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We discuss an investigation of student difficulties with the corrections to the energy spectrum of the hydrogen
atom for the strong and weak field Zeeman effects using degenerate perturbation theory. This investigation
was carried out in advanced quantum mechanics courses by administering written free-response and multiple-
choice questions and conducting individual interviews with students. We discuss the common student difficulties
related to these concepts which can be used as a guide for creating learning tools to help students develop a
functional understanding of concepts involving the corrections to the energy spectrum due to the Zeeman effect.

I. INTRODUCTION AND BACKGROUND

The Zeeman effect in the hydrogen atom is the shift in the
energy spectrum due to the presence of a magnetic field, and it
is proportional to the strength of the magnetic field. Here, we
focus on two limiting cases: the strong and weak field Zee-
man effects. The strong field Zeeman effect occurs when the
corrections to the energies due to the Zeeman term are much
greater than the corrections to the energies due to the fine
structure term. The weak field Zeeman effect occurs when
the corrections to the energies due to the fine structure term
are much greater than the corrections to the energies due to
the Zeeman term. The Time-Independent Schrodinger Equa-
tion (TISE) for the Hamiltonian with the fine structure and
Zeeman corrections cannot be solved exactly. Nevertheless,
since the fine-structure term and, in general, the Zeeman term
are significantly smaller than the unperturbed Hamiltonian,
perturbation theory (PT) is an excellent method for determin-
ing the approximate solutions to the TISE and corrections to
the energy spectrum of the hydrogen atom. Due to the de-
generacy in the hydrogen atom energy spectrum, degenerate
perturbation theory (DPT) must be used to find the correc-
tions for the strong and weak field Zeeman effect.

It is important to help students develop a functional under-
standing of DPT in order to find the corrections to the en-
ergies for the strong and weak field Zeeman effects. How-
ever, quantum mechanics (QM) is particularly challenging
for upper-level undergraduate and graduate students [1-9] and
students often struggle with DPT. Therefore, we investigated
student difficulties with finding the first-order corrections to
the energies of the hydrogen atom for the strong and weak
field Zeeman effects using DPT.

We first discuss the requisite knowledge students must have
to use DPT in general and in the contexts of the strong and
weak field Zeeman effects. PT is a useful approximation
method for finding the energies and the energy eigenstates
for a system for which the TISE is not exactly solvable. The
Hamiltonian H for the system can be expressed as the sum of
two terms, the unperturbed Hamiltonian HO° and the pertur-
bation H',i.e., H = H® + H’. The TISE for the unperturbed
Hamiltonian, %0 = E%¢?, is exactly solvable where )0

turbed energy. The energies can be approximated as F,, =
ES+E!+E2+...where E! fori = 1,2, 3.. are the i'" order
corrections to the n'” energy of the system. In PT, the first-
order corrections to the energies are E} = (40| H'|¢%) and
the first-order corrections to the unperturbed energy eigen-

states are [¢,) = 2, ., %WO ), in which {[49)}

is a complete set of eigenstates of the unperturbed Hamilto-
nian HO. If the eigenvalue spectrum of HO has degeneracy,
the corrections to the energies and energy elgenstates are only
valid provided one uses a good basis. For a given HO and H',
a good basis consists of a complete set of eigenstates of H 0
that diagonalizes H' in each degenerate subspace of HO.
For a hydrogen atom in an external magnetic field, one can
use DPT to find the corrections to the energy spectrum. Using
standard notations, the unperturbed Hamiltonian HO of a hy-

52

drogenatomis H° = 2 4226 (1), which accounts only for
. . 0 . r .

the interaction of the electron with the nucleus via Coulomb

attraction. The solution for the TISE for the hydrogen atom

with Coulomb potential energy gives the unperturbed ener-

; 0 _ _13.6eV
gies by = -5, where n is the principle quantum num-
= HfS+H’ , in which HY, is the

Zeeman term and ]’cs is the fine structure term.

ber. The perturbation is H’

We note that for each n (i.e., each degenerate subspace of
H°), HY for the hydrogen atom is diagonal when any com-
plete set of orthogonal states is chosen for the angular part of
the basis. Thus, so long as the radial part of the wavefunctions
corresponding to the eigenstates of HP is chosen as the basis,
the choice of a good basis amounts to choosing the angular
part of the basis (the part of the basis that reflects both or-
bital and spin angular momentum) appropriately. Therefore,
for each n, we focus on the angular part of the basis to find a
good basis for the perturbation H corresponding to the fine
structure and Zeeman corrections to the hydrogen atom. For
the angular part of the basis for each n, states in the coupled
representation |l, j, m;) are labeled by the quantum numbers
l, s, j, and m; and the total angular momentum is defined
as J = L + S (all notations are standard and s = 1 /2 has
been suppressed from the states |, j, m;) since s = 1/2is a
fixed value for a hydrogen atom). On the other hand, states
|I, mi, ms) in the uncoupled representation are labeled by the

is the n'" unperturbed energy eigenstate and E? is the unper- quantum numbers [, s, m;, and mg (notations are standard).
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In the limiting cases of the strong and weak field Zeeman
effect, the perturbatlon H’ can be separated into two terms
H =H +H' in which A’ is the stronger per-

strong weak? strong

turbation and H cak 18 the weaker perturbation. The correc-

tions to the energies due to the stronger perturbation H’ strong
are larger than the corrections due to the weaker perturbation
H!,,..- Inthese limiting cases, in order to find the corrections
to the energies, one useful approach is to use DPT via a two-
step approximation. In the first step, the stronger perturbation
H ;tmng is treated as the only perturbation. A good basis for
step 1 is one that diagonalizes the unperturbed Hamiltonian
H° and also diagonalizes the stronger perturbation H strong
in each degenerate subspace of the unperturbed Hamiltonian
H°. After a good basis has been identified for step 1, the
first order corrections for the stronger perturbation Hétmn g
are determined. In the second step of the two-step approx-

imation, H? = H + H' is the new unperturbed

strong strong
Hamiltonian and the weaker perturbation H’,_, is treated as
the perturbation. For step 2, a good basis is one that diago-

nalizes the unperturbed Hamiltonian HO strong and also diago-

nalizes H ! ear 1D €ach degenerate subspace of HO strong: Once
a good basis for step 2 has been identified, the first order cor-
rections to the energies due to the weaker perturbation can be
determined. The total first-order corrections to the energies

are the sum of the corrections from steps 1 and 2.

The following steps describe how to determine a good ba-
sis and the first order corrections to the energies for the strong
field Zeeman effect: (1) Treat the stronger perturbation H 4
as the only perturbation on the unperturbed Hamiltonian HO,
identify that a basis consisting of states in the uncoupled rep-
resentation forms a good basis for the unperturbed Hamilto-
nian 9 and the stronger perturbation H %, (since HO is diag-
onal in the uncoupled representation and H /. is diagonal in
each degenerate subspace of HOY in the uncoupled representa-
tion), and determine the first-order corrections to the energies
due to the stronger perturbation H,; (2) Treat the weaker
perturbation H 4 as the perturbation on HY = H° + HY,
identify that a basis consisting of states in the uncoupled rep-
resentation forms a good basis for the unperturbed Hamilto-
nian HY and the weaker perturbation H';_ (since HY is di-

agonal in the uncoupled representation and H }S is diagonal

in the degenerate subspaces of H 2 in the uncoupled repre-
sentation), and determine the first-order gorrections to the en-
ergies due to the weaker perturbation H }S; (3) The sum of
the first-order corrections obtained in steps 1 and 2 are the
first-order corrections to the energy spectrum of the hydro-
gen atom. For the weak field Zeeman effect, the dominant
fine structure term is the only perturbation on HO in step 1
and the weaker perturbation H ¢, is the perturbation on the
Hamiltonian H}) = H° + H %, in step 2. In the weak field
Zeeman effect, the coupled representatlon forms a good basis
for both step 1 and 2.
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II. METHODOLOGY

Student difficulties with the corrections to the energies of
the hydrogen atom for the strong and weak field Zeeman ef-
fects using DPT were investigated using two years of data
involving responses from 52 upper-level undergraduate stu-
dents and 42 first-year graduate students to open-ended and
multiple-choice questions administered after traditional in-
struction in relevant concepts. The undergraduates were in an
upper-level undergraduate QM course, and graduate students
were in a graduate-level QM course. Additional insight about
the difficulties was gained from 13 individual think-aloud in-
terviews (a total of 45 hours). Students were provided with all
relevant information discussed in the introduction and back-
ground section and had lecture-based instruction in relevant
concepts. Similar percentages of undergraduate and graduate
students displayed difficulties with DPT.

After analyzing responses of 32 undergraduates on similar
questions administered in two previous years, we posed the
following question to 20 undergraduate and 42 graduate stu-
dents in the following two years as part of an in-class quiz
after traditional lecture-based instruction to examine student
difficulties (in which the strong field and weak field Zeeman
effects were listed 1nd1V1dua11y in two separate questions):
Q1. A perturbation H = H Fs + H! 7 acts on a hydrogen

atom with the unperturbed Hamiltonian HO = —%V2 —
i (%) For the perturbation H' = f]}s + H},, circle ALL

3}%6 representations that form a good basis for the strong
and weak field Zeeman effect and explain your reasoning. As-
sume that for all cases the principal quantum number n, = 2.
i. Coupled representation,

ii. Uncoupled representation,

iti. ANY arbitrary orthonormal basis constructed with a lin-
ear combination of states in the coupled representation,

iv. ANY arbitrary orthonormal basis constructed with a lin-
ear combination of states in the uncoupled representation,

v. Neither coupled nor uncoupled representation.

The correct answer for the strong field Zeeman effect is op-
tion ii and the correct answer for the weak field Zeeman effect
is option i. Below, we discuss difficulties with corrections to
the energies due to the strong and weak field Zeeman effects.

III. STUDENT DIFFICULTIES

Students had several difficulties with DPT in general (not
restricted to the context of the strong and weak field Zeeman
effects only). For example, when students were asked to de-
termine a good basis for finding the corrections to the ener-
gies of the hydrogen atom due to fine structure, many students
did not even realize that DPT should be used. Other students
knew that they had to use DPT to find corrections to the wave-
function, but they did not use DPT to find the first-order cor-
rections to the energies, incorrectly claiming that DPT was
not needed since no terms in . = (2 |H’|¢9)) “blow up”.



TABLE I. Percentages of undergraduate (U) (N = 20) and graduate
students (G) (N = 42) who answered Q1 correctly.

Uu| G
40% | 29%
25% (31%

Limiting Case
Strong Field
Weak Field

Moreover, even if students realized that DPT should be
used for the strong and weak field Zeeman effects, many of
them admitted that they had memorized which representation
was a good basis in a given situation. Memorization of which
basis to use often masked the fact that students did not have a
deep understanding of DPT. Table I shows that many students
struggled to identify a good basis for finding corrections to
the energy spectrum due to the strong and weak field Zeeman
effects. Below, we discuss some specific student difficulties:

Not focusing on both H° and H’ when determining a
good basis: Students with this type of difficulty focused on
the bases that make H° diagonal but did not give considera-
tion to H’ when finding a good basis. For example, in the first
step of the two-step approximation for the weak field Zeeman
effect, some students incorrectly claimed that the uncoupled
representation forms a good basis because it diagonalizes the
operator HP. Interviews suggest that these students often did
not realize that H . 18 not diagonal in each degenerate sub-

space of HO if the uncoupled representation is chosen as a
basis and the corrections using this representation will yield
incorrect values inconsistent with experiments.

Focusing on the degeneracy in H'

weak instead of the
degeneracy in H gtmg when determining a good basis:

When determining whether DPT should be used and whether
a basis is a good basis, some students incorrectly focused on
the degenerate subspaces of H' instead of H°. For exam-
ple, when students were asked to find the energy corrections
in the first step of the two-step approximation, some students
incorrectly focused on the degeneracy in H strong to deter-
mine whether DPT should be used and whether the basis pro-
vided was good. In particular, they focused on whether the

degenerate subspaces in Hy,,,, were diagonal to determine
Hl

if the basis was good (instead of whether H,,,, was di-

agonal in the degenerate subspaces of H°). An analogous
student difficulty was also prevalent in step 2 of the two-step
approximation. In particular, in order to determine whether a
basis is a good basis for the strong or weak field Zeeman ef-
fect in step 2, students must identify the degenerate subspaces

of H gtmng = H +H strong and determine whether or not
the weaker perturbation A ! ear 18 diagonal in each degenerate

subspace of HYy,on,-

However, many students incorrectly fo-
cused on the degeneracy and degenerate subspaces of H .

instead of the degenerate subspace of H O ron o to determine if
DPT should be used and if the basis provided was good.
For example, during the portion of the interview regarding

the strong field Zeeman effect, in step 2, students were given

eak
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the strong field Zeeman Hamiltonian HY = H° + H %, from
step 1 and the weaker perturbation H s in matrix form in
the uncoupled representation for n = 2 (since the uncoupled
representation is a good basis for step 1 of the two-step
approximation method). The students were then asked to

identify the H }S matrix in each degenerate subspace of

HY = H° 4+ HJ, and explain whether or not the uncoupled
representation forms a good basis in step 2 of the 2-step
approximation method. In the n = 2 subspace with s = %,

the HY = H° + HY, matrix provided to students to probe
their understanding is the following in which the basis states
are chosen in the uncoupled representation (|i, m;, m,)) in
the order [0, 0, 1), [0, 0, —L),J1, 1, %), |1, 1, —4), |1, 0, ),
11, 0, —=3), 11, =1, &y, and |1, —1, —3) in which 8 = pupBest
(Begt is a uniform, time-independent external magnetic
field along the Z-direction and pp is the Bohr magneton):

0 0 0 0 0 0 0
0 E,-8 0 0 0 0 0 0
0 0 E+28 0 0 0 0 0
0 0 0 @ 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 E-8 0 0
0 0 0 0 0 0 0
| o 0 0 0 0 0 0 Ey-23 |

HY has three separate two-fold degeneracies for the ener-
gies F> + 3, B2 — 3, and E, as indicated by the boxed, under-

lined, and circled matrix elements of H’% above. In order to
determine whether a basis consisting of states in the uncou-

pled representation forms a good basis, H }S must be diago-
nal in each of these three degenerate subspaces of H 9. The
H'; matrix in the n = 2 subspace in which the basis states

are chosen in the same order as they were for the HY matrix
above is shown below:

(5] oo 0o [o] o o0 0]

0 150 0 0 0 0 0

0 03 0 0 0 0 0

(~13.6eV)a? 0 00 11 42 0 0 0
2 [0] 0 04v2 0 0 0

0 00 0 0 7 4/20

0 00 O 0 4v2 11 0

L o oo 0 0 0 0 3]

From the boxed matrix elements, H }S in the degener-
ate subspace of H'% for the degenerate energy Fo + [ is
(z13.6¢V)a? [ 9] Similarly, one can determine H}, in
the degenerate subspace of HY for the degenerate energies
E> — 23 and E5 as the underlined and circled matrix ele-
ments, respectively. However, students often did not realize
that they should focus on the degeneracy of the Hamiltonian
HY = H° + H/, and instead they focused on the degeneracy
of the weak perturbation H';, by examining the diagonal ma-
trix elements of H }S that were equal. For example, they fo-
cused on the degenerate subspace (=12.6<Va? [ oo } in H }S.
In particular, they incorrectly focused on whether the degen-



erate subspaces of H }s were diagonal to determine whether
a given basis is a good basis. However, the degeneracy of
the weaker perturbation H < 1s not relevant to determining a
good basis. Instead, they should have identified the degen-
erate subspaces of H) = H° + H/, and determined if the
weaker perturbation H }S is diagonal in the degenerate sub-
spaces of HY = H° + H 4, to conclude if a given basis is a
good basis in step 2 of the two-step process.

Incorrectly claiming that A’ ., must be diagonal in
each degenerate subspace of H%ina good basis when us-
ing the two-step approximation: Many students claimed
that, in a good basis for step 2 of the two-step approxima-
tion, ﬁ{ueak must be diagonal in the degenerate subspace
of HY as opposed to the degenerate subspaces of ﬁgtmg.
They did not realize that when using the two-step approxi-
mation in the limiting cases, the weaker perturbation H ok
need only be diagonal in each degenerate subspace of the

stronger Hamiltonian H Stmng determined in step 1 (as op-

posed to each degenerate subspace of H°). In the strong field
Zeeman effect, a basis consisting of states in the uncoupled
representation forms a good basis. Despite the fact that the
weaker perturbation H }S is not diagonal in the degenerate
subspace of HP°, when the uncoupled representation is cho-
sen as the basis, H }S is diagonal in each degenerate subspace
of H) = H° 4 HY, after accounting for the splitting of the
energy levels due to the stronger pertubation H/,. Many stu-
dents struggled with the fact that the weaker perturbation H }s
must only be diagonal in each degenerate subspace of H  in
step 2. For example, one interviewed student claimed “the
uncoupled is not a good basis (for strong field Zeeman effect)
since H }S is not diagonal in the uncoupled representation. So

we will have off-diagonal (matrix) elements (of H }S).”

Not realizing that some of the degeneracy is broken af-
ter taking into account the stronger perturbation, allow-

ing H’,_, to be diagonal in each degenerate subspace of
H 0 ron o+ Many students struggled with the fact that the util-

ity of the two-step approximation for the strong and weak
field Zeeman effects lies in the fact that some of the degener-
acy is broken in step 1 of the two-step approximation when

the stronger perturbation H strong i treated as the only per-

turbation on the unperturbed Hamiltonian HO. They did not
realize that in general, after taking into account the stronger

perturbation in step 1, the dimension of some of the de-
generate subspaces is reduced. Therefore, in step 2 when

H gtmng =H'+ H ! is treated as the new unperturbed
Hamiltonian, the degeneracy of HY,,,,, = H° + H
is less than the degeneracy of HO, making it possible for the
weaker perturbation H ! ear t0 be diagonal in the degenerate
subspaces of HY,,,,,, = H® + H,,,,.,. For example, in the
strong field Zeeman effect, a basis consisting of states in the
uncoupled representation forms a good basis for HOY and Hy
in step 1 and also in step 2. However, students often did not
realize that for n = 2, the degeneracy in the new unperturbed
Hamiltonian HY = H° + I, is reduced to three separate
two-fold degeneracies (instead of an 8-fold degeneracy in the
unperturbed Hamiltonian HO). They did not realize that in
step 2, in the uncoupled representation, the weaker perturba-
tion H }S is diagonal in each of these 2 x 2 subspaces of the

trong

trong

Hamiltonian H 9 =H"+ H %, and the uncoupled representa-
tion is a good basis for finding corrections.

In interviews, students often argued that neither a basis
consisting of states in the coupled representation nor a ba-
sis consisting of states in the uncoupled representation form
a good basis even in the limiting cases since neither is a good
basis for both the Zeeman term H, and the fine structure term
H }s. They claimed that even in the limiting cases, one must

find a basis that diagonalizes both the Zeeman term H’, and
the fine structure term FH }g Further probing suggests that
they often did not realize that in the limiting cases some of
the degeneracy is lifted after step 1 in the two-step process so
that the basis chosen in step 1 remains a good basis in step 2.

IV. CONCLUSION AND FUTURE PLAN

Both undergraduate and graduate students struggled with
finding corrections to the energy spectrum of the hydrogen
atom for the strong and weak field Zeeman effects using DPT.
We used the difficulties as resources in developing a Quan-
tum Interactive Learning Tutorial (QulLT) to help students
develop a good grasp of these concepts. The initial results
from the QulILT are encouraging.
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