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As part of an effort to examine students’ understanding about the structure of Boundary Conditions in upper division courses, think-
aloud interviews were conducted in the context of both Quantum Mechanics and Electricity and Magnetism. In the quantum mechanics 
task, students were presented with a classic potential step question.  In the electricity and magnetism task, students were given a classical 
question about electromagnetic waves at the boundary of two media. The analysis of the interviews was guided by the use of a theoretical 
framework: Symbolic forms. Similar symbolic forms were identified in students’ work across both contexts. Preliminary analysis suggests 
that even within the same symbolic form, different conceptual schema can be used. In general, students were able to generate correct 
symbolic templates while having some difficulty with the underlying conceptual ideas.  
 

I. INTRODUCTION 

Investigation aimed at identifying and understanding both 
conceptual and mathematical difficulties are a major 
research interest at both the introductory and upper-division 
level [1]. A growing body of research at the upper-division 
level suggests that students continue to struggle with 
physics concepts and mathematical tools in advanced 
physics topics [2, 3]. It is not always easy to separate a 
conceptual difficulty from a mathematical difficulty. With 
the increased importance of mathematical tools in advanced 
topics, it is also not always productive to conduct the 
analysis of conceptual and mathematical difficulties 
separately.  

Students’ mathematical manipulation is often situated in 
a particular physics context. Sherin’s symbolic form 
framework [4] was developed for the purpose of connecting 
students’ conceptual understanding with the structural 
aspects of equation construction.  Since we are interested in 
how students link intuition with mathematical formalism, 
this emphasis naturally lends itself to the use of symbolic 
forms. More discussion about this framework is in the next 
section (Sec. II). 

In order to gain a deeper understanding of how the 
structure of equation construction can be the same or 
different depending on various physics concepts, we would 
like to investigate a topic that appears multiple times across 
the advanced undergraduate physics curriculum [5]. One 
such topic is boundary conditions, which refer to the 
conditions physical quantities must satisfy at the boundary 
between two regions. Boundary conditions are used in a 
variety of contexts including classical mechanics, quantum 
mechanics, and throughout E&M1.  

In this study, we investigate how students construct the 
equations of boundary conditions in two different contexts: 
quantum mechanics (QM) and Electricity and Magnetism 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
1 For example, in E&M, boundary conditions are:
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(E&M: electrodynamics). A preliminary analysis was 
conducted by identifying symbolic forms in students’ work 
during the think-aloud interviews. We present common 
symbolic forms identified in both contexts, as well as some 
examples of student reasoning. 

II. SYMBOLIC FORMS 

Sherin’s work on symbolic forms [4] focuses on 
analyzing how introductory physics students construct 
equations in a physical context. Each symbolic form 
associates a simple conceptual schema with an arrangement 
of symbols in an equation. Students’ underlying ideas and 
the use of symbol templates are two parts of a symbolic 
form. For example, if students decide two amounts, each 
associated with a side, are the same, then this symbolic 
template ☐=☐ will appear when they construct equations. 
It is known as the same amount symbolic form. 

Some researchers have been using symbolic forms to 
investigate student’s use of mathematics in various topics. 
In particular, Meredith and Marrongelle [6] looked at what 
cues students to integrate in electrostatics. Dependence (the 
reliance on a particular quantity) and parts-of-a-whole 
(multiple quantities need to be added) were identified as 
symbolic forms that cued students to integrate. 
Schermerhorn and Thompson [7] looked at students’ use of 
symbolic forms when constructing differential length 
elements in E&M. They found students use symbolic forms 
such as: parts-of-a-whole and no dependence (an 
expression is independent of a specific variable) when 
constructing vector expressions. Novel symbolic forms 
such as Magnitude-direction (used to denote a vector 
expression including the magnitude and a unit vector) were 
also identified.  

III. STUDY 

Two questions involving the use of boundary conditions 
were constructed [Fig.1]. Both questions described a 
common textbook scenario that students often encounter in 
class.  
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FIG 1. (a). QM interview question: potential step scenario in quantum mechanics. Boundary conditions used in this scenario 
are: 𝜓! = 𝜓! & !

!"
𝜓! = !

!"
𝜓! at x=0. (b) E&M interview question: electromagnetic waves at the boundary of two media. 

Boundary conditions used in this scenario are: 
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Sixteen think-aloud interviews were conducted with one 
student interviewed at a time. At the beginning of the 
interview, the interviewer explained to the students what to 
expect: “This is a think-aloud interview where you 
verbalize your thinking while working through the question. 
I will try not to interrupt and let you do most of the talking. 
I know thinking-aloud probably doesn’t come naturally to 
many people, so if you forget to talk, I might remind you to 
tell me what you are thinking. Or I might ask clarifying 
questions. Don’t be alarmed if I ask you a question, it 
doesn't mean you did something wrong, it is simply because 
I am interested in your reasoning.” Students then began the 
interview process. When the interviewer interacted with the 
students with questions, the dialog followed a Piaget style 
clinical interview method [8]. All sixteen students 
interviewed were physics major undergraduate students. 
The QM question was provided to 8 students at Cal Poly 
Pomona (CPP) who were enrolled in the year-long quantum 
mechanics course (4 interviews were conducted during the 
1st quarter and the rest were conducted during the 2nd 
quarter). The topic of potential well/step was covered in 
class during the first few weeks in the first quarter. The 
E&M question was given to 2 CPP students and 6 other 
students at University of Colorado Boulder (CU). All 8 
students were interviewed after they’d taken a year of 
E&M. The two CPP students belong to the same group of 
students who also did the QM question: E&M question was 
given first and QM question given later during the same 
interview session. Interviews were first transcribed and then 
analyzed for common patterns in the ideas used by students 
when constructing boundary conditions. Further analysis 
mapped these common ideas onto symbolic forms, focusing 
on what kind of conceptual understanding was associated 
with a particular symbolic template. 

IV. RESULTS 

Overall, we found similar patterns in the use of 

symbolic forms between QM and E&M (Table1).  
Number of students QM E&M 
Total # of students interviewed 8 8 
“Same amount” form 8 8 
“Parts-of-a-whole” form Schema1 5 4 

Schema 2 3 3 
“Whole-part” form 0 1 
“Opposition” form 1 1 
TABLE 1. Number of students who used each form 

Given the similarity of the symbolic forms used between 
the two scenarios, we outlined the general flow of students’ 
use of symbolic forms with one graph (Fig. 2). Due to the 
increased complexity of the upper-division content, we 
drew the general flow in a hierarchy format for 
organizational purposes. We do not indicate that students 
always follow such a linear process. For example, the 
“same amount” symbolic form outlined in the flowchart can 
be thought of as a first-order form students came up with. 
Sometimes several sub-symbolic forms are used to further 
span the equation: parts-of-a-whole, whole-part and 
opposition. But students could stop at the same amount 
form without further spanning one side of the equation into 
other terms. Below we discuss each symbolic form and 
provide some examples of students’ work.	   

 
FIG 2. General flow of students’ use of symbolic forms. 

Same Amount (☐=☐). The description of this symbolic 
form is (as defined by Sherin [4]): two amounts, each 
associated with a side, are the same. It is a symbol template 
for an equation in which two expressions are set equal. 
These two expressions can be of any sort – the ☐ can be 
filled in with any expression. We found out all sixteen 

(b)  Consider a plane electromagnetic wave of frequency ω, polarized in the 
y-direction, approaches a boundary (located at x=d) between two linear 
media from the left at normal incidence, as schematically shown in Figure 
above. Apply appropriate boundary conditions for the E field to write down a 
mathematical expression that relates the amplitudes of the electric fields of 
the incident, reflected and transmitted waves. 

x
x	  

E	  

(a)  There is a potential step 𝑉 with walls at 𝑥 = 0. Consider a particle with 
energy E > V incident from the left. Question 1: In quantum mechanics we 
use probability waves to help us find the probability of finding a particle 
within a certain region.   Find a relationship between the amplitudes of the 
incoming, reflected and transmitted waves. 
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students in both QM and E&M interviews used this 
symbolic form when constructing the equation: they either 
wrote down an equation with some quantity equating to 
some other quantity (or combinations of other quantity); or 
said in words that something must equal to something else; 
or explicitly drew a symbolic template in their work, even 
though they didn’t know what goes into that template.   
Example (QM_student 3): “Ok. One thing that I am 
thinking about is whether or not […inaudible] infinite 
square well. This is a dimension right? This is some 
barrier. So I am thinking of the well. If it is passing through 
this way… So some wave is hitting here. If it is transmitted, 
then it is going to be continuous. In a sense that whatever 
come through this side, has to equal something like that. If 
it is transmitted, then it is going to be continuous. In a sense 
that whatever come through this side, has to equal 
something like that (writing down ☐=☐, see Fig. 3).”  

 
FIG 3. Student explicitly drew a symbolic template (QM) 
Example (E&M_ Student 5): “We have two linear media. 
We can use the same equation we had before of 
𝐸!
//𝑒𝑞𝑢𝑎𝑙𝑠  𝐸!

// . And 𝜀!𝐸!! equals 𝜀!𝐸!! . Fortunately, we 
know 𝐸!! is just 0 because it’s not perpendicular to the 
boundary. So 𝐸!!is also 0”. 

Parts-of-a-whole (☐+☐+…): Sherin defined this 
symbolic form to be: Amounts of generic substance, 
associated with terms, that contributes to a whole. The 
symbol template is two or more terms separated by plus 
sign. It is worth noticing that even within the same 
symbolic form, students still can have different conceptual 
schema. There are two different conceptual schema 
associated with this form: 
Schema 1: The left hand side of the equation (☐+☐=☐)  
has two parts: the incoming and the reflected are “parts of” 
the “whole” left hand side—Region 1. 
Example (QM_student 1): S (student),  I (interviewer) 
S: “So we have 𝐴𝑒!!!!! +   𝐵𝑒!!!! =   𝐶𝑒!!!!!…we have a 
wave coming from the left side. And then we are adding 
also the reflected wave. That equal the transmitted wave.” 
I: “why would the left hand side of the equation consist of 
two terms?” S: “I guess I look at everything on the left 
side, on the negative x-axis are grouped together versus 
everything on the right of the x-axis.” 
Schema 2. The right hand side of the equation (☐=☐+☐)  
has  two parts: the reflected and the transmitted are “parts 
of” the “whole” left hand side – Incoming part. Schema 1 

treats the “whole” to be the whole region 1 while schema 2 
treats the “whole” as the whole incoming wave. Even 
though the structures of the equations are similar – both 
equating two parts to a whole amount, the underlying 
conceptual meanings are different – i.e. what are the two 
parts and what is the whole amount. 
Example (E&M_ Student 6): S: “Everything has to add 
up here. Everything that comes out has to add up to what 
comes in.” I: “ You said something has to add up?”S: Well 
you can’t just like come up with more wave than you had 
going in. So the magnitude of this coming in has to add up, 
I suppose. Yes, because some of it will go through and some 
of it will go back. We can’t just create more electric field 
than you had coming in, I think.” I: “You said this equals 
something?” S: “Yes, so the magnitude of the reflected 
wave expression at the boundary plus the magnitude of the 
transmitted waves expression should equal to the 
magnitude of the incident waves”. 
Students had this underlying conceptual understanding: The 
incoming splits into reflected and transmitted, and therefore 
the incoming should equal the reflected plus transmitted. 
We see this reasoning in both QM and E&M contexts. The 
general idea is not wrong. In QM, the reflection and 
transmission coefficient (not wave function itself) does add 
up to be 1. In E&M, the total energy (not the E field itself) 
of the incoming waves does equal to the sum of the 
reflected and transmitted waves. However, students were 
not relating the accurate concepts with the particular 
symbolic template they chose.  

Whole-Part (� -� ): The definition for “whole-part” is: a 
new net amount is produced by taking away a piece of an 
original whole. Previously we discussed that different 
underlying ideas (schema 1&2) can be associated with the 
same symbolic form (parts-of-a-whole). Here we see that 
the reverse can also happen (though much less frequently—
only 1 student used this symbolic form): the same 
underlying idea could also be associated with different 
symbolic forms.  Students who had the same 
“energy/probability conservation” idea could write down a 
different symbolic template (� -� ), viewing the transmitted 
being a new amount produced by taking away the reflected 
from the incoming.  
Example (E&M_ Student 3): “you can take the incident 
wave and say what portion […inaudible] and what happen 
to the other two? So I think it is a subtraction because if 
you take away the amount of reflected, you should have the 
amount of transmitted.”  

Opposition (☐-☐): Two terms, separated by a minus 
sign, associated with influences that work against each 
other. This is different from “parts-of-a-whole” in that it 
emphasizes the opposite influences. Despite having the 
same symbolic template, it also differs from “whole-part” 
because the minus sign comes from opposite influences 
rather than taking away a portion of a whole amount. 
Example (E&M_student 8):  “In a sense, I am just saying, 
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this equals this minus this. That could also be like this plus 
this equals this. Because this is going in the negative 
direction anyways (referring to the reflected wave). That’s 
the negative.” The student was referring to the reflected 
wave going in the opposite direction and therefore putting a 
minus sign in front of the E field of the transmitted wave. 

Other forms: This paper only focuses on the overarching 
symbolic forms students used while constructing boundary 
conditions without discussing other sub-level structures. 
For example, within each ☐,  some students wrote down a 
constant (A), and some wrote down a constant times some 
other function (A𝑒!!"#…). Sometimes students also used 
derivatives ( 𝒅

𝒅𝒙
)  when constructing boundary conditions. 

Potential new symbolic forms need to be identified in order 
to better describe these fine-scale activities. We did not 
focus on this aspect in this study and further studies need to 
be conducted. 

V. CONCLUSIONS & DISCUSSION 

This study uses symbolic form as the theoretical 
framework to investigate how students construct equations 
for boundary conditions in two different contexts: potential 
step in quantum mechanics and electromagnetic waves 
across media in electrodynamics. The symbolic form 
analysis enables us to see what concepts students use to 
construct equations. It also shows that we need to identify 
new symbolic forms in the upper-division contexts. 

Analyzing students’ reasoning in upper-division is 
complicated. There are several limitations to this study. 
First of all, One-on-one interviews were conducted because 
of the explorative nature of the study. While the interviewer 
remained as objective as possible, the process was still of a 
laboratory nature rather than authentic. Secondly, both 
interview questions are common questions that students 
may have encountered several times in class. We chose 
these questions because of their shared similarity across two 
physics contexts (QM and E&M). The drawback is the 
difficulty in distinguishing whether students construct 
equations simply by recalling from memory. These 
questions are also very specific in the way they asked for 
students’ answer. For example, the questions asked students 
to write a mathematical expression that relates the 
amplitudes of the waves. It is yet to be discovered whether 
similar student reasoning would occur if the questions 
asked students to calculate the reflection coefficient. Lastly, 
both interview questions are quite complicated with a multi-
step process while a more fine-grained question could allow 

us to investigate a particular aspect of symbolic forms in 
detail.  

As a result of this study, some symbolic forms previously 
identified in Sherin’s work for introductory physics were 
also identified in upper-division students’ work: same 
amount, parts-of-a-whole, whole-part, and opposition. 
Generally speaking, students were able to recognize the 
general structure needed for the equation and generate 
correct symbolic templates. However, even when students 
possess many of the necessary symbolic forms, getting 
these elements organized in the right place is not a trivial 
instructional goal.  There are a couple of implications for 
instruction. For example, we found similar patterns in the 
use of these symbolic forms between the QM and E&M 
contexts. Instructors could point out the similarities on 
purpose between contexts and help students see the 
similarities between the underlying structures of the 
equations. Doing this explicitly could also help students 
avoid confusions when they switch from one context to 
another. Furthermore, we found that different conceptual 
schema can be associated with the same symbolic form: in 
the part-of-a-whole form, students either consider the two 
terms are parts of the “same region”(schema 1) or parts of 
the same “incoming source” (schema 2). This suggests that 
instructors could pay more attention to emphasizing the 
conceptual underpinnings of boundary conditions, i.e., what 
are we setting equal to each other at two sides of the 
equation. In additional to writing and manipulating 
equations, instructors could ask students what those 
equations mean. They can even compare the two different 
schemas in setting up boundary conditions. 

Future work includes running interviews with a group of 
students rather than one-on-one interview to obtain a more 
authentic process. One could also craft novel scenarios and 
unconventional questions to address the concern where 
students simply recall the information. In additional, 
different types of questions could be asked to see whether 
they impact how students use symbolic forms. For example, 
we could ask students to calculate the reflection coefficient 
instead of the relationship between amplitudes of the 
waves. Lastly, a more fine-grained question can allow for a 
detailed analysis such as identifying new symbolic forms 
when constructing complex exponential expressions.  
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