the relationship between the meaning of the

physical quantities and conceptual mathematics, it was a consistent �nding that was integral

to how the experts reasoned covariationally. As the example timeline in Figure 3.4 shows, the

\Physical World" and \Quantity" code categories often appeared at the same time. Here, our

code category \Physical World" represented when the experts were relating their reasoning

back to the context of the task. \Quantity" referred to when experts symbolized a quantity,

discussed its mathematical structure, or related one quantity to another. In particular, we

found that 78% of the time that Quantity was coded, Physical World was as well. While

this makes sense because they are reasoning about covariation in a physics context, we note

that mathematicians rarely do this.
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The majority of the time these codes coincided, it was because the research team could

not separate the two ideas within a single utterance. For example, one expert working on

Gravitation stated:

\It's got to be negative one over R. Because I want it to fall in."

We stated in Sec. 4.2 that we take the blended nature of physics and mathematics as

a foundation of our research perspective and our evidence supports this perspective. We

suggest that the rest of the �ndings presented here should be interpreted as all involving a

blend between physics and mathematical reasoning. This �nding warrants a more thorough

discussion than is appropriate here, and we are preparing a subsequent report to describe

our �ndings in detail.

3.4.1 Seeking Mathematics Mental Actions in Physics Expert Reasoning

Research Question 1 states, \In what ways is the covariational reasoning framework, as de-

�ned by mathematics education researchers, productive for describing how expert physicists

reasoned while solving novel graphing tasks?" We found that the mathematics covariational

reasoning framework (Table 2.1) was helpful to describe the physics experts' reasoning in all

three studies.

In Study 1, we made an e�ort to set aside the mathematics covariational reasoning

framework to seek emergent codes from the data. Once the data were fully coded, we

were able to draw connections between the codes and some of the mental actions described

in the mathematics covariational reasoning framework. We found that MA 1 (Relating

Quantity), MA 2 (Gross Coordination), MA 3 (Coordination of Values), and MA 4 (Chunky

Continuous) were all present in the codebook (see the Appendix for more details about the

codes themselves). However, we note that we were unable to relate any of the codes that

emerged from our analysis to MA 5 (Smooth Continuous).

In Studies 2 and 3, we used MA 1-4 as codes under the code category \Mental Ac-

tions." These codes were very productive towards characterizing physics experts' reasoning.



35

However, there were other code categories which we consider to be related to the broader

de�nition of covariational reasoning|how the changes in one quantity are related to changes

in another quantity|but are not well described by the mathematics covariational reasoning

framework.

Research Question 2 states, \What patterns do we observe in the reasoning of physics

experts as they solve novel graphing tasks?" We identi�ed �ve \reasoning devices"|thought

processes and behaviors that experts used in while reasoning covariationally|and three

larger modes that physics experts engaged in to create graphical models. These reasoning

devices and modes are distinct from MA 1-5, but are all representative of covariational

reasoning more generally. The following two sections de�ne the devices and modes, and

discuss how they are related.

3.4.2 Reasoning Devices

During the card-sorting task for Study 1, we identi�ed �ve patterns of expert reasoning that

are only partially described by the mathematics covariational reasoning framework. These

patterns were consistent across populations and tasks during Studies 2 and 3, and they

encompass many of the code categories that were di�erent than the mental actions. We

call these \reasoning devices," to illustrate that they are a combination of how the experts

described their own reasoning while talking out loud and the graphing behaviors we observed

the participants perform. In the following subsections, we describe each of these reasoning

devices and the associated mathematics mental action (MA 1-4), if any. A summary of the

reasoning devices can be found in Table 3.2.

Proxy Quantities

We de�ne a \proxy quantity" as a quantity that is not present in the prompt of the task,

but brought in by the interviewee to replace another. We observed that it was often done

to make the task easier to think about. The use of proxy quantities is characterized by an
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Reasoning
Device

Related
MA

Description Example

Proxy Quan-
tity

MA 1 A quantity used to replace
another to make the task
easier to think about.

\It's going at a constant rate.
So time maps one-to-one to, uh,
distance traveled."

Regions of
Consistent
Behavior

MA 2 Separating a domain into
sections that are modeled
by the same function.

\So there's a moment when
they're doing that loop around
Tacoma|looks like half a circle.
So that's going to be a constant
distance."

Physically
Signi�cant
Points

MA 3 Plotting only those points
that hold physical signi�-
cance.

\So it's starting and �nishing
the same distance away...[plots
end points]"

Neighborhood
Analysis

MA 4 Examining the rate of
change of one quantity with
respect to another over a
\small chunk" around a
physically signi�cant point.

\So it's, it's angular velocity has
to be faster when it's in the nar-
row part of the peak...[and] I
have more, more, change in the
angle for smaller change in the
height."

Compiled
Models

[none] The strong association be-
tween a particular func-
tional form and a physical
context.

\And as you get closer the po-
tential is one over R. So I'm lit-
erally just plotting one over R."

Table 3.2: The reasoning devices identi�ed from the physics experts' descriptions of their
reasoning as they thought out loud while solving novel graphing tasks. Each reasoning device
is associated with|but not the same as|a covariational reasoning mental action identi�ed
by mathematics education research (described in Table 2.1).
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interplay between MA 1 and codes related to de�ning, relating, and symbolizing quantities

1. All physics experts were observed to use proxy quantities.

During our interviews, we found use of proxy quantity occurred most often when par-

ticipants substituted time for total distance during constant motion tasks. For example, a

graduate student working on Going Around Tacoma said:

\It looks like they're going at a constant speed, so total distance is

just going to map to time."

They then proceeded to solve the three tasks in Study 1 by thinking out loud about time

instead of total distance while simultaneously labelling the horizontal axis as total distance.

We note that proxy quantities were also observed between quantities that were not related

to motion. For example, one graduate student found it easier to think about the number of

particles than the intensity during the Intensity task:

\I want to say the number of particles is proportional to the intensity...

I don't know if there's a square in there or not."

They proceeded to solve the task relating number of particles to the depth of the liquid,

and then translated the number of particles to intensity, and depth of the liquid to the total

distance traveled of the probe.

Regions of Consistent Behavior

The use of \regions of consistent behavior" is de�ned as dividing a task based on what

parts of the domain make sense to be modeled by the same function. We observed that the

boundaries between regions were often identi�ed by an abrupt change in motion, and experts

tended to focus on modeling one section at a time. This reasoning device is characterized by

an interplay between MA 2 and problem approaches such as breaking down the problem into

1The related code categories are \Considering Quantity" in Study 1, and \MA 1" and \Quantity" in
Studies 2 and 3, as de�ned in the Appendix for the interested reader
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functionally distinct parts 2. All physics experts were observed to use regions of consistent

behavior.

When dividing the tasks into sections in Study 1, all graduate students divided Going

Around Tacoma into three sections: traveling from Seattle to the semi-circular path, going

around the semi-circular path, and traveling to Portland. For example, one graduate student

says upon watching the animation:

\So just from the picture, I'm just going to split it up into each [of

the] segments just because it's easy to �nd the distance from two

lines, and then just from half of a circle."

This observation was consistent across Studies 2 and 3 for the analogous tasks, Gravita-

tion and Electric Charge. Every graduate student in Study 1 also divided Square Track into

two sections: going towards the wall and going away from the wall. They all recognized that

the turning behavior at the midpoints to the wall did not a�ect the distance of the cart to

the wall.

Experts did not necessarily consider the sections \in order." Rather, they were likely

to model each section independently, in whichever order made the most sense to them.

For example, many experts began Going Around Tacoma, Gravitation or Potential by �rst

drawing the middle section.

Physically Signi�cant Points

The use of \physically signi�cant points" is de�ned as choosing and plotting a small number

points that hold physical meaning. For these tasks, this physical meaning might represent

bounds of a quantity (the maximum or minimum) or important in
ection points (e.g., the

sides of the Ferris wheel). We observed that experts often chose physically signi�cant points

as a �rst step towards modeling the tasks. This reasoning device is characterized by an

2The related code categories are \Approach to the Problem" and \Trends of Change" in Study 1, and
\MA 2" and \Graphing" in Studies 2 and 3, as de�ned in the Appendix for the interested reader
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interplay between MA 3 and behaviors such as labeling points on a graph or diagram3. All

physics experts were observed to use physically signi�cant points.

For example, one graduate student began Electric Charge by choosing some points:

\So I start at some small positive, go to some bigger positive, stay

there, and then go back to my initial point."

They plot four points to represent this story, and then complete their graph saying, \And

it'll go like one over R in between." Many of the interviewees were not sure how to begin

with the tasks in Studies 2 and 3 that were less familiar, and nearly all of them chose to

start by plotting points.

Neighborhood Analysis

\Neighborhood analysis" is de�ned by creating a smooth graph by choosing physically sig-

ni�cant points and drawing small line segments centered around those points that represent

the slope of the graph. This was typically followed by connecting these small line segments

with a smooth curve and a verbalization of the second derivative. Neighborhood analysis was

used when participants did not have a ready-to-apply model from prior physics experience.

It is characterized by an interplay between MA 4 and graphing behaviors such as sketching

slopes4. A majority of physics experts used neighborhood analysis.

For example, a graduate student checking the curve they drew for Drone stated:

\Because like, the angle is changing really quickly near the middle.

You kind of think the derivative should be bigger there. And it sort

of is, like, if I look at two, you know, two points around the middle.

Like it's changing a lot faster than say two points here [gestures to

the far left of their graph]."

3The related code categories are \Approach to the Problem" in Study 1, and \MA 3" and \Graphing"
in Studies 2 and 3, as de�ned in the Appendix for the interested reader

4The related code categories are \Trends of Change" in Study 1, and \MA 4" and \Graphing" in Studies
2 and 3, as de�ned in the Appendix for the interested reader
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This graduate student observed that the angle appears to change faster at the apex of

the curve than on the sides, and used that as justi�cation for the slope tangent to the curve

at corresponding points on the graph.

Compiled Models

Finally, we de�ne the use of \compiled models" as accessing an already-known model for a

particular physical context that carries with it a common functional relationship between

two or more quantities. The \1=R2" model for conservative forces is a familiar example

to all physicists. Accessing a compiled model provides the reasoner with a wide variety of

resources about how two quantities relate to one another. We observed experts use compiled

models frequently for tasks that had familiar physical contexts. It is a code category that

emerged from data analysis during Study 1, and was included as a code in Studies 2 and 3

(for more information, please see the Appendix). Compiled models is not associated with a

mental action besides MA 1 (which we consider trivial in this context), because it involves

the application of a model and often does not engage direct covariational reasoning. All

experts were observed to use a variety of compiled models.

For example, upon reading the Ferris Wheel task and watching the animation, one grad-

uate student stated:

\I feel like this is where my like, understanding of trig functions really

comes in handy. Because I know this is a circle. And so the height

goes like a trig function."

This graduate student then quickly generated a graph using the initial position of the

cart to determine the phase of the sine function.

We observed a number of compiled models in various contexts: in constant motion con-

texts, a linear function that relates distance and time (d / t); in scattering light contexts,

an exponential function that relates intensity and depth (I / e� y=y0 ); and in potential en-

ergy contexts, an inverse function that relates potential energy and distance from the source

(U / 1=r).
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These associations manifested verbally (\So potential goes like 1=R"), symbolically, and

graphically, suggesting that they hold deep meaning to the user. They were often used in

conjunction with proxy quantities to form a �nal model for the task, or were used to justify

the use of a proxy quantity. Because compiled models rely on familiar mathematical models,

they are one way that expert physicists were able to arrive at an answer to the tasks without

engaging with direct covariational reasoning besides MA 1.

These �ve reasoning devices often simpli�ed the covariational reasoning tasks, reduced

cognitive load, and reduced direct use of covariational reasoning (i.e. explicitly comparing

the change of one quantity to another). However, we suggest that these devices appear to be

in part habitual, and the avoidance of direct covariational reasoning was likely unintentional.

In addition to simplifying the tasks as part of using reasoning devices, we also observed

physics experts simplify tasks explicitly using arguments about symmetry and limiting cases.

This result adds to other research in physics education on simpli�cation techniques and

limiting cases [158]. Recent work has reported that students who were prompted to evaluate

the validity of proposed mathematical expressions for problems in introductory physics used

a variety of strategies to do so including the canonically taught strategies of limiting/special

cases, unit checking, and considering reasonableness of numbers [6] In a recent study of expert

techniques when problem solving across scienti�c �elds, 100% of those interviewed were

observed to consider what assumptions and simpli�cations they could make [111]. Therefore,

we focus our analysis on thought processes associated more closely with direct covariational

reasoning.

3.4.3 Modes for Graphical Modeling

Our third main �nding is that physics experts were likely to engage in one of three modes

when graphically modeling the relationship between two quantities. These modes are larger

patterns of reasoning that describe the integrated ways in which experts were engaged with

covariational reasoning as described by the mathematics education research frameworks (Ta-
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Figure 3.5: The modes identi�ed in our data are representative of a combination of covari-
ational reasoning mental actions as described by mathematics education research and the
reasoning devices we identi�ed in Section 3.4.2.

ble 2.1) and the reasoning devices described in Sec. 3.4.2 (Table 3.2). This relationship is

shown in Figure 3.5. In this section, we describe how these modes were identi�ed, how they

are de�ned, and how they relate to one another.

During our examination of the participant timelines in Studies 2 and 3, we sought patterns

between the code categories. A striking pattern emerged: there was a consistent interplay

between the code categories \Function" and \Mental Action," as shown in Fig. 3.6. The

code category \Function" describes how experts reasoned using functional forms (i.e. linear,

quadratic, exponential, etc.); it includes applying a Compiled Model and using Neighborhood

Analysis (as described in Table 3.2). The code category \Mental Actions" consists of MA

1-4 from the mathematics covariational reasoning framework5. The interviewees tended to

go between these two code categories while modeling|the categories rarely appeared at the

same time, and physics experts were likely to use one and then the other back-to-back. The

data clustered to three modes of interplay between Function and Mental Actions, which we

call Function Knowing, Choosing, and Generating.

Here we usefunction to refer to the functional form of a relationship between two quan-

tities that describes how two quantities change together. This relationship can be expressed

both graphically and symbolically. For example, a quadratic function can be represented

5The code categories are described in more detail in the Appendix for the interested reader
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Figure 3.6: Four examples of the interplay between Function and Mental Actions across
Studies 2 and 3. These examples were chosen because they are illustrative of the trends we
saw for both faculty and graduate students. The horizontal axis represents time on task,
and is normalized across participants.

Figure 3.7: This �gure depicts the modes we observed experts engage in when modeling, and
the interplay between the mathematics mental actions and reasoning devices for each mode.
The modes are shown to lie along a spectrum from Applying to Generating Models.

symbolically y / x2 and as a parabolic shape in which the dependent quantity varies

smoothly in proportion to the independent quantity squared. For the purposes of this work,

we consider both of these to be \reasoning about function." Across tasks and expert pop-

ulations, we observed physicists use the phrase \goes as" or \goes like" to refer to such a

relationship (ex: \the height goes like a sine function"). We view the use of the phrase

\goes as" or \goes like" to be a clue that someone is engaged in reasoning about a functional

relationship between two quantities [171].
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De�ning Function Knowing, Choosing, and Generating

In this section, we de�ne the three modes, Function Knowing, Choosing, and Generating, and

present evidence from across the three studies. We note that the distinctions between Func-

tion Knowing, Choosing and Generating are not hard and fast; there were many instances

where the research team held discussions about whether a particular portion of transcript

was better characterized as one or another. We suggest that these modes describe a spec-

trum of approaches to modeling from recognizing a well-modeled physical situation towards

generating a model where one doesn't exist. This is represented by the arrow in Fig. 3.7,

which goes from Applying Models to Generating Models.

Function Knowing is characterized by accessing a compiled model and applying it to

the context using important, physically relevant points (such as those described by the initial

conditions of the task). Function Knowing often involves the use of proxy quantities to make

sense of the accessed model in the context of the task. It is described by an interplay between

MA 1 and the use of compiled models (Fig. 3.7).

For example, upon seeing the Ferris Wheel task, many of our interviewees immediately

identi�ed the context as circular motion, and that they would need to use a trigonometric

function. Most then reasoned about how to \map" between time and total distance to make

sense of their initially accessed model that related height and time.

Function Choosing is characterized by using the general trend between physically

signi�cant points to choose between a handful of compiled models. It is described by an

interplay between MA 2 and Compiled Models (Fig. 3.7).

For example, during Intensity, many experts reasoned that the lowest intensity was at zero

distance traveled and the highest at maximum distance traveled. Then interviewees chose

how best to connect the points by using the general trend between them and by reasoning

about which functions made sense in the physical context|e.g. linear or exponential.

Function Generating is characterized by using Neighborhood Analysis: determining

the rate of change at a small number of physically signi�cant points and then plotting the
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Reasoning Mode Item Example

Function Knowing
Quickly associating a
physical context with
a known mathematical
model.

Gravitation \I want to talk about the gravitational potential
energy of the entire system. Okay, so gravitational
potential energy goes as 1=R, one over the total
radius to the system."

Ferris
Wheel

\So, the total distance traveled is proportional to
the time because it's moving at constant speed."

Function Choosing
Plotting physically
signi�cant points and
using the trend
between them based
on the physical
context to choose a
function.

Intensity \And so we expect that at the maximum distance
traveled, the intensity will be greatest. And as light
is absorbed, it will get less great...I have no idea.
I would expect, and it depends if its in the linear
regime, how exactly it will go. But naively, I'd
expect that it'd be roughly linear."

Intensity \So at the top, you'll get the maximum intensity
here and it will drop|it will drop according to
some some curve that depended on this. It could be
an exponent|and likely an exponential. It really
would|should be, uh|should be an exponential
fall because the di�erential probability of having
less light drives the thing."

Function
Generating
Connecting physically
signi�cant points with
a smooth curve using
the rate of change as a
guide.

Drone \The top|basically, the height changes the most
slowly, and then the bottom...and, well, as you in-
crease the angles, the height goes|changes faster.
So you should have a similar trajectory as you
would see in the picture. But how exactly it is,
is a di�erent question. I think you can't solve this
question quantitatively, but qualitatively you can
draw a curve like this."

Table 3.3: The ways in which experts engaged with mathematical modeling while using
covariational reasoning during graphing tasks.
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points along with small line segments that represent the slope of the curve at those points.

The points are then connected with a smooth curve using the line segments as a guide.

Some participants would name the function that looked like the curve they drew, and others

simply ended the task with the graph. It is described by an interplay between MA 4 and

Neighborhood Analysis (Fig. 3.7).

Examples of each pattern are shown in Table 3.3. These examples also help to demon-

strate the distinctions between the three approaches. In the examples of Function Knowing,

both speakers have a model ready at hand, and spend their time deciding how to apply it.

In the examples of Function Choosing, the speakers use the general trend between points

to choose between a handful of possible models. Finally, in the example for Function Gen-

erating, the speaker does not identify a possible function and instead is guided by their

understanding of the �rst and second derivative. We note these approaches are emergent

from the data and are therefore necessarily reliant on the ways the experts chose to talk about

how they were reasoning. However, they do give us some insights into common approaches

expert physicists took when solving graphical covariational reasoning tasks.

Across all three studies, Function Generating was consistently the last-resort option: ex-

perts were likely to begin with Function Knowing or Choosing and �nally engage in Function

Generating only if Function Knowing or Choosing had failed. Figure 3.7 illustrates the spec-

trum we observed from applying models with Function Knowing to developing new models

with Function Generating. The arrow from Applying to Generating Models is inspired by

Tall's 2008 diagram of proceptual reasoning where it represents increasing sophistication

[135]. In Figure 3.7, we suggest the arrow is illustrative of increasing cognitive load and the

observed reasoning progression.

Evidence of Function Knowing, Choosing and Generating from the Studies

We predominately observed Function Knowing and Choosing during Study 1. For Going

Around Tacoma and Square Track, every expert associated the constant motion context

with a linear relationship between the distance asked for in the task and the total distance
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traveled. Therefore, the time spent on these tasks was focused on connecting physically

signi�cant points with straight lines.

During Ferris Wheel, the majority of the graduate students held strong associations

between the circular motion context and trigonometric functions. They quickly identi�ed

that they needed a sine function, and used initial conditions to identify the phase and the

amplitude:

\So our height is just going to be kind of going sinusoidal...[and the

cart] started out at highest point [draws curve]."

Function Generating was used during Ferris Wheel by three of the ten graduate students

in Study 1. These participants did not demonstrate an activated association between circular

motion and trigonometric functions, and instead examined the rate of change at particular

points in order to determine the graph. For example, one graduate student stated:

\So those | kind of | be some kind of curvature to- to this.

So towards the halfway point, when it's almost, when it's halfway to

the bottom, the speed should be the greatest. And then otherwise, it

should be like | should kind of have a lower slope....

So low to high slope back to low slope."

This student drew small line segments to guide their reasoning, and then connected them

with a smooth line to form their �nal graph (Fig. 3.8).

Studies 2 and 3 were designed to probe expert reasoning outside of constant motion (and

circular motion) contexts. Two of the tasks, Gravitation (and Electric Charge) and Inten-

sity required physics knowledge to solve, and therefore necessarily required either Function

Knowing or Choosing. However, these contexts were less familiar to most participants and

we observed that graduate students were likely to toss out several di�erent models while

engaged in Function Choosing. For example, one graduate student stated:

\Not going to use it, but intensity is proportional to the magnitude

of the �eld squared.
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Figure 3.8: A graduate student's work from Ferris Wheel that demonstrates Function Gen-
erating reasoning; the point and line segment they used are highlighted in green.

Yeah, I'm not going to use that. Because...no, I mean, never mind,

I can't use that. That is what that's what intensity is. But I'm not

going to calculate....

Should I consider the situation...exponential from? I guess that's just

me reaching for a model. That happens a lot. Exponential wouldn't

make sense. That's like skin depth penetration. That would be like

a beam hitting a conductor."

This line of reasoning was ultimately productive for the graduate student, as they were

able to get some initial compiled models out of the way by realizing that the models did

not apply to the question being asked. However, they also distracted themselves from the

correct answer (exponential) with other content knowledge.

This example is provided to show the range of Function Choosing|for some, it was a

process of choosing between compiled models that had physical meaning in the context of

the task. For others, it looked like coming up with several possible models from physics

that are related to the quantities involved, and working through which were relevant to

the prompt. Faculty were more likely to engage in the former approach, and early career

graduate students were more likely to use the latter.

Finally, Drone prompted participants to engage in Function Generating. This may re
ect
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Figure 3.9: The time participants in Study 2 and 3 spent Function Knowing, Function Choos-
ing, or Function Generating as a percentage of time spent engaged in function reasoning.

the fact that deriving an analytical solution is challenging and, as one faculty member said,

\messy." Nearly every expert solved Drone by engaging with Function Generating, either as

a check on an initially drawn curve or to develop a curve.

Across Studies 2 and 3, we found the graduate students were most likely to engage in

Function Choosing, and faculty were most likely to engage in Function Knowing or Function

Generating (see Fig. 3.9).

3.5 Discussion

This work seeks to characterize some ways that physics experts reason covariationally while

solving novel graphing tasks. Research Question 1 asks \In what ways are the covariational

reasoning frameworks developed by mathematics education researchers productive for de-

scribing expert physicists' modeling in novel graphing tasks?" We found that some of the

ways mathematics covariational reasoning has been described were consistent with physics

experts' reasoning, and some were not. Research Question 2 asks \What patterns do we ob-

serve in the reasoning of physics experts as they solve novel graphing tasks?" We found �ve

reasoning devices and three modeling modes that were used consistently by all experts while

reasoning covariationally. In this section, we describe how these �ndings relate to current

literature and present a hypothesis for howphysicscovariational reasoning is distinct from

that in mathematics.
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3.5.1 Comparing Mathematics and Physics Expert Reasoning

Our original study|Study 1|was designed as a replication study of Hobson and Moore's

2017 investigation into the covariational reasoning of expert mathematicians. In this section

we examine Research Question 1 by considering how our �ndings are similar to and di�erent

from those of Hobson and Moore.

Hobson and Moore reported that mathematics graduate students:

(1) Directly covaried the quantities asked for in the task (in some cases, with prompting

from the interviewer), and

(2) Equally divided the domain of the task, or large sections of the motion, into small

sections to compare the change in the two quantities and then mapped these equal

segments to their graphs [65].

In comparison to (1), we observed that the physics graduate students from Study 1 all

used time as a proxy quantity for total distance. Hobson and Moore report that, after

prompting from the interviewer, the graduate students they interviewed articulated a direct

covariational relationship between the two distances in their equivalent of Going Around

Tacoma. For example, they report that one student stated, \for every one mile you move

towards the total distance towards [Portland] you're still getting that one mile closer to

[Tacoma]" [65]. In contrast, the physics graduate students working on Going Around Tacoma

simply stated that because the objects moved at constant speed, distance \maps" to time.

One of the graduate students went so far as to create a graph with respect to time. Upon

realizing their mistake, they simply crossed out \time" and wrote \total distance" on the

horizontal axis. No physics graduate students drew a direct connection between the two

distance quantities while thinking aloud or during questioning by the interviewer. We suggest

that this re
ects how ingrained constant motion contexts are for physics experts, and perhaps

also an indication of how ubiquitous proxy quantities are in reasoning about how quantities

are related in physics.
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We also found that physics graduate students were highly likely to section the domain of

a task only if there were distinct regions of consistent behavior. Within a region of consistent

behavior, the graduate students either applied an already-known model or used the rate of

change to generate a graph. Rather than relate equal portions of change to gather points on

the graph and justify a non-linear increase in one quantity for an equal increase in another,

the physics graduate students considered nearly instantaneous rates of change centered on

particular points and assumed a smooth connection between them.

We recognize that Hobson and Moore were not attempting to characterize all of expert

mathematics covariational reasoning; nor are we attempting to describe all of expert physics

covariational reasoning. Rather, we take this replication study as an opportunity to consider

how practices in the two �elds may di�er when reasoning about change. Recognizing the

di�erences in how experts reason covariationally may be informative for instructors to re
ect

on their own reasoning about function and rates of change as it compares to what kinds of

instruction their students may have received.

3.5.2 The Emergent Reasoning Devices and their Relationship to the Mathematics Mental

Actions

During our analysis across all three studies, we identi�ed several reasoning devices that

accompany covariational reasoning used by physics experts. We see these devices as closely

related to many of the direct covariational reasoning mental actions de�ned by mathematics

education researchers [28, 141] (towards Research Question 1). There are also ways that these

devices are distinct, and we suggest these devices contribute to patterns of expertphysics

covariational reasoning when solving novel graphing tasks (towards Research Question 2).

Proxy quantities were consistently used by physics experts across most of the tasks. In

particular, we saw that proxy quantities allowed expert physicists to use models they already

knew e�ciently and \map" the familiar model to the contexts and quantities the task asked

for. We propose proxy quantities as an extension of MA 1 that is particular to physics

covariational reasoning, as it is a tool that we observed physics experts use to replace one
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quantity for another in order to make the task easier to think about.

This reasoning device is reminiscent of \simultaneous covariation" in mathematics edu-

cation research [70], which has been characterized by considering how two quantities change

independently with respect to time and then comparing the independent changes of one to

coincident changes in the other. While a small number of physics experts described their use

of proxy quantities as \parameterization," most simply talked about \replacing" distance

with time. Further, we observed physics experts engaged in using proxy quantities that were

not time, namely, radius for total distance in Gravitation and Electric Charge.

We also observed experts sectioning tasks into regions of consistent behavior, and using

neighborhood analysis to examine the rate of change at particular, physically signi�cant

points. We see sectioning as an extension of MA 2 particular to physics covariational rea-

soning, as the experts were seeking sections where the relationship in the trend was constant

(i.e. articulating that one quantity increases while the other stays the same for a section

of the domain). Similarly, we suggest that neighborhood analysis could be an extension

of MA 4 for physics contexts. Thompson and Carlson's 2017 framework de�nes MA 4 as

comparing discrete change in two quantities. The next step (MA 5) is smooth continuous

variation, in which the person views the quantities changing smoothly together. We suggest

that Neighborhood Analysis sits between these two mental actions; physics experts had in

mind that the quantities changed smoothly, but used small, nearly in�nitesimal, chunks of

discrete change modeled at particular points to guide their smooth curve.

Finally, we suggest there are many di�erences in the goals of physics and mathematics

that might lead to these di�erent approaches in covariational reasoning. As mathematical

modeling is often one step towards a larger goal in physics, a degree of speed and approxima-

tion is expected. We observed many experts use simpli�cation methods|making assump-

tions about the task, only focusing on particular points, using limiting cases to constrain

the context, and using symmetry to get the second half of a task immediately|to great

e�ect seemingly in order to minimize the e�ort they needed to extend. It could be that the

epistemological approach of �nding a model that is, as Albert Einstein said, \\As simple as



53

possible, but not simpler," is a dominant feature of modeling in physics.

3.5.3 Modes Associated with Modeling using Physics Covariational Reasoning

An important pattern in how experts were reasoning about function while mathematizing

during the graphing tasks emerged from the data. We observed three categories of approaches

to reasoning covariationally, both symbolically and graphically, which we call Function Know-

ing, Function Choosing, and Function Generating. In this section, we propose a hypothesis

for how these approaches are used and describe how they represent some important ways

that expert physicists reason covariationally.

We observed that experts were likely to begin with Function Knowing (if accessible),

then work through Function Choosing, if more than one compiled model surfaced. Func-

tion Generating was consistently the last-resort option, and only attempted once Function

Knowing or Choosing was eliminated. We summarize how Function Knowing, Choosing, and

Generating relate in Figure 3.7. From our �ndings, we described the arrow as descriptive

of the observed reasoning progression. We also suggest that it may be related to increasing

experience generating models, as we saw that faculty members were more likely to engage in

Function Generating than either group of graduate students (see Fig. 3.9).

In our model, Function Knowing, Choosing, and Generating are characterized by an in-

terplay between the direct covariational mental actions de�ned by mathematics education

researchers [28, 141] ( Table 2.1) and the reasoning devices described in Table 3.2. The cyclic

representation between mental actions and the devices compiled models and neighborhood

analysis represent the ways in which Function Knowing, Choosing and Generating are in-

timately connected to mental actions and go beyond how the mental actions are described

in mathematics education research (see Fig. 3.5 and 3.7). In particular, Function Choosing

is an interplay between using MA 1 (relating quantity) and accessing a compiled model.

Function Knowing is an interplay between using MA 2 (gross coordination) and accessing

one or more compiled models. Function Generating is an interplay between MA 4 (chunky

continuous) and neighborhood analysis. Function Choosing, Knowing, and Generating are
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all founded on reasoning about quantities in the context of the physical world and their

change with respect to one another. Thus, we propose that Function Choosing, Knowing,

and Generating are three patterns associated with expertphysicscovariational reasoning.

3.5.4 Comparing Faculty and Early Career Graduates

In Function Knowing, Choosing, and Generating, early career graduate students were more

likely to stay in the Function Choosing space. Faculty were more likely to use Function

Generating overall, but were also the most likely to use Function Knowing of the three

populations.

Bing and Redish describe a \journeyman" level that is situated between expert and

novice. Journeymen are characterized as \having su�cient skills that they can no longer be

considered novices, but not yet had su�cient experience with sophisticated problem solving

(and research) to be considered experts" [14]. We suggest that, for early career graduate

students, rigorous, mathematically complex problem solving is the norm. It might be that

they are so continually thrust into a mindset of complex textbook-like physics problems that

they are less likely to solve the tasks we provided with a generative frame of mind. As early

graduate students haven't had much experience in research, our data suggest that engaging

in the theoretical aspects of research may foster comfort with modeling quickly and making

simplifying assumptions. It may also be that \sophisticated problem solving" looks di�erent

from the kind of highly complex tasks early career graduate students are asked to engage in

during coursework. We suggest that our data for early career graduate students are better

described by less experience in research and being in a \test-taking" mindset of coursework

in graduate school, but more research is needed to fully investigate these ideas.

3.6 Conclusion

The mathematics education research community has demonstrated the importance of covari-

ational reasoning for understanding concepts in pre-calculus and calculus. Recognition of the

importance of covariational reasoning led to the development of a framework of covariation
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mental actions, which e�ectively operationalizes covariational reasoning. Mathematics edu-

cation researchers have found that the covariational reasoning frameworks in mathematics

are helpful when investigating student reasoning.

Though prior work suggests that physics experts' covariational reasoning \looks di�erent"

than that described by mathematics education researchers, it also suggests that covariational

reasoning is essential for developing and understanding quantitative models in physics. The

studies described in this chapter were motivated by a desire to understand how physics

experts use covariational reasoning. We examine the reasoning of physics experts engaged in

graphing tasks through the lens of the mathematics covariation mental actions framework.

Our investigation indicates that the covariational reasoning mental actions described by

mathematics education researchers are part of productive quantitative modeling for physics

experts across varied physics contexts.

However, we also �nd that physics experts use a number of other devices, not described

by the mathematics covariational reasoning framework, to coordinate two varying quantities.

These devices are used alongside the mental actions described in mathematics education re-

search to form patterns in physics experts' reasoning that we identify as modeling modes.

We observed these modes across a range of physics contexts and in a range of physics ex-

perts. The modes rely not only on direct covariation, but also on facility with the underlying

mathematics and physics content. In addition, we �nd that for physics experts, direct covari-

ational reasoning is intertwined with sensemaking about the physical world and the relevant

physics quantities. These results suggest that the covariational reasoning frameworks devel-

oped by mathematics education researchers do not fully operationalizephysicscovariational

reasoning.

Covariational reasoning has been de�ned by mathematics education researchers as \the

cognitive activities involved in coordinating two varying quantities while attending to the

ways in which they change in relation to each other" [28]. We suggest that this de�nition is

productive for physics covariational reasoning as well, with the understanding that for physics

experts there exist a number of \cognitive activities" beyond the mental actions described
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by mathematics education researchers. We contend that the set of devices and modeling

modes described in this chapter, along with the mental actions described by mathematics

education researchers, characterizes physics covariational reasoning.

The work described in this chapter provides a foundation for operationalizing physics

covariational reasoning. As a next step, we are using the data collected for these studies

to investigate how physics experts use sensemaking about the physical world to guide their

use of mathematics during covariational reasoning. We are also working to characterize the

understanding of the mathematical foundations and physics quantities that seem to be nec-

essary for expert-like physics covariational reasoning. These �ndings will be synthesized into

a framework of covariational reasoning in physics (CoRP). Our hope is that the CoRP frame-

work will not only operationalize physics covariational reasoning but will also be productive

for characterizing physics students covariational reasoning.
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Chapter 4

EMPIRICAL EVIDENCE FOR THE BLENDED NATURE OF
PHYSICS AND MATHEMATICS

4.1 Introduction

Instruction about modeling in mathematics courses often includes separating \mathematical"

reasoning from reasoning about the real world. This approach suggests that students coming

into physics courses may be primed to reason about mathematics and the real world sepa-

rately; evidence in physics education research supports this assertion [10, 136]. A growing

body of evidence in physics and mathematics education research suggests that this separa-

tion is not representative of how those experienced in physics reason [53, 7, 37, 128]. We

suggest that this separation may also not be representative of how the experts who design

and teach introductory physics courses develop and make sense of models.

If instructors are modeling in physics in ways that are inconsistent with students' pre-

requisite mathematics courses, both students and instructors may be frustrated with the

learning outcomes. Understanding the interface between expert modeling in introductory

physics and students' preparation from prior mathematics courses can help improve teaching

and learning of physics for both students and instructors. To better understand how well the

frameworks common to mathematics instruction align with the ways that physics instruc-

tors approach modeling, we sought evidence of whether physics experts reasoned \purely

mathematically"|that is, in a context-free way{while developing graphical models.

In this study, we reexamined the data presented in Chapter 3 through the lens of mathe-

matical reasoning. It was quickly evident that physical reasoning was ubiquitous and insep-

arable from mathematical reasoning in expert statements. This �nding led to a shift of the

research focus from characterizing a pure math space to a research question that represents
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the core of this chapter: \What are some features of the mathematical reasoning used by

physics experts when modeling graphically?"

The results we present contribute to the growing body of knowledge about how physics

reasoning interacts with mathematical reasoning. Examining the reasoning of physics experts

provides researchers with data from one end of the expert-novice continuum, and may help

physics instructors recognize their own reasoning patterns, assumptions of comprehension,

and emergent expertise in their own students.

4.2 Background

There is a growing consensus that quantitative reasoning in pure math contexts is di�erent

from that in physics contexts [130, 84, 67, 159, 116, 25, 11, 151, 128]. Physics education

researchers have proposed multiple characterizations of this di�erence: Redish described

physics as a linguistic dialect distinct from the language of mathematics [116]; Caballero

pointed to how the operationalization of mathematical tools is often di�erent in physics

than in mathematics [25]; and White Brahmia emphasized the centrality ofquanti�cation to

mathematical modeling in physics contexts, where quanti�cation refers to characterizing a

feature of a system with a quantity|represented by a letter (e.g., x; v; a)|that includes a

unit of measure and typically a sign. [139, 39, 161, 160].

Connecting a quantity's physical meaning to its mathematical representation is an im-

portant part of developing and making sense of mathematical models. Reasoning about

quantities in the context of mathematical models has been shown to be challenging for many

students in introductory physics contexts and beyond, in part because the link between the

meaning and representation is not always made clear [103, 160, 166, 39]. Bajracharya and

Thompson reported that associating the area under the curve with a particular quantity

was an essential skill for success in solving particular graphical analysis tasks [11]. The

authors argued that successful students were able to connect the ideas of area under the

curve and integration, demonstrating both procedural and conceptual understanding of the

underlying mathematics, while also relating the mathematics to its physical meaning. This
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Figure 4.1: Czocher's redraft of Blum and Lei�'s modeling cycle [16, 37]. The original Blum
and Lei�cycle is reproduced in Fig. 2.3.

�nding is aligned with research in physics education that facility with multiple mathemati-

cal representations is a key element of making sense of the meaning of mathematical models

[64, 152, 82, 122, 20].

A common way to represent the sequence of moves in modeling is as a \modeling cy-

cle" in which quanti�cation is an early step, and validation|interpreting a mathematical

model within the physical context|is the last (see the example from Blum and Lei� in

Figure 4.1). Notably, the mathematics space between quanti�cation and validation does not

involve consideration of the physical context, but instead represents mathematical manipula-

tion in absence of attention to physical meaning. Similar cycles with separated mathematics

and real world spaces have been proposed both in physics and in mathematics education

research [16, 115, 117, 148, 167, 89]. While recent education research has moved toward

a more blended perspective of mathematics and physics reasoning, these cyclic representa-

tions commonly frame modeling education in high school mathematics courses and thereby

in
uence students' perceptions of mathematical modeling before coming to college [149, 57].

Research has found little evidence of clearly separated mathematical and real worlds in

quantitative modeling; moreover, the progression of actual modeling may be messier than

the published cycles would suggest [53, 7]. In a recent study, Czocher conducted interviews
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throughout an academic term of four engineering majors enrolled in a di�erential equa-

tions course [37]. In each interview, the students were observed solving problems in physics

contexts that required generating mathematical descriptions from a variety of branches of

mathematics, including di�erential equations. The author described a much �ner-grained

blending of mathematical reasoning and physical sense-making than is represented ina pri-

ori \modeling cycles." Speci�cally, Czocher notes that \there are transitions that appear

out-of-order. This was largely because three of the modeling transitions (understanding,

simplifying/structuring, and validating) appeared early and often throughout the students'

modeling processes" [37]. Serbin and Wawro examined junior and senior physics students'

reasoning in quantum mechanics through the lens of Uhden et al.'s modeling cycle, and simi-

larly found that successful modeling patterns did not support the separate math and physics

reasoning spaces predicted in the theories of how students generate models. The authors state

\when students draw on their mathematical knowledge. . . it relies on their understanding of

how the mathematical concepts and physics concepts are intertwined" [128].

The results of Czocher, and Serbin and Wawro suggest that modeling cycles that main-

tain separate math and physics spaces may require revision to re
ect a tighter blend be-

tween physics-like and math-like reasoning [37, 128]. Typically, conceptual blending is used

in physics education research to describe a �ne-grained approach where particular utter-

ances, equations, or terms are separated into mathematics or physics \input spaces" by the

researcher [52, 13, 67, 68, 137, 126, 150, 98]. These input mental spaces are described as

subconsciously blended into one idea by the speaker. The blended space may also include ut-

terances that are inseparable by the researchers. Increasingly, physics education researchers

are using the term more broadly to refer to the blended nature of mathematical structure

and physical meaning [166, 103, 44, 86].

There remains, however, a question in physics about the prevalence of blended reason-

ing as compared to \purely mathematical" reasoning|i.e. mathematics free of contextual

meaning|and what moving between these reasoning modes might look like for physics ex-

perts. The research we present here focuses on expert modeling in the contexts of graphing
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tasks, adding to current �ndings associated with the blended mental space between physics

and math in modeling.

4.3 Methods

In this section, we describe the methods used to conduct and analyze the think-aloud in-

terviews that were part of our investigation into how expert physicists reason quantitatively

during graphing tasks [169].

4.3.1 Data Collection

We report on results from 15 think-aloud, individual interviews that were conducted with

10 graduate students and �ve faculty members at an R1 university in the Paci�c Northwest.

Of the 15 experts, six were female or non-binary identifying and nine were male identifying.

The pool of experts also spanned a variety of sub�elds, and included both experimentalists

and theorists. An e�ort was made to include diversity across race and country of origin.

Participants were solicited by email, and o�ered a small gift card to a local co�ee shop as a

thank you for their time and e�ort.

The graduate student interview transcripts were divided into two groups of �ve for data

analysis: early career graduate students who were enrolled in required graduate courses, and

late career graduate students who were no longer taking courses outside their research area

and were fully engaged in research.

One member of the research team conducted the interviews, during which the participants

were asked to solve 3{4 graphing tasks. In the analysis described in this chapter, we focus

on three tasks that were identical (or isomorphic) across the 15-person expert pool. For

the �rst task, experts were given one of two isomorphic versions: \Electric Charge" or

\Gravitation" (Fig. 4.2). For the second and third tasks, all experts were given both \Drone"

and \Intensity" (Fig. 4.3). These tasks are the same as those used for data collection in

Chapter 3, and repeated here for ease of the reader. All of the tasks prompted the participant

to watch an animation and create a graph that related two quantities in the animation.
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Figure 4.2: Stills from the animations associated with (A) Electric Charge and (B) Gravi-
tation. The tasks prompt participants to create a graph that relates either the electric or
gravitational potential and the total distance traveled of the probe or spaceship, as it moves
at constant speed from start to �nish. This �gure is reproduced from Chapter 3 for ease of
the reader.

Figure 4.3: Stills from the animations associated with (A) Drone, in which participants were
prompted to create a graph that relates the height to the angle of the drone, 
ying in the arc
shown, and (B) Intensity, in which participants were prompted to create a graph that relates
the intensity measured by the probe at the side of the liquid column to the total distance
traveled of the probe as it moves from the bottom of the column to the top. This �gure is
reproduced from Chapter 3 for ease of the reader.
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Each interview lasted between 25 and 50 minutes, and ended when the participant ex-

pressed that they were �nished with all the tasks. At the end of the interview, the inter-

viewer asked clarifying questions, if applicable. The interviews were audio recorded; initial

transcripts were created automatically using the Otter.ai software program [2], and were

subsequently hand-corrected.

4.3.2 Data Analysis

The data were coded using a thematic analysis framework [97]. Thematic analysis emphasizes

consistent communication across the research team to ensure reliability of the interpretation

of the subjects' statements while recognizing that the research team may bring perspectives to

the work based on prior experience with current literature. The practice assumes noa priori

coding scheme and focuses on grounding the codes in the data through iterative review and

discussion. Our interpretation of these data is informed by our prior experiences, established

theories of mathematical reasoning [16, 115, 117, 148, 167], mathematics education research

testing the cyclic nature of these theories [37, 128], and research in physics education that

uses conceptual blending to describe mathematical reasoning in physics contexts [13, 67, 68,

137, 86, 151, 103, 44, 166] as discussed in Section 4.2.

One member of the research team coded the data, using participants' written work and

notes from the interviewer to con�rm the interpretation of the audio transcripts. Between

coding cycles, the researcher conferred with the research team to establish wide-spread agree-

ment.

Once the codebook was stable, the same iterative process was followed to seek themes

amongst the codes. Several code categories emerged, three of which we share here:

(1) Quantity , which refers to when participants generate, relate, symbolize, or discuss the

mathematical structure of quantities which are inherently situated in the real world.

(2) Task Context , which refers to when participants made explicit reference to the phys-

ical context of the task.
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Code Description Example

Symbolizing Representing quantity with
symbols.

\This is potential, V ."

Q
U

A
N

T
IT

Y

Mathematical
Structure

Choosing a particular struc-
ture or discussing why a
structure makes sense for a
particular quantity.

\So this is only going to be
positive."

Composite
Quantity

De�ning a quantity in terms
of others, or making sense of
why a quantity is constructed
of others.

\ I is gonna be the number
sent in times e to the minus
y over y0, wherey0 is a char-
acteristic, sort of, thickness of
the material."

Proxy
Quantity

Using one quantity in place of
another to make sense of or
visualize what is happening.

\So as I go from distance
traveled, I'm basically start-
ing at a �xed R0 and I'm
going to a smaller R [from]
there."

Code Description Example

TA
S

K
C

O
N

T
E

X
T

Connection
to the Task

Making sense of a quantity
or feature of their graph, or
drawing a diagram to visual-
ize a quantity in the context
of the task.

\And so when they're far
apart, there's low gravita-
tional potential energy."

Code Description Example

M
O

D
E

LS Compiled
Model

When participants bring in a
previously known model from
physics.

\Okay, so I'm going to sort of
invoke Bier's law."

Compiled
Trend

When participants refer to
a particular function and/or
discuss its behavior.

\I'm going to say this is a
graph of something like a mi-
nus arctan ofx."

Table 4.1: Codes associated with the code categories Quantity, Task Context, and Models.
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(3) Models , which refers to the ways in which participants use previously known physical

models or apply their knowledge of particular functions common in physics.

Table 4.1 shows the codes in these categories, along with a short description and example of

each code.

The research team took care to allow the codes to emerge from the data. Upon �rst glance,

a code for \physical reasoning" seemed appropriate, however it quickly became clear that the

\physical reasoning" code was ubiquitous across the data, rendering it meaningless. The lead

coder also felt they could not distinguish between \physical" and \mathematical" reasoning

throughout the data, even after lengthy discussion with the research team. Therefore, we

instead developed the code \Connection to the Task," and established the boundary that

this code only included instances in which experts explicitly relate their reasoning to the

task at hand. This distinction removed some of the subjective interpretation associated with

deciding what kind of reasoning is physical, and grounded the coding in the statements of

the experts. A consequence of this decision is that reasoning about an abstract physical

model is not included in the \Task Context" category. For example, one expert stated:

\If I think about vx over vy, vx is a constant andvy is linear in t."

This statement is categorized as \Quantity," since the expert is symbolizing velocity quan-

tities, but not \Task Context" since they are reasoning using the kinematic equations in

abstract terms. Instead, we applied a separate code, \Compiled Models," to indicate they

were using a previously-known model [169]. In contrast, later in their reasoning this expert

stated:

\As we get towards the top...as my height increases, my angle|does it change

faster?"

It is clear the expert is considering the context of the task at hand when they talk about

\the top" and the statement is categorized as \Task Context."
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We created timeline charts to seek patterns between code categories. The timeline charts

visually represented segments of transcript for when a participant's reasoning was assigned

a particular code category, and the duration for which they were coded in that category.

Figure 4.4 shows six representative timelines from our data. We sought patterns in which

categories frequently appeared together and frequently appeared apart. After identifying

segments of transcript in which a given pattern appeared (e.g., context coded with quantity),

we returned to the transcripts for further analysis. We categorized the transcript segments

into two groups: (1) those in which the text supported the pattern and (2) those in which the

pattern was refuted. For example, for a pattern that appears together in the timelines, we

collected all transcript pieces where the code categories coincided, and separately collected

all transcript pieces where the code categories had not. We examined these sections of text

carefully to �nd patterns in the ways that experts reasoned in order to characterize, or

dismiss, the relationship identi�ed in the timeline.

Finally, we used quantitative measures to compare the frequency of categories appearing

separately or together. For example, we calculated the time on task for all utterances where

Quantity had been coded (on its own, or with any other category), and the time on task

where Quantity and Task Context had been coded together.

4.4 Findings

Our research question for this study focuses on the relationship between physics and math-

ematics reasoning: \What are some features of the mathematical reasoning used by physics

experts when modeling graphically?" Our data revealed that there was almost no time

during which physics experts reasoned without reference to the physical world. This is in

contrast to what is suggested by the presence of \purely mathematical reasoning" spaces

in common modeling cycles. Instead, the distinction between how experts reasoned physi-

cally and mathematically lay in whether they reasoned with reference to the physical world

abstractly or with reference explicitly to the context of task at hand.

We identify two major features of mathematical reasoning in physics from this work: (1)
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Figure 4.4: A visual representation of when participant statements were assigned the \Quan-
tity," \Task Context," and \Models" code categories. The length of the bars corresponds to
the time the participant was engaged in that line of reasoning. The horizontal axis repre-
sents time, normalized to the length of each interview. Therefore, it can be thought of as a
percentage of their total time on task. The outlined regions are where \Quantity" appears
without \Task Context." Gray vertical lines represent when participants switched tasks.

when physics experts reasoned mathematically, they generally did so with explicitly reference

to the context of the task, and (2) during the relatively infrequent occasions when experts

did not attend explicitly to the task context, physics experts were likely to use other familiar

physics models as a starting point to �nd an approximate, analytical solution. During this

time, we observed experts algebraically manipulate those models to see if they could be

adjusted to �t the novel context of the task. We name this behavior \mathematical ri�ng,"

and characterize it here. We found that early career graduate students spent a larger percent

of time-on-task ri�ng, as they were less likely to reject an unproductive model and thus spent

longer trying to make the unproductive model work. In this section, we describe each of these

�ndings in detail.
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Blended Mathematics and Physics

A dynamic interplay between behaviors categorized by Quantity codes and Task Context

codes emerged across all experts. The timeline charts (Figure 4.4) indicate that behaviors

coded as Quantity and Task Context appeared together frequently. The Quantity and Task

Context categories were assigned at the same time when the research team could not separate

the ideas within a single utterance. For example, one expert working on Gravitation stated:

\It's got to be negative one over R, because I want it to fall in."

The speaker associated their symbolic expression with what it implies is happening in the

physical system|the negative sign is required for the model to describe an attractive gravi-

tational �eld that the spaceship can \fall in" to.

These kinds of statements were consistent throughout the data; we found that about

3/4 of the time, Quantity codes were assigned for the same utterances as Task Context

codes (Fig. 4.5). We interpret this to mean that, for experts engaged in graphing tasks,

the majority of their reasoning about symbolic representations is grounded in the physical

context of the task they are working on.

We also observed that when the experts were making sense of quantities, the mechanism

for how the quantities might a�ect one another was an essential tool [124, 123]. For example,

Gravitation prompted many physics experts to reason about the physical mechanism that

causes changes in the spaceship's motion. Uniformly, the experts often produced an already

known model of potential energy as a function of distance from the source (either graphically

or symbolically), and then used it to create new graphs of potential energy as a function of

total distance traveled. From there, several made sense of the new graphs by thinking about

what happens to the spaceship's speed as the object gets closer to the source. One faculty

member stated,

\It's going to speed up as it gets zooming into this thing. So I'm going to swing

it down here and swing it up there because there's more kinetic energy down here
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Figure 4.5: Percentage of time spent reasoning in a blended way, which we measure as
Quantity and Task Context coded together, abstractly, which we call \mathematical ri�ng"
and is measured as Quantity coded without Task Context, and other reasoning, which is
measured as when Quantity is coded without Task Context, but the transcript reveals that
the participants are not ri�ng.

[referring to the points closest to the planet Rigamarole]."

For some experts, using kinetic energy to reason about their potential graph was somewhat

complicated by the animation, which shows the spaceship moving at constant speed. A

graduate student reasoned through the mismatch in expectation, stating:

\There's probably some energy source the shuttle is using when it's 
ying away,

is my guess. And when it's braking. 'Cause I don't know how else it will take

that path."

Similarly, in the Intensity task many experts considered the e�ect of the liquid. Sev-

eral experts noted that they couldn't imagine a glass of water changing the intensity in a

measurable way:

\I don't know, it's hard to imagine a laser light being that much a�ected by

water, but I guess so. So as soon as you went in�nitely far down into a glass,
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there would be so much light scattered before reaching the bottom that there

would be no light."

Many used the ocean as an example, preferring to think about a body of water large enough

that they could imagine the light diminishing. Of those physics experts who convinced

themselves the light may be a�ected measurably, most then wrestled with whether a linear

or exponential function would be more appropriate. This debate was either because they

were considering the attenuation of the liquid, or because of self-described inexperience with

the context.

These examples illustrate how the physics experts were engaged not just in the techni-

cal de�nition of the quantity|its unit, sign and physical meaning|but also the physical

implication of its meaning at the same time. The quantities bring to mind both particular

functions or contexts and a sense of physicality; the physics experts expressed ideas about

what quantities made sense to change and what mechanism would cause the change1.

\Mathematical Ri�ng"

When transcript portions are categorized as \Quantity" but not categorized as \Task Con-

text," we typically see physics experts setting aside the context of the task to reason alge-

braically. However, the algebraic reasoning we observed is not \purely mathematical," that

is, we observed it is not devoid of contextual or physical meaning. For example, one expert

working on Drone stated:

\I think all I know is the. . . x is going to be somev0t. . . And v0 is related to � 0.

So let's write x of t."

This expert makes a series of algebraic moves based on their assumption that the problem

can be modeled with a constant horizontal velocity. Their algebraic reasoning carries with it

1For more information about how the physics experts reasoned about rates of change and functions in
particular, please see our accompanying publication [169].
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implicit physical meaning| v0 represents velocity, and is introduced as an already established

fact (despite this being its �rst occurrence in the interview). This quote is representative

of what we observed across the expert pool when we reexamined sections of transcript cat-

egorized as \Quantity" and not \Task Context": the reasoning seemed to be anchored in

already familiar physical models. These moments are outlined in Figure 4.4. The timeline

charts illustrate that physics experts are likely to engage with physical models before, after,

and often during these periods of mathematical reasoning (as shown by the prevalence of

green squares, indicating \Models" near outlined sections of the timelines).

We name this behavior \mathematical ri�ng": the physics experts are playing around

with familiar models to generate a new expression. We use this language as an analogy to the

practice of ri�ng by jazz musicians. To the untrained ear, jazz improvisation may appear

to be random. However, playing improvisational jazz is deeply informed by the musician's

experience and knowledge. Phrases such as \What happens if. . . " or \Let's see what we can

do with this. . . " were strong indicators that an expert was engaged in mathematical ri�ng.

During this process, it was common for physics experts to refer back regularly to the task to

check that what they were doing made sense|in the timeline charts, this is seen by the Task

Context code category appearing in between, or at the ends of, outlined sections. These

checks were used to make sense of the model they were generating and to con�rm, or reject,

an emerging model as productive towards solving the task. To exemplify mathematical

ri�ng, we provide a transcript excerpt from an interview with one of the faculty members

whom we call Ernest.

While working on the Drone task, Ernest recognized that the parabolic shape might mean

the motion of the drone could be modeled using a quadratic function. He stated:

\So [the height of the drone] is going to be minus some constant timesx squared,

which we can work out.

\This is just assuming it's a quadratic, actually, I don't know that for sure.

\Well, we said no air resistance, so we do know that for sure."
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Figure 4.6: Ernest's written work for the Drone item.

Ernest wrote h = ho � cx2 on his paper to de�ne the height,h, by the horizontal position

of the drone, x, and then checked his expression against the context of the task to make

sure it made sense (See Fig. 4.6). The reference to the absence of air resistance suggests this

model may be linked to a model of constant acceleration for Ernest, but he did not state so

explicitly. Later, he worked on de�ning the angle,� :

\The tangent of this angle is going to be given bydh by dx.

\Okay, which is minus c times x.

\And that's in some complicated relation to h, which is given by h0 minus h,

square root, thereof and some factor, which I could work out. So, okay, so this is

some messy formula, I'm not going to come up with this very well.

\So we'll just draw a smooth curve, which goes between these two, and we'll call

it a day at that point, okay."

Ernest determined a symbolic representation for bothh and � , and attempted to �nd an

expression ofh in terms of � . However, he quickly changed tack when he realized the

expression would be complicated and possibly unhelpful towards completing the task. During



73

Figure 4.7: Percentage of time spent reasoning: in a blended way, as measured by Task
Context and Quantity coded together; mathematically ri�ng, as measured by when Quantity
is coded without Task Context; and Other, as measured by when Quantity is coded without
Task Context but the transcript reveals that the reasoning is not fully aligned with our
de�nition of mathematical ri�ng. Percentages were calculated as percent time on task for
each participant, and averaged by population to produce the charts shown.

this time, it was clear that the symbols held physical meaning for Ernest, even when he was

disconnected from the task itself.

The majority of the physics experts engaged in mathematical ri�ng at some time during

the interview, suggesting it is a useful tool and a mark of expertise. We observed that

productive ri�ng is characterized by adjusting established physical models to describe a

novel context. Equally important to productive ri�ng is the 
exibility to change tack quickly

when a model does not appear to work well for a given task.

We also observed unproductive ri�ng, which is characterized by continuing to persevere

with a model that appears unlikely to be useful. As an example, we provide a short excerpt

from an early career graduate student, whom we call Peyton. While working on Drone,

Peyton spent a long period of time attempting to derive an analytical expression:

\. . . So right now I have y is equal tox tan � , which is equal tox0 plus vx t tan � .

I don't want to eliminate � , but I'd like to eliminate time. . .
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\If I put y over tan� into here. . . then. . . have something that's quadratic in both.

I don't really like that. . . "

Peyton continued in this manner for a large percentage of their time on task, as shown by

the dashed boxes in Figure 4.4. Throughout their time reasoning algebraically, they seemed

unconvinced that they were on the correct path, regularly making statements like \This

looks messy. . . " and \That seems weird." Despite their concern, they continued working

with the same model for the majority of their time spent solving Drone.

We observed a di�erence in prevalence of mathematical ri�ng across populations. Faculty

and late career graduate students were less likely to spend much time ri�ng, as shown in

Figure 4.7, which we attribute to the fact that they were quick to abandon unproductive

models. The early career graduate students percentages are dominated by Peyton, who

engaged with mathematical ri�ng far more than their peers and often in unproductive ways.

However, even when we removed Peyton from the data set, a trend is apparent: the average

percent time on task ri�ng for the rest of the early career graduate students was 30%. A

full timeline chart of each participant can be found in the Appendix for comparison.

4.5 Discussion

In this study we focus on how physics experts engaged with mathematical and physical

reasoning during a series of graphing tasks. The tasks in these interviews were designed to

probe graphical reasoning, and therefore did not prompt participants to generate symbolic

expressions. However, many experts spontaneously chose to develop symbolic representations

to help themselves reason. We found that experts engaged in physical sensemaking whether

reasoning symbolically or not; physics experts continually maintained a connection to the

physical world throughout their interviews. There was little to no evidence that the physics

experts were ever reasoning in a purely mathematical space, that is, one in which symbols

hold no physical meaning. This �nding suggests that mathematical reasoning in the contexts

of the chosen tasks almost always contains some reference to the real world for physics
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experts.

It was common for the physics experts to reason with speci�c functions to help them

reason through the graphing tasks, which may feel to them like they are doing \pure math."

However, we found there was always physical reasoning embedded in their mathematical

reasoning|the variables carried physical meaning and experts had expectations about how

they would behave as another quantity changed. These periods of algebraic reasoning, what

we are calling mathematical ri�ng, are characterized by physics experts manipulating already

familiar physical models, seeing what happens, and either noticing when the model is not

fruitful for them and abandoning the line of reasoning, or building on the model. Essential to

mathematical ri�ng is that the expert bases their reasoning on expected common functions

in physics and physics models. The expert manipulates these models in a way that may

appear inexpert-like to a novice, but is informed by an understanding of what makes sense

for the context. This �nding suggests that physics experts associate physical meaning with

algebraic variables in ways that mathematicians typically don't, and that it is an essential

part of mathematical thinking in physics.

Collectively, our data can be interpreted through the lens of a conceptual blend in which

mathematical and physical reasoning combine to form a distinct way of thinking. This

�nding contributes empirical evidence of conceptual blending by successful problem solvers

in lower-division contexts to the body of existing literature. It also suggests that models

that include separate reasoning spaces for \purely mathematical" and \real" worlds should

be reconsidered.

We also found that the physical mechanism by which quantities changed was integral

to how physics experts reasoned about the meaning of their representations. Research has

shown that using the physical mechanism of a system to make sense of why a quantity may

change is an important aspect of conceptual physics reasoning [61, 124, 118, 74]. Euler,

R�adahl, and Gregorcic describe how mechanistic reasoning is an important part of students

developing explanatory models; research in physics education has demonstrated the value of

explanatory models in modeling instruction [49, 51]. This study provides further evidence
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that mechanistic reasoning also informs the development of mathematical models by physics

experts.

Finally, we observed di�erences in the e�ectiveness of mathematical ri�ng across our

expert populations. Figure 4.7 shows that the early career graduate students in our sample

spent more time mathematically ri�ng than more experienced experts, because they were

less likely to reject an unproductive line of reasoning quickly. This emergent pattern is

aligned with Bing and Redish's description of a journeyman: \that level where students

have developed su�cient skills that they can no longer be considered novices but where they

have not yet had su�cient experience with sophisticated problem solving (and research) to

be considered experts" [14]. Bing and Redish compared novice and journeymen reasoning,

and showed that journeymen more quickly recognized their approach was unproductive and

were more likely to change tack than novices. Our data represent another section of the

spectrum, from journeyman to expert. Together, these results demonstrate that rejecting

unproductive models is a hallmark of expertise, and that this skill may be slow to develop

across many years of physics experience.

Given the small sample size and the potential for embarrassment while problem solving

in an interview, we emphasize that further research is needed here before we strongly claim

that there is an \early-career" e�ect. We cannot ignore the potential in
uence of imposter

syndrome|the participants were aware the study was focused on expert reasoning, and this

may have had an impact on how they felt during the interview. Similarly, early career

graduate students may be so strongly situated in complex problem solving for which they

expect a solution that they may have been more willing to perservere to an exact analytical

solution.

In summary, we interpret our �ndings that, in the context of challenging, novel, classical

physics graphing tasks, physics experts continually maintain a tie to the real world, even

when reasoning mathematically. This �nding is aligned with those of Czocher and Serbin

and Wawro [37, 128]. Despite the di�erences in methodology and context|both Czocher

and Serbin and Wawro examined tasks that prompted symbolic answers, interviewed under-
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graduate students in engineering and physics respectively, and useda priori coding schemes

based on established modeling cycles|the results are strikingly similar. These complemen-

tary �ndings do not support the prevalence of separate math and real worlds in the contexts

encountered by the vast majority of students who take physics courses, rather, the �nd-

ings support descriptions of modeling that incorporate a continuous interaction between the

mathematical and physical worlds as blended reasoning. Future research might consider re-

vising theoretical models to support expert behaviors of carrying physical models with them

into \pure" math spaces.

We encourage instructors to re
ect on their thinking in the context of modeling by notic-

ing how and when physical ideas are incorporated, often implicitly, when doing math in

physics contexts. Even considerations such as why particular arithmetic operations make

sense in a model often have physical foundations (i.e., summation in conservation laws, sub-

traction and division in rates of change). Acknowledging this subtle expert knowledge might

help students recognize what is familiar, and what is new about the modeling that they are

learning to do in physics.

4.6 Conclusion

In this chapter, we present empirical evidence of the emergent reasoning of physics experts

while they develop graphical models. While there is a spectrum of reasoning from more

math-like to more physics-like, there is scant evidence in our data of purely mathemati-

cal reasoning. The majority of the time, physics experts' reasoning can be described as a

conceptual blend of mathematics and physics context. When experts reasoned mathemat-

ically without considering the context of the task at hand, they engaged in mathematical

ri�ng|using abstract physical models as a starting point, adjusting the mathematics to

work towards a novel expression, and quickly rejecting models that are not productive. Con-

sidering physical mechanisms played an important role in their decision-making.

This study was limited by the context of the tasks, which were all prompting for graphical

representations (although several experts spent a good fraction of their time generating and
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engaging in symbolic representations) of some aspect of constant speed motion in classical

physics contexts. The narrow scope of the contexts correspondingly limits the generalizability

of the results; we do not claim that our �ndings characterize physics reasoning in every

context.

Additional research can help span the space of expert mathematical reasoning in physics.

For example, we can imagine enriching these �ndings by replicating this study in more

abstract contexts, such as quantum or statistical mechanics. While it was di�cult to generate

prompts that are actually novel for experts, our �ndings suggest that the process of examining

experts generating models is potentially fruitful for future research.

Basing instruction on an assumption that mathematical spaces and real world spaces exist

separately is not consistent with the way that physics experts appear to model. Instruction

that implies they are separate spaces might cause confusion for novices as they are learning

from experts who largely don't reason this way. We encourage instructors to re
ect on their

own experiences of \doing math" in physics, and to be aware of implicit assumptions about

deeper physical meanings that are nearly always embedded in the mathematical reasoning of

introductory physics. In addition, instructors, speci�cally when rejecting a model, may �nd

it productive to consider ways to make their decision-making process explicit to the students

in their physics courses. In general, instructional interventions that help bridge gaps between

what experts may consider foundational mathematical reasoning in physics and what novices

are prepared for in their prerequisite courses will enrich the learning of physics. Our �ndings

can help the ongoing and future e�orts to close these gaps.
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Chapter 5

THE COVARIATIONAL REASONING IN PHYSICS
FRAMEWORK

5.1 Introduction

In a typical physics lecture, statements such as \. . . it goes like 1=r. . . " or \. . . they're

inversely proportional. . . " are common, and often considered part of \thinking like a physi-

cist". More speci�cally, these statements are examples ofcovariational reasoning|considering

how changes in one quantity a�ect another, related quantity. Covariation is central to reason-

ing in physics, especially reasoning related to quantitative modeling. Given how productive

this reasoning is in physics, we would like our students to leave our courses with a facil-

ity with and tendency for reasoning covariationally. Unlike well established content-based

learning objectives (such as Newton's Laws or conservation of energy), it can be di�cult

for instructors to know how to teach students to reason this way. Covariational reasoning

that can be simply adapted to physics contexts is not currently an outcome of prerequisite

mathematics courses.

While many students enter physics courses with some experience of covariational rea-

soning from previous courses in mathematics, research has demonstrated in that reasoning

learned in mathematics courses does not translate directly to physics contexts [116, 84, 67].

Mathematical reasoning doesn't simply \come along for the ride" in physics contexts. In-

deed, physics students' covariational reasoning does not improve substantially as a result of

instruction in introductory-level physics, even in settings where the instruction is research-

based [166]. Moreover, prior work demonstrates that physics experts' covariational reasoning

is not fully characterized by covariational reasoning as described in the mathematics educa-

tion literature (see Chapter 3). This suggests thatphysics covariational reasoningis distinct
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from covariational reasoning as taught in mathematics courses. Therefore, in order to design

instruction that does improve physics students' covariational reasoning, physics covariational

reasoning must �rst be characterized in an assessable, �ne-grained way.

Using prior work by both mathematics and physics education researchers, we developed

the Covariational Reasoning in Physics (CoRP) framework to formally characterize physics

covariational reasoning. The CoRP framework distinguishes physics covariational reasoning

from covariational reasoning as described in the mathematics education literature. In this

chapter, we describe the development and relevance of the CoRP framework. We demonstrate

its use for instructors and researchers as a tool to analyze students' covariational reasoning,

and describe how it can be used to aid in development of instructional interventions to target

students' physics covariational reasoning directly.

5.2 Background

Our understanding of physics covariational reasoning is built on work by mathematics educa-

tion researchers, and informed by recent work in physics education research. In this section,

we describe the frameworks of covariational reasoning developed by mathematics education

researchers that form the theoretical backbone of our research. We then discuss recent work

focused on physics experts' covariational reasoning that provides the experimental basis of

the CoRP framework.

5.2.1 Covariational reasoning in mathematics education research

Covariational reasoning has been de�ned by mathematics education researchers as \the

cognitive activities involved in coordinating two varying quantities while attending to the

ways in which they change in relation to each other" [28]; that is, it describes reasoning about

how changes in one quantity a�ect changes in another, related quantity. In mathematics

education research, covariational reasoning has been studied widely and has been identi�ed as

an essential part of reasoning in pre-calculus and calculus [138, 31, 75, 23, 45, 19]. Covariation

has been studied in contexts of reasoning about function [36, 29, 99,?, 141, 107], as well as
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graphing and the use of coordinate systems [95, 157, 72, 65, 24]. It has also been identi�ed

as necessary for reasoning about rates of change [139].

In 2002, mathematics education researchers Carlson, Jacobs, Coe, Larsen, and Hue de-

veloped frameworks describing hierarchical levels and associated \mental actions" (MA) of

covariational reasoning [28], based on studies of undergraduate math students interpreting

and creating representations of functions [29]. The covariational reasoning mental actions

were designed to allow researchers and educators to assess the level of students' covaria-

tional reasoning. Each of the mental actions is associated with speci�c behaviors related

to covariational reasoning. The mental actions range from a recognition that variables are

related (MA 1), to considering the speci�c relationship between the variables, including the

rate of change and the rate of the rate of change (MA 5). In 2017, mathematics education

researchers released an updated framework of covariational reasoning [141], incorporating re-

search performed subsequent to the development of the original framework. Table 5.1 shows

a summary of the relevant aspects of the 2002 and 2017 covariational reasoning frameworks,

adapted from Jones [76].

5.2.2 Covariational reasoning in physics education research

In physics education research, reasoning about how two or more quantities change with

respect to one another often falls under the names of proportional reasoning or scaling

[5, 18, 17, 15]. Proportional reasoning typically refers to directly proportional relationships

(i.e. F / a), and has at times been extended to refer to non-linear relationships (i.e.

U / � 1=r). Scaling is often used in geometric contexts; howeve,r it is also used throughout

the literature to refer to relating discrete changes of two quantities (i.e. \if I double this

quantity, what happens to that quantity?"). In the language of covariational reasoning,

we consider proportional reasoning to belinear covariation reasoning and scaling to be an

instance ofdiscrete covariation.

Work in physics education research has demonstrated that the language of covariational

reasoning from mathematics education is helpful in analyzing novice and expert work [137,
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Label Mental Action [?, ?] Brief Description [76] Example Behavior

MA 1 Recognize Depen-
dence

Identify variables that are
dependent

Labeling axes

MA 1.5Precoordination Asynchronous changes in
variables

Articulating that �rst, one
quantity changes, and then the
other changes

MA 2 Gross Coordination General increase/decrease
relationship

Describing that as one quantity
increases, another decreases

MA 3 Coordination of Val-
ues

Tracking variable's values Plotting points

MA 4 Chunky Continuous Values changing in discrete
chunks

Articulating that as one quan-
tity doubles, the other triples

MA 5 Smooth Continuous Continuous, simultaneous
changes

Describing that the quantities
vary together, smoothly and
continuously

Table 5.1: A summary of the covariational reasoning mental actions (MA) frameworks de-
veloped by mathematics education researchers [?, ?]. Summary adapted from Jones [76].
This table is repeated for ease of the reader.
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46, 104, 90, 151, 172, 170, 133]. Recent work by Zimmerman, Olsho, Loverude, and White

Brahmia has sought to explore the extent to which the mathematics covariational reasoning

mental actions framework can be used to analyzephysicscovariational reasoning of physics

experts engaged in modeling tasks (see Chapters 3 and 4 [169, 168]). The Zimmerman et al.

study involved individual, think-aloud interviews with 20 physics experts (graduate students

and faculty) engaged in tasks designed to elicit covariational reasoning. The tasks prompted

the participants to create a graph that related two quantities. For example, one task depicted

a Ferris wheel cart in motion (see Fig. 5.1) and asked participants to relate the height of the

cart and its total distance traveled. The overarching results of study were that:

1. Physics experts demonstrate mathematical reasoning that is consistently woven into

physical sensemaking of the quantities involved (See Chapter 4).

2. Physics experts engaged in patterns of covariational reasoning and modeling that were

not well described by the mathematics covariational reasoning framework summarized

in Table 5.1 (see Chapter 3).

The CoRP framework synthesizes the mathematics covariational reasoning frameworks,

the recent study of physics experts' covariational reasoning, and other prior work in both

mathematics and physics education, to operationalize the use of covariational reasoning in

introductory-level physics.

5.3 Characterizing Covariational Reasoning in Physics

In this section, we describe the devopment and meaning of the CoRP framework. In section

5.3.1, we describe foundational work and theoretical underpinnings that have directly in
u-

enced the development of the CoRP framework. In section 5.3.2, we describe the steady-state

version of the Covariational Reasoning in Physics (CoRP) framework.
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Figure 5.1: A still from a covariational reasoning graphing task that asks experts to create
a graph relating the distance traveled by a Ferris wheel cart and the height of the cart.

5.3.1 Underpinnings

Mathematization and Proceptual Understanding

Mathematization in physics is the association of a system or context from the physical world

with a mathematical representation (e.g., symbolic or graphical). One aspect of mathema-

tization in physics is quanti�cation |the process of conceptualizing a system and a quality

of it so that the quality includes a value, a unit of measure and very often a sign.[139, 160].

Research in mathematics and physics education suggests that mathematization and quanti�-

cation are challenging for students; for example, it has been demonstrated that students are

unlikely to think of compound quantities, such as momentum, as quantities unto themselves

[138, 153, 147, 163, 160]. In addition, students are likely to come into physics courses with

some foundational mathematical resources but may not yet use them productively for math-

ematization in physics [60, 18, 160, 166, 98]. For example, introductory physics students

typically have a mastery with multiplying and dividing numbers; however, they may strug-

gle to conceptualize product quantities (such as momentum and energy) and ratio quantities
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(such as velocity and acceleration) as distinct from the quantities that contribute to their

calculation [145, 146, 18].

Mathematization, including quanti�cation, depends on connecting mathematical ideas

with what they represent in the physical world. Students engaged in modeling tasks have

been shown to refer back to the context of the task consistently throughout a productive

modeling process as part of making sense of and validating their model [37].Proceptual

understanding is de�ned by Gray and Tall as a combination ofprocedural mastery and

conceptual understanding [56]. For example, in the context of fractions, \the symbol34

stands for both the process of division and the concept of fraction"; that is, a student

with a proceptual understanding of fractions would move 
uidly between the procedure of

dividing 3 by 4, and the instantiation of the fraction 3
4 as a precise quanti�cation of portion.

Maintaining a proceptual view of a mathematical representation|consistently making sense

of both the mathematical formalism and the physical meaning of the expression|is a key

part of modeling, and therefore essential for covariational reasoning.

Mathematics and physics meaning are interwoven in physics. This blended nature of

physics and mathematics reasoning is an important facet of the body of work that describes

ways in which reasoning mathematically in physics contexts is not the same as reasoning

mathematically in purely mathematical contexts [130, 84, 67, 79, 116, 163, 109, 151]. Several

researchers consider this di�erence through the lens of semiotics, highlighting the importance

of symbols and the meaning they carry on physics [114, 4].

Symbols and Quantities

The symbolic form framework was developed to explain how successful physics students

understand and construct equations [130]. In a study of calculus students solving problems in

the contexts of areas and volumes, mathematics education researchers observed that students

were more productive when they perceived symbols as representingmeasures, including both

a value and a unit, throughout their reasoning [42]. This led to the introduction of the

measurementsymbolic form, which includes both a value and associated unit. Thequantity
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symbolic form, introduced in physics education research, modi�es this form by including sign

as an essential element of a physics quantity [160]. The quantity symbolic form represents

an important di�erence betweenquantity in physics andmeasurementin mathematics by

including connection to the physical system itself.

In mathematics education research, literal symbols (letters, sometimes loosely referred to

as variables) are classi�ed into several categories including: variables, which represent values

that can vary (e.g. x, y); constants, which represent values that are always the same (e.g.

� ); parameters, which represent values that are not changing in that context (e.g.m and b in

y = mx + b); generalized numbers, which are used in de�nitions of theorems (e.g.a and b in

a+ b= b+ a); unknowns, which represent a quantity to be found (e.g. 5x = 13); and labels,

which represent units of measure (e.g. \m" for \meters") [108]. Research has demonstrated

that literal symbols may invoke student di�culties due to the various roles that they play in

a symbolic expression [108, 144]. In mathematics textbooks, problem solving with measures

typically involves a measure symbolized by a letter, and often does not include units. The

symbols are used throughout the problem; the units are declared at the outset, and tagged

on to the solution of the problem. Units are not typically central to mathematical reasoning

as part of instruction.

Physics, in contrast, often assumes that symbols carry physical information [116]. For

example, positive and negative signs play an essential role in physics symbolizing in a way

that is sometimes distinct from mathematics, and take on di�erent meanings depending on

the physical context [164]. Physics symbolizing can be challenging for novices to decode.

Prior research demonstrates that physics students are more successful at solving physics

problems when physical quantities are given as their numeric values instead of as literal

symbols [143].

5.3.2 Framework of Covariational Reasoning in Physics

In this section, we describe the CoRP framework, shown in Table 5.2. The CoRP framework

characterizes the use of covariational reasoning in physics modeling.
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PROCEPTUAL UNDERSTANDING (PU)
I. Mathematical Foundations II. Mathematization in Physics

A. Mathematical Symbols A. Mathematical Symbols
B. Common Operations B. Constructing Quantities
C. 7 Parent Functions 1. Mathematical Structure

2. Physical Attributes
3. Composite Physical Quantities

C. Variable Quantities
PHYSICS MENTAL ACTIONS (PMA) EXPERT BEHAVIORS (EB)
PMA 1 Related Quantities I. Reasoning Devices
PMA 2 Trend of Change A. Proxy Quantity
PMA 3 Coordination of Values B. Regions of Consistent Behavior
PMA 4 Discrete Change C. Physically Signi�cant Points
PMA 5 Small Chunks of Change D. Neighborhood Analysis

E. Compiled Models
II. Modeling Modes

A. Function Knowing
B. Function Choosing
C. Graphical Generation

Table 5.2: Current version of a framework to describe the use of covariational reasoning in
physics modeling.

We divide the framework into three sections: Proceptual Understanding(PU) , Physics

Mental Actions (PMA) , and Expert Behaviors(EB) . The Proceptual Understanding sec-

tion encompasses mathematization and the interplay of quantities and models (symbolic and

graphical) in both mathematics and physics contexts. The Physics Mental Actions are paral-

lel to the Mental Actions presented by mathematics education research (see section IIA and

Tab. 5.1) and are attentive to the ways in which recent work suggests that physics experts

may reason di�erently about change and rates of change than mathematicians. Finally, the

Expert Behavior section describes patterns in the ways physics experts may develop and

make sense of mathematical models by using a combination of Proceptual Understanding

and Physics Mental Actions; in short, the Expert Behaviors are a collection of observations

of what experts do when generating models (see Chapter 3). We present these behaviors as
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emergent from the evidence, suggesting how they might appear in broader contexts.

Though the framework shown in Table 5.2 is presented as having these three distinct

parts, we stress that there is signi�cant interaction between the three parts when physics

experts reason about covarying quantities.

Proceptual Understanding

The Proceptual Understanding portion of the CoRP framework identi�es aspects of procep-

tual understanding of mathematical foundations and mathematization as used in physics

covariational reasoning. This section of the framework is divided into math and physics sec-

tions to attend to the foundational mathematical reasoning that students bring to physics

courses, and the distinct ways that physics uses that mathematical reasoning. Attending to

this distinction is an important part of physics instruction [163].

PU I. Mathematical Foundations

The Mathematical Foundations portion of the CoRP framework describes the aspects of

mathematical reasoning that are necessary for productive covariational reasoning in physics.

Generally speaking, introductory physics students see and learn these ideas from prerequisite

math courses, though they may not display the same 
uency as physics experts.

A. Mathematical Symbolsis characterized by using symbols to represent mathematical

concepts andmeasures(i.e., a value and an associated unit, as described by the measurement

symbolic form [42]). This framework element includes, but is not limited to, symbols that

represent values (e.g.,x, � ) and operations (e.g., +,� ) as used in mathematics.

B. Common Operations is characterized by the use of operations that are ubiquitous in

introductory physics and calculus classrooms, including but not limited to addition, multi-

plication, subtraction, division, taking a derivative or limit, and integration. Making sense

of the meaning and contextual relevance of these operations is essential for covariational

reasoning in physics.

C. Parent Functions is characterized by reasoning about a handful of common functions,
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chosen as they represent a subset of the most common functions in introductory physics:

ˆ linear (y / x),

ˆ quadratic (y / x2),

ˆ sine / cosine (y / sinx),

ˆ inverse (y / 1=x),

ˆ inverse square (y / 1=x2),

ˆ exponential (y / ex ), and

ˆ logarithmic (y / ln(x=x0)).

We adopt the mathematics language of \parent functions," commonly used when teaching

functional transformations, to illustrate that we are referring to the functional relationship

between the variables. Essential background knowledge involves a general familiarity with

the behavior of parent functions, including:

ˆ the ability to sketch a graph of a given parent function, or associate a graph with a

parent function,

ˆ describe the general behavior of the function, including concavity and end behavior.

ˆ familiarity with transforming functions (stretching, translation, etc.) in order to use

them in a wide variety of scenarios.

PU II. Mathematization in Physics

Mathematization in Physics describes the foundational quantitative reasoning about

physics quantities that is necessary for productive physics covariational reasoning. Intro-

ductory physics students may not have ample experience with mathematization from prior

coursework.
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A. Mathematical Symbolsis characterized by symbolizing values and physical constants

(e.g., G, � ), operations and physical quantities which might be a variable, parameter, or

general variable in a particular context. This also includes recognition, based on context, of

a symbol as a representation of a given quantity.

B. Constructing Quantities is characterized by using common operations to construct a

quantity, or to make sense of how a quantity is constructed. Here, we focus on three aspects

of constructing quantities.

1. Reasoning about themathematical structureof a quantity includes recognition of fea-

tures of the representation of the quantity|for example, whether the quantity includes

a direction or a sign.

2. Reasoning about thephysical attributesof a quantity includes recognition of whether

the quantity can be positive or negative, or discrete or continuous. The physical at-

tributes of a quantity also includes knowledge of appropriate scale for a given context:

a car will not move at an appreciable fraction ofc, and a small metal sphere will not

have a charge of 5 Coulombs.

3. Combining two or more quantities to create a new,composite physical quantityis ubiq-

uitous in physics. Most physics quantities are product or ratio combinations of the

seven base quantities (length, time, electric current, temperature, luminous intensity,

mass). Graphical features such as slope (a ratio) and area under the curve (an accu-

mulated, multiplicative quantity) are important composite physical quantities.

C. Variable Quantities is characterized by a recognition of which quantities in an equation

make sense to vary, how they vary, and which other quantities don't vary. Physical mod-

els typically involve many symbols in which the literal symbols might represent constants,

general variables, parameters, or varying quantities; the classi�cation of a particular literal

symbol can change from context to context|sometimes even within the same problem. De-
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termining which quantities vary and which don't in a given context requires a proceptual

understanding of the context.

It is common disciplinary knowledge that some quantities are more likely to change than

others. For example, when characterizing the force of attraction between two massive objects

(F = Gm 1m2
r 2 ) it is unlikely that either mass will be manipulated as an independent variable,

and more common to consider the force for di�erent separations of the masses. A proceptual

view of variable quantities includes being able to reason about which quantities are varying

with respect to one another, and which represent parameters or constants. An essential part

of covariational reasoning is synthesizing the relationship between two varying quantities; this

requires both an understanding of the function itself (parent functions) and which quantities

are relate through changes (variable quantities). Variable quantities also includes paying

attention to the units of a function. For example, since a graph is a representation of how

the dependent variable changes relative to changes in the independent variable, the points

on the curve take on the units of the dependent variable, and the slope is a rate of change,

which has units of the dependent variable over the independent variable.

Physics Mental Actions

Physics mental actions (PMA) are some identi�ed ways that expert physicists think when

directly covarying quantities: explicitly considering the change in one quantity as the result

of the change in another quantity. Though the PMA are similar to the mental actions

described by mathematics education researchers (see Tab. 5.1), they di�er in a key way: a

focus onquantities as the objects of covariation. This results in not only a super�cial change

(i.e., using the word \quantity" rather than the word \variable" in the descriptions) but also

modi�cations that make them more consistent with the ways that physics experts use them

with physics quantities. Expert-like reasoning about a quantitative relationship between

quantities is generally not separable from reasoning about the physics quantities themselves

[38, 168]. The physics mental actions are often guided by what is physically reasonable (see

Chapter 3). For example, physics experts often rely on understanding of how a quantity can
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change (e.g., continuously or discontinuously), or whether a change in one quantity would,

in the real world, cause a change in another. The PMA are not hierarchical in the sense

that PMA 5 is more important or more desirable than PMA 1; however, with the exception

of PMA 3, the PMA are listed in order of increasing speci�city about how quantities are

related. PMA 3 is not included in this hierarchy because it does not include reasoning about

change; we include it in the framework nevertheless because it describes a way that we relate

quantities in physics.

In the covariational reasoning mental actions frameworks developed by mathematics edu-

cation researchers, only one mental action (MA 4) is associated with consideration of discrete

change [28, 141, 76]. All instances of discrete covariation are associated with MA 4, regard-

less of the size of the discrete \chunk." Di�erent considerations of how quantities change

in discrete chunks led to development of two PMA related to discrete covariational reason-

ing [45]. PMA 4 is most similar to what physics education research has termed scaling

[8, 146, 15], and typically involves large, often integer-valued chunks. Prior work suggests

that physics experts rarely if ever consider smooth, continuous changes of multiple quantities

simultaneously (see Chapter 3), as described by mathematics education researchers' MA 5;

instead, physics experts engaging in PMA 5 are likely to consider small \chunks" of change

(e.g., consideringdx to be a very small � x) [169, 85]. For this reason, we do not include

a PMA that is analogous to MA 5, but think of PMA 5 as the \most continuous" instance

of discrete covariation. Consideration of small but �nite changes is a common heuristic in

physics modeling [87].

PMA 1: Related Quantities

PMA 1 is characterized by a recognition that one quantity is related to another quantity.

Some related behaviors include labeling axes of a graph, and a verbal acknowledgement that

if one quantity changes the other will as well. This typically includes a choice of which

quantity is the independent quantity and which is the dependent quantity, often guided by

understanding a cause and e�ect relationship between the quantities. The recognition that

the potential energy of a spring changes as a result stretching the spring from its equilibrium
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length is an example of PMA 1.

PMA 2: Trend of Change

PMA 2 is characterized by describing whether a quantity will increase or decrease as a

result of another quantity increasing or decreasing. Some related behaviors include drawing

arrows to indicate increases or decreases, drawing graphs that represent linear approxima-

tions, and verbalizing the trend of change. The recognition that the potential energy of a

spring increases as the spring is stretched is an example of PMA 2.

PMA 3: Coordination of Values

PMA 3 involves tracking the values of two quantities to create a discrete set of associated

pairs. Related behaviors involve plotting points or creating a table of values. This does

not necessarily entail consideration of simultaneous change of both quantities, but rather

considering multiple values of one quantity and determining the associated values of another

quantity for those values. Determining the value of the potential energy of a spring for a

discrete set of values of the amount that a spring is stretched from its equilibrium length is

an example of PMA 3.

PMA 4: Discrete Change

PMA 4 is characterized by what is sometimes called \scaling" in physics education re-

search. It refers to reasoning around what happens to one quantity if another, related

quantity changes by a substantial, �xed amount. Some related behaviors include plugging in

numbers and comparing the change, considering how the dependent quantity changes with a

substantial change in the dependent quantity, and verbalizing multiplicative changes. Recog-

nizing that doubling the stretch of a spring results in the spring potential energy increasing

by a factor of four is an example of PMA 4.

PMA 5: Small Chunks of Change

PMA 5 is characterized by reasoning about the resulting change in one quantity due

to small, discrete changes made to another, related quantity. This reasoning is grounded

in examining what happens forsmall pieces of change. Some related behaviors include

\zooming in" to a graph by examining the slope for a small region [45], verbalizing an
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awareness that a change is small compared to the scale of the problem, and moving 
uidly

between representations of discrete change and derivative notation [85, 43]. Recognizing that

the potential energy of a spring changes slowly near the equilibrium point, and more quickly

further from the equilibrium point is an example of PMA 5.

Expert Behaviors

In this section, we describe a number of speci�c physics covariational reasoning behaviors

that we call Expert Behaviors. These behaviors were observed in a wide range of experts

completing covariational reasoning tasks described in Chapter 3 [169]. The Expert Behaviors

portion of the CoRP framework is not independent of either Proceptual Understanding

or the Physics Mental Actions; rather, expert behaviors are dependent on a proceptual

understanding of the underlying mathematics and the relevant physics quantities, and use

of the physics mental actions.

The expert behaviors described below are based on reasoning and approaches seen in

physics experts' reasoning while completing graphing tasks designed to elicit covariational

reasoning (see Chapter 3). As such, these behaviors can be used to construct graphical

representations. We believe, however, that many of these behaviors extend naturally to the

construction of symbolic representations. When possible, we describe possible extensions of

the behaviors to symbolic representations of physics contexts. We note, however, that these

extensions were not empirically determined.

EB I. Reasoning Devices

A \reasoning device" is a tool or small piece of reasoning that is employed while reasoning

covariationally (see Chapter 3). Some of the reasoning devices are associated with the physics

mental actions. In this section, we de�ne each of the CoRP framework reasoning devices.

Then we give an example of how the reasoning devices could be used together to create a

graphical representation using a context typical of an introductory physics end-of-chapter

problem.

A. Proxy Quantity describes when a quantity is substituted for another while covarying
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two quantities. Use of a proxy quantity may allow for easier covariational reasoning. Use

of proxy quantities is fundamentally related to related quantities (PMA 1), the recognition

that two quantities are related.

A proxy quantity may be used to make a novel physics context into a more familiar

context. For example, for constant motion contexts, time is commonly used as a proxy

quantity when the task speci�es \total distance traveled" as one of the quantities to be

covaried (see Chapter 3). Considering how a quantity changes with respect to time is oft-

practiced in physics; that is, time is a very frequently the independent quantity involved

when related quantities (PMA 1) is engaged. Using time as a proxy quantity in this way

often allows for easier, more rapid covariational reasoning, or the application of a familiar

model. Use of time as a proxy quantity is consistent with work by mathematics and chemistry

education researchers [73, 121].

A proxy quantity may also be used because of how particular quantities are understood.

For example, electric potential is typically understood as a function of relative positionr

(i.e., V = V(r )). When asked to covary potentialV with a quantity other than r , it is more

familiar to use r as a proxy quantity (see Chapter 3). This use of proxy quantity di�ers

from the use of time as a proxy quantity in one important way:r is not necessarily directly

proportional to the quantity that it substitutes. This, again, engages PMA 1, as some

quantities are considered to be functions of another quantity, and are therefore necessarily

related.

B. Region of Consistent Behaviordescribes when a section of a given physical context is

identi�ed where the behavior of a system is constant or consistent in some way. An expert

may break up a physics context into regions of consistent behavior in order to associate a

single trend, function, or model with each section as appropriate. An expert may consider

each region separately when constructing a graphical or symbolic representation. Sometimes,

regions are determined by whether a quantity is increasing, decreasing, or constant; in these

cases, this behavior is related to trend of change (PMA 2). For example, a graphical repre-

sentation of a car speeding up steadily, then moving at a steady speed, and �nally slowing
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down steadily between two stoplights would be represented by three distinct regions on a

groah ofv vs t.

C. Physically Signi�cant Point describes when a point that holds physical meaning for

a given context is identi�ed. An expert may choose and plot a small number of physically

signi�cant points to begin to construct a model. Examples of physically signi�cant points

are: a boundary between regions of consistent behavior, a bound of a quantity (a local or

absolute maximum or minimum ), or a point where a quantity changes the most or least

rapidly. These points can be used to guide the construction of either a graphical or symbolic

representation. Identi�cation of physically signi�cant points is an example of coordination

of values (PMA 3).

D. Neighborhood Analysisinvolves direct covariation of quantities around physically sig-

ni�cant points. This device is typically used in the construction of a graphical representation

by considering the rate of change of the quantities around chosen points, and drawing a small

line segment centered on the point to indicate the slope of the graph at that point. In other

cases, neighborhood analysis can be used to check the appropriateness of a constructed repre-

sentation. Experts may consider whether a constructed graphical representation models the

behavior of the quantities correctly near physically signi�cant points. This reasoning could

be extended to the construction and checking of a symbolic representation by considering

how the derivative of an expression should behavior at certain values; for example, whether

the derivative should be positive, negative, or zero at a point. Neighborhood analysis in-

volves reasoning about small chunks of change (PMA 5), as it involves direct covariation of

quantities for a small deviations near a physically signi�cant point.

E. Compiled Modelsare usually-rapid, almost-automatic associations between a relevant

parent function and a given physics context. Experience with physics problem-solving often

includes having an almost-automatic association between a physics context and a function

(see Chapter 3). For example, a physics expert may associate: circular motion with a

sinusoidal function; the trajectory of a projectile with a quadratic function; or the electric

potential near a point charge with the function 1=r. While use of compiled model does require
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a trivial use of reasoning about related quantities (PMA 1), we consider direct covariational

reasoning to be absent from use of a compiled model.

Example Application: To show how the reasoning devices can be used to create a

graphical representation, we use the example shown in Fig. 5.2. The task asks for a graph

of the gravitational potential energy of the car-Earth system for a toy car on a track

While this speci�c question has not been used as an interview task with physics experts,

the tasks in the related study are quite similar in structure (see Chapter 3). Thus, we are

not claiming that the following is evidence of expert reasoning. We present what follows to

exemplify use of the reasoning devices (EB IA{EB IE) as was observed with similar tasks

(see Chapter 3).

To begin this task, one could recognize that the potential energy of the system is directly

proportional to the height of the car. Therefore, the height of the car can be used as a proxy

quantity (EB IA) for gravitational potential energy. Next, one could break the motion of the

task into several regions of consistent behavior (EB IB): the 
at portion at the top of the hill,

the hill portion, the 
at portion of the track between the hill and loop, and the circular loop.

This could be done in tandem with the identi�cation and plotting of physically signi�cant

points (EB IC): the potential energy is at a maximum at the beginning of the hill, when the

car has traveled zero distance; the potential energy is at a minimum at the end of the hill,

when the car is about half-way through its journey. Similarly, one might note the beginning

of loop, top of loop, and end of loop (see Fig. 5.2).

One might then reason about what happens between the plotted points. During the hill

portion, one may use neighborhood analysis (EB ID) to identify that the potential energy is

changing most rapidly toward the middle of the hill, and indicate that with a steep, negative

line segment about halfway between the points at the top and bottom of the hill. For the

circular section, one may recognize that, assuming the cart moves with constant speed, the

height is related to time (proxy quantity, EB IA), and apply a compiled model (EB IE) in

which the height varies sinusoidally with time for circular motion contexts. Finally, an expert

may recognize that the height changes smoothly, and connect the points with a smooth curve.
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Figure 5.2: Top: Task provided here to exemplify use of the Expert Behavior reasoning
devices. For this task, create a graph of the potential energy of the car-Earth system as
a function of distance traveled for a toy car of massm. The loop portion of the track is
estimated as circular. Bottom: Annotated qualitatively correct graph for task.
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EB II. Modeling Modes

In addition to the reasoning devices described above, we include approaches to modeling

novel scenarios that have been observed in physics experts engaged in covariational reasoning

tasks, referred to asmodeling modes(see Chapter 3). Modeling modes describe the ways

that experts may construct a speci�c mathematical representation for a given physics con-

text. For the purposes of this work, we de�ne a mathematical representation as a symbolic

expression, or a graph, with or without an accompanying symbolic expression1. The model-

ing modes involve proceptual understanding of the relevant mathematical foundations and

physics quantities, physics mental actions, and reasoning devices. In the descriptions below,

we use some examples that are familiar to the reader to help illustrate the reasoning modes.

A. Function Knowing is the behavior of that relies on PMA 1 (the recognition that two

given quantities are related to each other), use of a compiled model (EB IE) that associates

a parent function with a given context, and proceptual understanding of the relevant parent

function (PU IC) itself to associate a quantitative representation to a given physics context.

As described above, use of a compiled model involves accessing a known model for a

particular physical context that carries with it a common functional relationship between

two or more quantities (see Chapter 3). Function Knowing can be used to create a graphical

representation by considering relevant parameters, plotting a few points based on those

parameters, and connecting those points with the known function (e.g., for an object in

circular motion at a steady speed, the initial conditions such as starting position and radius of

the circle invoke a model for uniform circular motion). Relevant parameters can be similarly

used to create a symbolic representation for the speci�c context. This type of \knowing" is

typically guided by the physics content and draws on well-tested models of nature that are

familiar to the expert.

Function knowing can be accessed in a wide range of physics contexts, based on well-

1We do not attempt to describe construction of covariational diagrammatic representations with this
framework, though we recognize their importance.
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established connections between the context and a function-based model, such as the con-

nection between uniform circular motion and sine or cosine functions; potential near a point

source and 1=r; as well as many, many contexts with direct proportionality.

B. Function Choosing is the behavior of using a combination of physically signi�cant

points (EB IC), trend of change (PMA 2) and compiled models (EB IE) to select one of

several possible functions that might be fruitful in a particular context. This process is

informed by physics content knowledge of the context, and a proceptual understanding of

parent functions.

For example, to generate a model of the relationship between the gravitational potential

energy of a system of two objects and the distance separating the objects, one may initially

identify a trend (PMA 2)|that is, that gravitation potential energy decreases as the dis-

tance between the objects decreases. Lacking additional information, assumptions about the

context guide the choice of a compiled model (EB IE): assuming that the system consists of a

relatively small object near the surface of a very massive planet may lead to the assumption

that the change in potential energy is linear, whereas farther from the surface of the planet,

the potential energy could be assumed to decrease as 1=r. To create a graph, one may de-

�ne symbolic values for initial and �nal positions and potential energies (EB IC), plot those

points, and connect them with the function chosen based on any assumptions. Similarly,

to create a symbolic expression, one could symbolize the relevant quantities, and then use

them with the chosen compiled model (EB IE)|in this case, an association between the

expressionsU = mgh and U = � GMm
r with gravitational potential energy.

C. Graphical Generation refers to a behavior that uses direct covariational reasoning to

create a qualitatively correct graph of covarying quantities. The graph then may (or may

not) be used to identify an appropriate parent function that can be used as the basis of a

symbolic expression.

Graphical generation is typically activated when there is no known quantitative model for

a context (see Chapter 3). One approach begins with the identi�cation of physically signi�-

cant points (EB IC) and neighborhood analysis (EB ID), which involves direct covariation of
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Figure 5.3: Bottle-�lling task �gure

quantities around the physically signi�cant points (PMA 5). Small line segments represent-

ing the approximate rate of change of the height with respect to time around those points

can be drawn and then connected together in ways deemed appropriate for the context.

Consider the Spherical Bottle task shown in Fig. 5.3, in which water is poured at a

constant rate into a spherical bottle of radiusR. Variations of the bottle-�lling task have

been used to assess students' covariational reasoning [28, 71]. To create a graph of how

the height h of the water in the bottle varies with time, one could consider three physically

signi�cant points (EB IC): a point near the base of the bottle, a point at the middle of the

bottle, and a point near the top of the bottle. The height of the water at these points will

be 0, R, and 2R, respectively. After plotting these points, neighborhood analysis (EB ID)

with direct covariation of height and time (PMA 5) around them can be done . At the

top and bottom, where the bottle is more narrow, the height will change quickly. At the

middle, where the bottle is wider, the height will change more slowly. Based on this analysis,

small line segments representing the rate of change of the height with time can be added

around the identi�ed points. The line segments should be steeper at the points ath = 0 and

h = 2R and less steep ath = R. Given that the height should be changing smoothly, with

no discontinuities or sharp points, the line segments can be connected with a smooth curve.

An expert may (or may not) identify that the created graph looks like a cubic function, and

create a symbolic expression that represents the graph.
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Other Tools

There are a number of other behaviors that support physics covariational reasoning that

are ubiquitous in physics modeling, such as consideration of limiting cases and symmetries.

While these behaviors may serve to simplify or guide covariational reasoning, they are not

unique to covariational reasoning. We note that uses of these behaviors in problem solving

and modeling are well-characterized by others in physics education research [158, 26, 6, 111],

and we therefore focus on reasoning related to direct covariational reasoning.

5.4 Relevance of the covariational reasoning framework

In this section we demonstrate how the CoRP framework can be used to analyze student

reasoning. We begin with analyses of math students' covariational reasoning, as reported

in mathematics education literature. These analyses are useful because many students �rst

develop covariational reasoning in math courses before coming to physics. As such, we

suggest that algebra and calculus students are representative of students coming into in-

troductory physics, and analysis of their covariational reasoning through the lens of the

CoRP framework can help us identify the resources they bring with them from mathemat-

ics courses. These analyses also indicate opportunities for targeted instruction to develop

physics students' physics covariational reasoning. We then analyze work of both introductory

and upper-division undergraduate physics students from current literature, to identify the

physics covariational reasoning used by more advanced students. By looking at the reasoning

of students through the lens of the CoRP framework, starting with students enrolled in math

courses and progressing to upper-division physics students, we can look for trends in physics

covariational reasoning development with progressively more physics instruction.

5.4.1 Identifying resources of algebra and calculus students

Mathematics education researchers Johnson, McClintock, and Hornbein report on a case

study of high school algebra student \Ana" [73], who participates in a number of interviews
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using various covariational reasoning tasks. For a variation of a bottle-�lling task (similar

to the task shown in Fig. 5.3, above), Ana is shown an animation of water being poured

into a spherical bottle with a cylindrical neck at the top, and is asked to create a graph to

relate the amount of water in the bottle and the height of the water in the bottle. Initially,

Ana creates a linear graph, saying \the height would still increase. . . and the volume would

still increase." This is consistent with identifying a trend of change (PMA 2), as Ana is

recognizing that the height increases as the volume increases. After some probing from the

interviewer, Ana creates a piecewise linear graph, saying,

. . . the water is �lling up very fast, and then it's like slower, and then it's really

fast. Really fast would happen here [indicating neck of bottle], and kind of fast

here [indicating bottom of bottle], and slow here [indicating middle of spherical

portion of bottle].

Through the lens of the CoRP framework, we characterize this statement as proto-expert-

like: Ana is beginning to identify regions of consistent behavior (EB IB), and is doing an

early version of neighborhood analysis (EB ID) by considering di�erences in the rates at

which the height changes in di�erent regions in the bottle. However, rather than considering

\instantaneous" rates of change around physically signi�cant points (EB IC), Ana seems to

consider average rates over larger regions. According to the sections of transcript provided by

the researchers, Ana does not consider what the physical signi�cance of a linear (or piecewise

linear) graph would be and does not generally consider the meaning of the slope of the graphs

she constructs.

Mathematics education researchers Carson, Jacobs, Coe, Larsen, and Hsu report on 20

college-level calculus students' performance on the same variation of the bottle-�lling task

(a spherical bottle with cylindrical neck) [28]. Carlson et al. report that only one student

(\Student D") created a linear graph, and the student justi�es their graph saying \as the

volume comes up, the height would go up at a steady rate." While it is tempting to classify

this reasoning as indicative of PMA 2 (Trend of Change), we believe that because the student
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makes a connection between the linearity of their graph and the identi�ed \steady" rate that

the reasoning is more consistent with application of a compiled model (EB IE) or function

knowing (EB IIA). While a compiled model is not associated with direct covariational rea-

soning, it is typically built from familiarity with and understanding of a given context and

function. In this case, use of a straight line to indicate a constant rate implies understand-

ing of why a constant slope is associated with a constant rate. We note here that a linear

function is a common guess when students are asked to graph any behavior in physics.

The remainder of the students in the study by Carlson et al. created non-linear graphs,

suggesting an awareness that the height of the water is not directly proportional to the

amount of water in the bottle. A majority of the remaining students created graphs that were

increasing and entirely concave-up or concave-down. \Student B" explains their concave-

down graph by saying,

Okay, the more water, the higher the height would be . . . Right here [indicates

bottom of bottle] the height will be zero and the volume is zero. As you go up, a

little more height increases and the volume increases quite a bit, so the amount

by which the height goes up is not as much. Once you get there [indicates halfway

up the spherical part of the bottle], the height increases even slower. . . So, every

time you have to put more and more volume in to get a greater height towards the

middle of the bottle and once you get here [pointing to the top of the spherical

portion], it would be linear, probably. So, it's always going up [tracing his �nger

along the concave-down graph], then it would be a line.

Student B begins by indicating a trend of change (PMA 2) and by coordinating values

(PMA 3) at a physically signi�cant point. The student continues by engaging in a prelimi-

nary version of neighborhood analysis (EB ID). Expert-like neighborhood analysis involves

identi�cation of physically signi�cant points, and direct covariation of quantities in small

regions around those points; here, Student B instead considers regions moving from the bot-

tom of the bottle to the top, and compares relative rates of change in those regions. Unlike
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Ana, Student B does seem to distinguish between average and instantaneous rates of change.

Student B associates the shape of their graph with a perceived decreasing rate of change,

having to add \more and more volume" for a given change in height. This is suggestive of

reasoning about small chunks of change (PMA 5). When reasoning about the cylindrical

neck of the bottle, Student B's statement that \it would be linear, probably," is consistent

with a compiled model relating cylinders and volume proportional to height.

The algebra and calculus students discussed here used linear functions in their graphs.

Linear functions are a resource for students coming into calculus and physics courses [172]

and are often a default assumption for unfamiliar contexts for both students and experts

[169, 151, 168]. We see Ana, an algebra student, activating resources representative of

those that algebra students may have coming into physics classes; they can reason using the

spectrum of Physics Mental Actions for linear relationships but may not yet have practiced

these skills with non-uniform rates of change. While we don't consider reasoning about

rates of change for linear functions to be less important than non-linear functions, we do

recognize that reasoning about non-constant rates of change is more challenging for students

in courses in both mathematics and physics. Facility with linear functions appears to be a

strong resource to build on for students enrolled in both algebra- and calculus-based physics

courses.

The calculus students studied by Carlson et al. seem to be more comfortable with chang-

ing rates of change, and show some indications of associating a linear function with a familiar

physical context (i.e. the neck of the bottle). However, both groups are still inconsistent

with how they make sense of the physical meaning of the quantities, rates of change, and

functions they use to generate their graphs. Work in mathematics and physics education

research implies that successful modeling relies on making sense of the relevant quantities as

a continuous activity throughout the modeling process [37, 169, 168]. Student D and Student

B create qualitatively incorrect graphs, and do not indicate an awareness that the rate of

change may change in di�erent ways for di�erent parts of the bottle. However, both interpret

the slopes of their constructed graphs as a rate of change (i.e., how the height changes with
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increasing volume). This is indicative of some sensemaking about graphical representations

of the physical context that could be leveraged for more expert-like neighborhood analysis

and physics covariational reasoning as a whole.

5.4.2 Identifying resources of physics students

In physics, where quantities are often not easily visualized, making sense of the meaning

of quantities becomes more di�cult and more important to learning. In a study of 14

undergraduates enrolled in the second semester of a calculus-based introductory physics

course, Bajracharya and Thompson describe how physics students reason about tasks that

can be solved by �nding the area under the curve in a graphical representation [11]. Many of

the students recognized that the tasks could be completed by computing a (symbolic) de�nite

integral, but no symbolic functions were provided with the graph. Students often failed to

connect the integrals they constructed with the area under the curve of the graph they were

given, despite the mathematical equivalence of the symbolic and graphical representations.

The �rst task asked students to determine a change in temperature over a given time

interval from a graph of the time rate of change of temperature (dT
dt ) vs. time (t). One

student, \Kara," quickly produces the expression
R

dT
dt dt, and is able to use dimensional

analysis to check that the expression will give her a change in temperature. This is consistent

with proceptual understanding of quantity in physics: Kara conceptualizes di�erentials as

quantities with associated units (PU IIA). However, Kara fails to associate the integral with

the area under the curve, and is unable to use the units associated with graphical features

to guide her for this context. Kara demonstrates resources with unit analysis (PU IIA) that

might be built upon to develop reasoning about graphical representations (PU IIB3).

In the second task, students were asked to �nd potential di�erence �V using a graph of

electric �eld vs position. Bajracharya and Thompson report that while some students were

able to state that the area under the curve would give them the quantity that the task asked

for, many \were also unable to see the deeper connections between the integrals and the

area under the curve" [11]. Other published research indicates that making this connection
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is more di�cult when the relevant quantities are more abstract and less familiar [155, 10].

Bajracharya and Thompson do not report of any of the students using consideration of units

to guide their reasoning for the electrostatics task, which we view as an indication that the

students' reasoning is less grounded in the meaning of the quantities.

A proceptual understanding of quantity continues to be relevant for contexts involving

more advanced physics. Physics education researchers Van den Eynde, Schermerhorn, De-

prez, Goedhart, Thompson, and De Cock describe a case study of second-year physics and

math students reasoning covariationally in the context of the heat equation [151]. In the

study, the researchers analyze the students' work through the lens ofconceptual blending.

Conceptual blending [52] describes subconscious input spaces|in this case, one physics-like

and one math-like|that blend together into a single thought. Recent work has demon-

strated this framework is a useful way to interpret the work of physics students and experts

[13, 67, 137, 68, 151]. In the Van den Eynde et al. study, students were prompted to generate

graphs of the relationship between heat 
ow and time based on the information in the task.

One pair of students,\Evan" and "David," appear to engage in function choosing (EB

IIB):

Evan: It [the graph] 
attens out again, because that, that is just what things

do under in
uence of the heat equation, but how would it look like at the end?

Something like, eh, straight line or so maybe? I don't really know. . . What makes

most sense?

. . .

David: Wait, the end should be kept at 50, so there should be some kind of heat

source.

Evan: Yes.

David: Yes, and if there is a heat source, heat should be 
owing there. . . the

beginning of the rod is so cold that it stays zero and so it cancels each other out
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a bit. . . I think you will just get a straight line.

Yes, and if there is a heat source, heat is again 
owing over there, to the beginning

of the rod (6).(referring to the boundary condition at position 0 (7)) But the

beginning of the rod is so cold that it stays zero (8) and so it cancels each other

out a bit (9) and I think you will just get a straight line (10).

Evan: Yes, I also have the feeling it will become a straight line, because ehm, if

it is not going to be a straight line, what else?

In this exchange, the students begin by using neighborhood analysis (EB ID) and making

sense of the behavior of the graph at the boundaries (PMA 5). They reason about the

rate of change by discussing the physical nature of the quantities. They then connect the

points by choosing a function based on the trend of the quantities and the physical context

(function choosing, EB IIB). The students agree that a linear relationship is likely appropriate

here. Like the math students discussed above, a linear relationship between quantities is a

default assumption. However, the students are continually relating their representation to the

physical quantities and context: David suggests that the �xed temperatures at the ends of the

rod means that there is something similar at each end so that \it cancels each other out a bit,"

leading to a straight line. Van den Eynde et al. suggest that many of the student statements

are indicative of a well-formed conceptual blend between the mathematical machinery and

relevant physics contexts. Analysis through the lens of the CoRP framework, which shows

how important consideration of quantity is to function choosing, supports their �ndings.

Students entering physics courses are likely to have experience with covariational reason-

ing from pre- or co-requisite courses in mathematics. However, covariational reasoning in

math courses may be focused more on coordinating changes in variables, that may or may

not represent physical quantities, and less on making sense of the physical implications. In-

deed, some mathematics education researchers suggest that covariational reasoning in math

courses should be situated in contexts involving quantities such as height and distance that

are readily visually measurable [73], so that students are able to focus on the rate of change
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of a quantity without having to wrestle with the meaning of the quantity itself. While this

is in line with learning objectives of math courses|and helps build a necessary foundation

for physics covariational reasoning|the goals of physics courses are di�erent. The CoRP

framework was built from research that implies that a proceptual understanding of physics

mathematization is also required for expert-like physics covariational reasoning.

5.5 Conclusion

Physics covariational reasoning plays a central role in expert-like quantitative modeling and

is a key aspect of what it means to \think like a physicist." Because of its focus on quantita-

tive modeling, introductory-level physics provides a unique opportunity for the development

of physics covariational reasoning for a large population of students. Therefore, reliable

covariational reasoning with physical quantities is a desirable student learning outcome of

introductory physics courses. This is especially true because quantitative reasoning de-

veloped by instruction in physics is transferable to \real-world" contexts, and provides a

foundation for scienti�c literacy more generally. However, it can be challenging for instruc-

tors to recognize the ways in which their own reasoning patterns di�er from the focus of

the prerequisite mathematics their students have taken. The di�erences in mathematics and

physics covariational reasoning was one signi�cant motivation for the development of the

CoRP framework.

The use of covariational reasoning in physics contexts has not before been operationalized.

The CoRP framework provides one operationalization. We expect that it will help instructors

recognize the role (and importance) of covariational reasoning in quantitative modeling in

physics, and better address its development as an important student learning outcome. In

this chapter, we have described three ways that the CoRP framework can be used to achieve

this goal.

First, the CoRP framework can make clear the ways in which physics covariational rea-

soning is distinct from the covariational reasoning described by mathematics education re-

searchers and taught in mathematics courses. Frameworks developed by the mathematics
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education research community focus largely on what we describe as \direct covariation"|

direct consideration of how changes in one variable results in changes to another. While direct

covariation of quantities plays an important role in physics covariational reasoning, the inter-

connected structure and facets of the CoRP framework attends to research that demonstrates

the inherently blended nature of mathematical and physical reasoning [44, 151, 128, 168].

The foundation of physics covariational reasoning is the proceptual understanding of the un-

derlying mathematics and physics mathematization. The physics mental actions described

in the CoRP framework are similar to the mental actions described by Carlson et al. [28],

but also involve quantities, rather than variables which may be free of physical context. We

argue that consideration of how quantities change with respect to each other cannot hap-

pen e�ectively without understanding of the quantities themselves. The expert behaviors in

the CoRP framework also rely on physics content knowledge, and often guide|or limit the

amount of|direct covariational reasoning.

Students may come into introductory physics courses with experience with covariational

reasoning in math contexts, but as shown in section 5.4, this does not guarantee facility with

physics covariational reasoning. The characterization of physics covariational reasoning pro-

vided by the CoRP framework provides guidance for leveraging the experience that students

have from mathematics courses. Familiarity with how covariational reasoning is used in

physics, as described in the framework, can help instructors meet their students where they

are, leading to more productive reasoning and quantitative modeling in physics contexts.

Second, the CoRP framework can be used to analyze student reasoning in a variety

of contexts. Such analyses can be used in a number of ways; here, we discuss two such

ways. First, analysis of introductory student covariational reasoning can help instructors

track changes in students' covariational reasoning that occur with instruction in physics,

and can inform assessment, as it explicates facets of covariational reasoning. This allows

covariational reasoning to be a trulyassessablelearning objective of introductory physics

courses. Also, analysis of student reasoning can aid education researchers and curriculum

developers. As demonstrated in Section 5.4, analysis of students' reasoning through the
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lens of the CoRP framework allows for the identi�cation of expert-like and proto-expert-like

covariational reasoning, as well as aspects of covariational reasoning in students' zones of

proximal development.

Finally, the CoRP framework can guide the development of interventions. The framework

identi�es proceptual understanding of the foundational mathematics and physics mathema-

tization as a basis of physics covariational reasoning. Covariational reasoning in physics is

not simply doing math with physics quantities|it requires deep understanding and facility

with both the mathematics and the quantities themselves. By identifying the foundations of

physics covariational reasoning, the CoRP framework provides a way to determine \essen-

tial skills" [93] that can be targeted with interventions or instruction. For example, while

students may come into physics courses able to produce or interpret graphs in purely math-

ematical contexts, they may lack facility with the physics knowledge embedded in a graph

of physics quantities. Being able to interpret the meaning of a graphical feature such as a

slope or an area under a curve, or identify a quantity associated with a graphical feature,

may aid physics learners in understanding graphical representations.

Student di�culties with mathematics in a physics context has long been viewed as a

problem of mathematical under-preparedness. While lack of adequate practice with algebraic

manipulations characterizes some students' di�culties, physics has its own work to do in

helping its students learn to reason mathematically in a physics context. The work described

in this chapter is situated in ongoing e�orts to help build physics quantitative literacy for

all physics students. We have developed the CoRP framework to help support the research

and instructional communities in physics gain new knowledge and develop interventions to

the end of sca�olding physics students' understanding of mathematical models through their

development of covariational reasoning.
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Chapter 6

ASSESSING COVARIATIONAL REASONING WITH THE
PHYSICS INVENTORY FOR QUANTITATIVE LITERACY

(PIQL) AND THE GENERALIZED EQUATION-BASED
INVENTORY FOR QUANTITY AND NEGATIVITY (GERQN)

6.1 Introduction

In this chapter, we share two short re
ections about our assessment tools|the Physics In-

ventory for Quantitative Literacy (PIQL) and the Generalized Equation-Based Inventory for

Quantity and Negativity (GERQN). Both inventories were developed in collaboration with

Suzanne White Brahmia, Alexis Olsho, Trevor Smith, Andrew Boudreaux, and Philip Eaton.

For a complete description of the PIQL and its development, please see our publication [166].

The PIQL is available at PhysPort for widespread use [1]; the GERQN has just completed

its �rst year of quantitative validation at the University of Washington and will be available

in the near future.

We include these two re
ections in one chapter as a small collection of the early research

we have conducted into interpreting the results of the PIQL and the development of the

GERQN. As this work is on-going, we share here some preliminary re
ections on how the

inventories may be used. The �rst section shares an analysis of student responses to three

PIQL items to illustrate how such an assessment tool can be used towards identifying student

resources. The second section explains a bit about our development process for the GERQN,

and lessons we have learned from our collaboration with Mieke de Cock.
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6.2 Exploring student facility with \goes like" reasoning in introductory physics

6.2.1 Introduction

A perhaps unexpected byproduct of the COVID-19 pandemic is renewed clarity on how

challenging it is for many to conceptualize the exponential function. This is certainly not

novel; Cu Boulder Physics Education Professor Emeritus Albert Bartlett famously stated

\The greatest shortcoming of the human race is our inability to understand the exponential

function"[12]. This has become a public issue in the face of the coronavirus epidemic. Head-

lines such as \What Does Exponential Growth Mean in the Context of COVID-19?,"[27]

\The Exponential Power of Now,"[119] and \Is Poor Math Literacy Making It Harder For

People To Understand COVID-19 Coronavirus?"[129] have put conceptualization of function

on the national stage.

It is evident that quantitative literacy|the set of skills that support the use of mathe-

matics to describe and understand the world|is important, and lacking, in the United States

today. Quantitative literacy has many facets, including reasoning about signed quantities,

proportional reasoning andcovariational reasoning|conceptualizing change in one quantity

with respect to change in another quantity|and has been studied across both Mathematics

and Physics Education Research [163, 28, 164]. Introductory physics, a broadly-required col-

lege course with a focus on quantifying and modeling nature, is an excellent place to address

this need.

This section describes a study of students' covariational reasoning in physics contexts.

It contributes to the work in mathematics education, as well as to closing a research gap

in Physics Education Research (PER), where it has been shown that reasoning in physics

contexts is di�erent from reasoning in purely mathematical ones [116, 110]. We focus on

one expert-like facet of physics covariational reasoning: \goes like" reasoning, which refers

to the use of proportionality to illustrate relationships between two quantities (i.e. \The

forcegoes likeone over r squared") [172]. We present some of the ways an expert might use

this reasoning, and preliminary results from two items on an assessment designed to measure
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physics quantitative literacy, the Physics Inventory for Quantitative Literacy (PIQL) [166, 1].

The results of these items that suggest students have some productive resources and emergent

abilities with \goes like" reasoning from prior math courses that are not yet coordinated with

resources about physical quantities in some contexts. Recommendations for future work and

instruction are made.

6.2.2 Quantitative Literacy in Math and Physics

Proportional reasoning|reasoning about ratio as a quantity|has been identi�ed as critical

for success in physics by physics educators and in PER. Early PER focused on identifying

speci�c reasoning di�culties such as the tendency to use additive, rather than multiplica-

tive, strategies and the tendency of physics students to manipulate mathematical formalism

without understanding the physical meaning of the associated quantities and operations

[80, 8, 9]. By the early 1980's, studies in PER had begun to systematically document and

extend this body of work by using individual demonstration interviews to explore student

understanding of average velocity as the ratio �x=� t and average acceleration as the ra-

tio � v=� t [145, 146, 81]. More recent work has examined the relationship between basic

reasoning ability, including proportional reasoning, and the learning of physics content [35].

Work on the role and challenge of proportional reasoning in physics contexts has included

attention to scaling and functional reasoning [9]. We build on this body of work by integrat-

ing the language of covariational reasoning established by the Research in Undergraduate

Mathematics Education (RUME) community [138, 125, 94, 28, 99, 31]. Covariation encom-

passes all functions that relate two or more quantities and considers multiple ways that one

can think about those relationships. For example, one can consider discrete covariation (if

the radius is doubled, how does the electric �eld change?), or continuous covariation (how

does the �eld change smoothly as the radius is increased?) [28]. We suggest that proportional

reasoning is a subset of covariational reasoning, focused speci�cally on linear relationships

and using ratios that have meaning as a single entity (such as velocity and acceleration).

Physics educators regularly identify \thinking like a physicist" as a goal of introductory
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physics. In a 2019 study of the ways in which experts use covariational reasoning to solve

introductory physics problems by Zimmerman, Olsho, Boudreaux, Loverude, and White

Brahmia, it was noted that physics experts use functional reasoning by employing the \/ "

symbol or phrases like \goes like" to illustrate relationships in statements like Area/ r 2,

Force goes like 1=r2, etc. [172] This kind of \goes like" expert thinking is used to represent

a wide variety of simpli�ed relationships between quantities, and can be viewed through the

lens of conceptual blending where physics experts are subconsciously blending together their

reasoning about physics concepts and their reasoning about mathematical functions [52].

In his work on proportional reasoning, Arons asserts that the capacity for scaling and

functional reasoning will not necessarily develop spontaneously [9]. Indeed, the need for cur-

ricular intervention is evident from the current literature. What is less clear is what resources

and emergent abilities studentsdo haveregarding quantitative literacy prior to physics in-

struction, and what educators can do to build upon these skills to develop quantitative

reasoning in their students.

6.2.3 Expert \Goes Like" Reasoning

\Goes like" reasoning refers to simplifying and making sense of the covariational relationship

between two changing quantities as a single function that illustrates the behavior of an

evolving system. For example, consider a classic introductory physics problem about the

kinematics of a ball thrown from a cli�. An expert might reason that if the ball's initial

height is increased, the �nal speed of the ball will also increase. They might reason further

that the �nal speed of the ball \goes like" the square root of the height. Here, \goes like"

reasoning allows the expert to focus on the functional form of the relationship between two

changing quantities, and to ignore any constants or pre-factors. This is a form of physics

covariational reasoning as it describes how one quantity changes with respect to another in

a simpli�ed, functional way, and in turn allows for e�cient problem solving, as the expected

behavior of the system can be quickly and clearly illustrated.

Expert use of \goes like" reasoning is the result of a conceptual blend between their facility
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with the mathematical functions involved and the physics content knowledge that enables

experts to relate physical phenomena to those functions [52]. Zimmerman et al. found that

physics graduate students have strong associations between certain routinely used physics

quantities that allow them to make inferences about relationships between quantities in a

given problem, termed \compiled relationships" (discussed previously in Chapters 3-5) [172].

This simpli�es problems to those they can solve more e�ciently, or to which they may already

know the answer from experience [172]. Unlike novices, someone with substantial experience

with physics is able to make claims such as \This problem involves a potential, which goes

like 1=r" or \This looks like scattering, so I expect it to be an exponential."

Novice physics students, in our experience, often also have useful compiled relationships

that model real world contexts, and we consider these to be resources for physics learning.

Many of these associations seem to evolve from prior math instruction and we see emerging

evidence that students may resort to solving a physics problem by \doing math," meaning

that the absence of a conceptual blend is an obstacle for e�ective problem solving. For

example, where experts may associate circular motion with sinusoidal curves, introductory

physics students may more readily associate trigonometric functions with right triangles.

This led us to wonder what resources students in an introductory physics course are us-

ing to relate two quantities, and whether they include \goes like" reasoning. In particular,

we asked: do students enter introductory physics with reasoning about functional behavior

already formed and ready to be applied from math courses? In addition, do their \goes like"

resources improve after instruction in a physics class, where instruction typically takes the

form of experts modeling their reasoning and discussing it in lecture? To answer these ques-

tions, we probed students' covariational reasoning using items from an inventory currently

in development: the Physics Inventory for Quantitative Reasoning (PIQL) [131, 164].

6.2.4 Assessing \Goes Like" Reasoning

The PIQL is a reasoning inventory that measures fundamental aspects of mathematical rea-

soning that are ubiquitous in physics modeling. The instrument began with items targeting
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proportional reasoning and reasoning about signed quantities and has since grown to include

items related to covariational reasoning more broadly. During its development, the PIQL

has been administered over several years in a 3-quarter calculus-based introductory physics

course at a large research university in the Paci�c Northwest. It is given at the start of

each of the quarters (Phys 121, 122, and 123), such that it serves as a pretest for each term,

and we are able to measure how students improve during the course of instruction. In this

section, we report on the results of two items from 918 students responses (N=326 in 121,

N=309 in 122, and N=283 in 123) from the Winter 2020 Administration (PIQL 20W), which

was given in-person during 50-minute class sessions.

In this section, we focus on the results of two PIQL items aimed at assessing covariational

reasoning:Flag of Bhutan and Ferris Wheel. Flag of Bhutan has been a validated item on

the assessment for several years, originally taken with permission from previous work on

proportional reasoning [18]. We will reframe the problem and results using the language of

covariational reasoning and \goes like" thinking. Ferris Wheel is a new item on the PIQL,

drawn from previous work on expert covariational reasoning in mathematics and physics

[65, 172]. We will provide some analysis of the results from PIQL 20W as well as some

insights on student \goes like" reasoning from recent validation interviews. Other aspects

of quanti�cation and PQL are also involved in these responses, but will not be discussed in

this section.

Flag of Bhutan

In the Flag of Bhutan question, students are asked what aspects of the 
ag would be larger by

a factor of 1.5 if the length and the width were both increased by a factor of 1.5 (see Fig. 6.1).

This item was originally designed as a scaling assessment to measure student facility with

both linear and non-linear relationships, as some answer choices depend linearly on length

and width (such as the length of the dragon's backbone, or the distance around the edge

of the 
ag) and the answer choice \the amount of cloth needed to make the 
ag" depends

on length times width [18]. While scaling was considered a facet of proportional reasoning
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at the time, it was understood by the researchers that scaling with non-linear functions is

notably di�erent than scaling with linear relationships. We believe that this question can be

re-examined in the context of discrete covariation and \goes like" thinking.

One of the challenges of the Flag of Bhutan item as written on the PIQL is that it is

a multiple-choice/multiple-response (MCMR) question. Thereby, its score is low compared

to other items on the PIQL because these items are scored dichotomously for comparison

with other multiple-choice/single-response items [132]. However, the nature of the item

does not fully account for the signi�cantly low number of completely correct responses (26%

of all students) and this rate does not change signi�cantly throughout the introductory

sequence (25% in 121, 25% in 122, and 31% in 123) suggesting that students do not improve

with instruction. The bene�t of MCMR items is that the percentage of students that give

partially correct answers|the student choosesat least one correct response and no incorrect

responses|tells a more nuanced story. Answer choice (a) refers to the perimeter of the 
ag,

(b) to the amount of cloth needed to make the 
ag, (c) the diagonal of the 
ag, and (d)

the length of the dragon's backbone. 74% of all students choose (a) and a combination of

(c) and/or (d), which suggests that most students have some productive resources about the

functional relationship between length, width, and area that could be built upon.

By examining the partially correct responses, we can infer what kinds of resources stu-

dents may be using. Only 24% of students do not choose (a), which we interpret to mean that

the majority of students have facility with direct linear relationships (in this case, perimeter

to length and width). In contrast, 55% of students do not choose (c) and 43% of students

do not choose (d), suggesting that some students may not have yet developed the resources

about more complex functional relationships, such as
p

l2 + w2, or those that do not have

a known functional relationship, such as the dragon's backbone, even if the result is linear.

There is, however, a correlation between choices (c) and (d): 66% of students either chose

both or neither. This indicates that while the diagonal of the 
ag can be described by a

geometric function and the backbone cannot, the majority of students are able to realize they

have the same dependence on length and width. These early signs of \goes like" reasoning
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Figure 6.1: The Flag of Bhutan. The prompt for this item asks students toselect all of the
following quantities that are larger by a factor of 1.5 when the length and width of the 
ag
are both increased by a factor of 1.5: (a) The distance around the edge of the 
ag, (b) the
amount of cloth needed to make the 
ag, (c) the length of the curve forming the dragon's
backbone, (d) the diagonal of the 
ag, and (e) none of these. Students are prompted to
choose all answer choices that apply. We believe the correct answers to be (a), (c) and (d).

could be developed by coordinating the demonstrated student facility of linear functions to

more complex relationships with direct instruction.

Ferris Wheel

Ferris Wheel asks students to choose an equation that represents how the height of a Ferris

wheel cart changes as a function of the total distance it has traveled (see Fig. 6.2). This

item was developed for the PIQL to directly assess \goes like" reasoning, inspired by the

2017 Hobson and Moore study on covariational reasoning in which expert mathematicians

were given an animated version of a Ferris Wheel and asked to produce a graph that relates

the total distance traveled by the cart and the height of the cart [65]. Variants of the Ferris

Wheel problem have been used thoroughly and are well-validated in mathematics education

research, and the Hobson and Moore study was recently replicated with physics experts

where it was observed that physics experts reasoned di�erently from the mathematicians

[72, 94, 106, 33, 172]. In particular, physics experts demonstrated \goes like" reasoning and
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strong compiled relationships between the circular motion presented in the animation and

trigonometric functions: \the height goes like a trig function" [172].

In developing Ferris Wheel for the PIQL, we were interested to see if students also held

compiled relationships, and if they were using \goes like" reasoning to solve the problem.

When reformatting the item as multiple choice, we chose distractors based on common

covariational relationships in physics (i.e. exponential growth). We also chose distractors

based on compiled relationships students may have including the Pythagorean theorem,

which students associate with triangles in interviews and in open-ended version of other

PIQL items, and an expression containing the circumference, which students associate with

circles.

This item appears to be considerably less challenging than Flag of Bhutan, as 58% of

all students answer correctly on PIQL 20W, however it is not an MCMR question so it

cannot be compared directly [131]. While the majority of students in this sample answered

correctly, incorrect answer choices provide insight into what productive resources students

that do not answer correctly are using. The most common incorrect choices were (d) and (a)

from Figure 6.2, with an answer rate of 25% and 15% respectively across all three courses.

As before, the answer rate does not change signi�cantly during the course of instruction.

These results suggest that the \circumference-like" distractor and the \Pythagorean-like"

distractor are appealing to a signi�cant portion of the student population. We interpret

these answer choices as early \goes like" reasoning|these are functions that are familiar

to students from prior math classes, and have been fruitful in past experiences reasoning

about circles and triangles. We suggest these resources could be built upon and coordinated

with reasoning about circular motion through direct instruction to develop the \goes like"

reasoning experts demonstrate between circular motion and trigonometry.

Student interviews were conducted as part of the validation process for new items on

the PIQL. Semi-structured, individual think-aloud interviews were conducted with six in-

troductory physics students at another public university in the Paci�c Northwest. Ferris

Wheel was given as shown in Figure 6.2, and students were selected on a volunteer basis.
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Figure 6.2: Ferris Wheel. The prompt for this item asks students to identify which expression
correctly identi�es how h, the height of the cart, directly changes withs, the distance traveled
by the rider, where the radius of the Ferris wheel is given byR0: (a) h(s) =

p
s2 + R2

0, (b)
h(s) = R0 exp(s=R0), (c) h(s) = R0 � R0 cos(s=R0), (d) h(s) = s2=(2�R 0)

We do not claim that these two institutions represent identical populations; they often have

slightly di�erent average scores on PIQL assessment items, and fewer than half of those in-

terviewed arrived at the correct answer. Therefore, the interviews provide some details into

what resources students that do not yet have facility with circular motion may be using.

The Circumference-Like Distractor , answer choice (d), was highly appealing to

nearly all students interviewed, citing it as familiar and associating circumference with total

distance traveled: \I'd say (d) because its the only one that has 2�R in there, which is the,

essentially, the circumference formula." Indeed, nearly all students interviewed began by

de�ning the total distance traveled by the circumference, and many returned to this de�ni-

tion throughout their problem solving process. We recognize this as a form of quantitative

reasoning|students demonstrate a strong compiled relationship between distance and cir-

cumference. They also tend to connect total distance traveled (a quantity that changes with

time) with the circumference of one revolution (a quantity that is �xed), meaning that the

students interviewed did not spontaneously consider the total distanceas it is changingwhen

using circumference to solve the problem.
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The Pythagorean-like Distractor , answer choice (a), was also of signi�cant interest to

those interviewed. Every student interviewed verbally labelled this option as \Pythagorean,"

and many students drew an accompanying triangle, demonstrating a strong compiled rela-

tionship between the expression itself and triangular geometry. Some students used this

understanding to recognize quickly that the Pythagorean approach would not work, one

stating, \(A) is the Pythagorean theorem, but that doesn't make sense because that's linear

distance." We interpret this as the student recognizing that the Pythagorean theorem uses

linear distances, and the total distance traveled is not linear. Another student debated about

the correctness of (a), stating, \This is like the Pythagorean theorem... if we do it like this,

[the student draws a triangle with the hypotenuse representing total distance] I guess you

could estimate [the total distance] as being a straight line." Here, we infer the student is

using a method often taught in calculus courses to approximate curves as linear to make

sense of the linear quantities in a circular context. Both of these students demonstrate the

use of strong sense-making about linear quantities in the context of circular motion using

resources from prior mathematics instruction.

The Trigonometric Answer , choice (c), was challenging for students due to its high

level of complexity. Students puzzled over how to draw the corresponding triangle, \cosine

gives mes over R0...so they're saying the radius is the hypotenuse. How can that be?" We

interpret this as the student sense-making about how the mathematical expression is con-

nected to the physical representation, early evidence of student conceptual blending. Another

student was unique among those interviewed in drawing a connection between the unit circle

and answer choice (c), recognizing that \� is equal to arc length over the radius...the radius

should be the hypotenuse because the radius is the one thing that is measured through-

out the circle." The student makes the connection of the angle as a ratio, and uses their

conceptualization of the unit circle to identify the corresponding triangle.

These patterns suggest that the students interviewed have a variety of strong sense-

making resources about the circumference formula, geometric approaches to the Pythagorean

theorem, and early signs of conceptual blending between physical representations and math-
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ematical formula. Students may not yet coordinate these resources completely correctly with

circular motion, however, both in terms of time evolution and the connection between the

formalism and the physical representation. Notably, those that did answer correctly during

the interviews arrived at their answer by plugging in points. In particular, students focused

on physically signi�cant points, for example, the bottom and top of the Ferris Wheel where

the height is at a minimum or maximum. This kind of problem solving| choosing physically

relevant points to better understand the behavior of the system|has been identi�ed as an

expert-like behavior [172]. However, students uniformly did so as a last e�ort, suggesting

they may not see the expert-like nature of this approach.

6.2.5 Conclusions

The results of Ferris Wheel and Flag of Bhutan demonstrate that while students have di�-

culty with physics \goes like" reasoning, they illustrate potentially productive resources that

could be used to develop physics covariational reasoning. Responses to Flag of Bhutan show

that students have strong \goes like" reasoning about linear relationships, and those to Ferris

Wheel demonstrate that students have strong compiled relationships regarding right trian-

gles and the Pythagorean theorem, and circles and circumference. However, without direct

instruction it is challenging for students to spontaneously coordinate complex functions like
p

l2 + w2 to linear behavior and their reasoning about trigonometry to circular motion. It is

important for instructors to recognize their own expert habit of thinking in terms of a small,

�nite number of preferred functions in physics, while students emerge from math courses

without that framework. We recommend instructors consider including explicit instruction

and create instructional strategies to help students develop a recognition of our preferred

functions to facilitate \goes like" thinking. As this is preliminary work, additional studies

are needed to more deeply understand both student and expert covariational reasoning in

physics.
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6.3 Assessing physics quantitative literacy in algebra-based physics: lessons
learned

6.3.1 Introduction

Quantitative literacy (QL)|the interconnected skills, attitudes, and habits of mind that

support the sophisticated use of familiar mathematics to describe and understand the world

[139, 102]|is a central learning objective across STEM courses. Given its ubiquitous and

nuanced mathematical nature, introductory physics is well-positioned to �ll an educational

niche of improving QL. An inventory recently developed and published by S. White Brahmia,

A. Olsho, T. Smith, A. Boudreaux, P Eaton, and C. Zimmerman|the Physics Inventory

for Quantitative Literacy, or the PIQL (pronounced \pickle")|has been shown to e�ectively

measurephysicsquantitative literacy (that is, quantitative literacy in the context of physics)

for calculus-based introductory physics courses [166]. However, there remains a need for an

instrument to measure PQL that is appropriate for algebra-based physics courses.

Algebra-based physics courses are required for a wide variety of STEM majors, and are

much more common than calculus-based courses in high schools. By developing an algebra-

based inventory, we widen the population of instructors for whom the inventory is applicable

and useful. As high school physics teachers are agents of change in their classrooms and the

wider STEM community, making physics quantitative literacy (PQL) assessment materials

available to them includes an essential group of instructors in moving the needle on QL for all

students. We are therefore in the process of developing an algebra-based version of the PIQL

called the Generalized Equation-based Reasoning inventory for Quantity and Negativity, or

the GERQN (pronouced \gherkin"), to address this need.

The purpose of this section is to share some early insights as we explore features of physics

quantitative reasoning that are ubiquitous, regardless of the mathematical preparation of the

learners. We will begin with an example of how we adjusted PIQL items to be better suited

for the GERQN population, and then share two lessons we learned during the process of

developing the GERQN:
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(I) It is well known that reasoning about the rate of change of a quantity is challenging,

and learners commonly con
ate it with the quantity itself [145, 146, 138, 154]. In this

section we contribute to this body of work by describing how we adjusted assessment

items to be within algebra-based students' zone of proximal development in graphical

contexts, and o�er a re
ection on what kinds of resources about rates of change we

think may be accessible to this population for instructors to build on.

(II) Language we use in assessment can be �ltering students for the wrong reasons [54, 21,

22, 59]. Here we describe two key lessons we learned from translating the GERQN into

Flemish as part of a larger project and on on-going collaboration with the researchers

at Katholieke Universiteit Leuven (KU Leuven).

6.3.2 Background

Algebraic reasoning underpins both calculus-based and algebra-based introductory physics

curricula. Reasoning about proportion, sense-making around symbols and representations,

and making sense of quantities are common themes in the body of research on mathematical

reasoning in introductory physics [116, 148, 18, 103, 130, 151, 159, 165]. The conceptual blend

of procedural resources and conceptual reasoning is foundational to mathematical sense-

making in physics contexts [83, 113]. Resources are pieces of knowledge that are activated

when students are engaged in making sense of a particular context [41, 60, 120]. Therefore,

discriminating between which resources are within the zone of proximal development for each

population is essential to the development of the GERQN. Through interviews with physics

faculty and a middle school mathematics education researcher, we cyclically revised and

developed items for the GERQN to probe resources that are foundational to \calculus-like"

reasoning at higher levels.

The GERQN development is a part of collaborative comparison study with researchers at

KU Leuven in Belgium that explores similarities in, and di�erences between, US and Belgian

students' PQL. As a part of this study, we worked with researchers in Belgium to translate
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the GERQN into Flemish and gained insights about the clarity of our question statements for

both native and non-native English speakers. In this section, we aim to share some lessons

learned during the GERQN development process from both a mathematical and linguistic

perspective, and provide suggestions for researchers and instructors to consider when drafting

assessment items, creating activities, and speaking to students.

6.3.3 Development and Validation

Our procedure for inventory and item development was conducted at a large, R1 university

in the Paci�c Northwest, and follows the procedure used in the development of the PIQL

[166, 3]. We designed the GERQN by modifying PIQL items and developing new items as

needed based on the following assumed di�erences in the population of test-takers: (1) lower

average grade level, and (2) fewer years of prior physics and mathematics courses. These

items underwent expert validation with a panel of 6 experts (physics faculty who teach in

the introductory physics sequence) and with a middle school mathematics education research

expert. The items underwent a cycle of revisions based on expert comments and pilot testing.

We then conducted student validation in 12 individual, think-aloud interviews with students

from the algebra-based introductory sequence. The items were also administered in the

same courses over three quarters (N = 1808). An added dimension of this process involved

a collaboration with a researcher and masters students enrolled in KU Leuven's physics

teacher training program. These researchers translated the GERQN in its current version

into Flemish and performed 10 individual, think-aloud interviews with Belgian algebra-based

physics students in Flemish. The analysis of both sets of student interviews is still on-

going. However, early results from our initial expert validation, large-N administration, and

translation into Flemish have generated knowledge about bringing expert PQL into the zone

of proximal development of the students we teach and assess.
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Item Development and Modi�cation

The majority of the 18 items on the GERQN are the same as those on the PIQL. For

the GERQN, we rejected PIQL items that required calculus, an understanding of vector

quantities, or involved physics contexts that are not taught in the algebra sequence. These

items were either modi�ed or removed.

The items \Internal Energy" and \Money" are an example of the ways PIQL items

were modi�ed for use on the GERQN (Fig. 6.3). The PIQL version of the item \Internal

Energy" asks students to choose the best model to represent how work and heat are related

to an object's internal energy. The PIQL item was originally developed to probe student

reasoning around symbolizing (speci�cally the implied meanings of \+" and \{") and use of

variables. The internal energy context was validated with calculus-based students, and the

most popular incorrect answer for calculus-based students is to choose A (�U = Q � W)

and F (� � U = � Q + W). These choices are incorrect because the prompt states thatQ is

positive when energy 
ows into the system, andW is positive when positive work is done on

the system. Therefore, these variables should be added to represent the total change internal

energy, � U. Student interviews reveal this is because A and F align with de�nitions of the

�rst law of thermodynamics from prior instruction in which the sign of Q and/or W are

de�ned di�erently. However, work, heat, and internal energy are less likely to be familiar

terms for algebra-based physics students, in particular for those in pre-college classrooms.

The version \Money" was developed for the GERQN where the context was adjusted to

more familiar quantities: the relationship between the change in the amount of money in

a person's wallet and how much they earn or spend on goods and services. Early adminis-

trations of the GERQN suggest that the most common incorrect answer with algebra-based

students is to choose all of the answer options (A: �M = � S + G, B: � M = S + G, C:

� M = S � G, and D: � M = � S � G). Student interviews suggest that choosing A, B, C,

and D involves reasoning that the variables represent only positive values and that a negative

value would need to be indicated by an additional symbol outside the variable. Using this
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(a) The internal energy of a system can be increased by doing positive work on the system or by
heating it, and it can be decreased by cooling the system or if the system does work. Which of
the following equations represent(s) this relationship (U is the internal energy of the system,Q
is positive when energy 
ows into the system, andW is positive when positive work is done on
the system)? Choose all that apply.

a. � U = Q � W

b. � U = � Q + W

c. � U = Q + W

d. � � U = Q + W

e. � � U = Q � W

f. � � U = � Q + W

(b) The amount of money in your wallet changes by � M when you receive or spend money. The
value of � M is greater than zero when you receive money, and the value of �M is less than zero
when you spend money.

Let S represent the money exchanged for services. The value ofS is greater than zero if you are
paid for a service, and the value ofS is less than zero if you pay for a service.

Let G represent the money exchanged for goods. The value ofG is greater than zero if you sell
something and the value ofG is less than zero when you buy something.

Which of the following equations represent(s) this relationship?Choose all that apply.

a. � M = � S + G

b. � M = S + G

c. � M = S � G

d. � M = � S � G

Figure 6.3: A PIQL item that has been adjusted for the GERQN due to physics context.
(A) shows the original item, and (B) shows the revised item for the GERQN.



129

reasoning, all four equations collectively represent the possible scenarios that could occur.

This example illustrates how we made modi�cations to the PIQL items to adjust context

and language to be more appropriate for GERQN audiences. In the following sections we

will address speci�c lessons learned from: (I) adjusting items that measure reasoning about

rates of change, and (II) adjusting language for non-native speakers based on our experience

from translating the GERQN.

Reasoning about Rates of Change

Meredith and Redish summarize the mathematical reasoning foundational to algebra-based

physics [92]. However, the line between what mathematical reasoning is required for calculus-

based physics and algebra-based physics is not entirely clear; calculus-based physics tends

to heavily rely on algebra-like reasoning with a small dose of derivatives and integrals. The

items Spherical Bottle [31] and Cylindrical Bottle illustrate how we approach distinguishing

between conceptual, mathematical reasoning skills for these two populations (Fig. 6.4).

Spherical bottle requires students to reason about a non-linear rate of change between

the height of the water and the volume of water in the bottle|the correct graph includes

not only a curve, but a curve with a change in concavity. Student di�culties with changing

rates of change have been well documented in both the mathematics and physics education

communities, and reasoning about changing rates of change have been shown to be an es-

sential resource for students entering calculus [138, 28, 130, 143, 142, 23]. Based on this

research, we reason that the majority of students in an algebra-based physics class may not

yet have accessible resources about continuously changing rates of change. We con�rmed

this assertion with a local mathematics education expert at the University of Washington,

who specializes in middle school level mathematics education research. To adjust the target

zone, we developed the Cylindrical Bottle for the GERQN, which asks the same question but

with piecewise linear graphs. Cylindrical Bottle includes only one instance where the rate

of change changes|at the bottle neck|which is intended to measure how students may be

reasoning about changing rates of change but within their zone of proximal development.
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(a) Assume that water is poured into a spherical bottle at a
constant rate. Which of the following graphs best repre-
sents the height of the water,h, in the bottle as a function
of the amount of water in the bottle, V?

(b) Water is poured into an empty bottle until it is full. The
bottle is shaped like two cylinders, as shown at right.
Which of the following graphs best represents the height
of the water, h, in the cylindrical bottle as a function of
the amount of water in the bottle, V?

Figure 6.4: A PIQL item that has been adjusted for the GERQN due to mathematical level.
(A) shows the original item, and (B) a linear version on the current iteration of the GERQN.
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Figure 6.5: Student responses to the PIQL and GERQN versions of Spherical/Cylindrical
Bottle and Growth items. The PIQL data were collected from a calculus-based introductory
mechanics course (N = 240) and the GERQN data from an algebra-based introductory
mechanics course (N = 225) at the same large, R1 university in the paci�c northwest.

Preliminary results on the GERQN show that 68% of algebra-based students chose the

correct answer on Cylindrical Bottle, compared to 72% of calculus-based students who chose

the correct answer on Spherical Bottle (N = 225 for algebra-based students and N = 240

for calculus-based students, see Fig. 6.5). For calculus-based students, the most common

incorrect answer is E (13% of students), where the concavity is reversed. On the GERQN

version, the most common incorrect answer among algebra-based students is B (15% of

students), where the rate of change in the bottle neck is slower than the rate of change in the

bottle's body. While we do not suggest that we make quantitative statements by comparing

across populations, the similarity in di�culty on the item and parallel structure of the most

common incorrect answer suggests that the cylindrical adaptation is likely appropriate for

the algebra-based sequence, and in their zone.

Some items, however, did not need to be adjusted despite appearing to some experts as

though they may require calculus. The item we will refer to as \Growth", shown in Fig. 6.6,

illustrates the balance between reasoning about rates of change and requiring calculus pro-

cedures to solve a problem. Growth was originally developed for the PIQL based on an




