
Analyzing the dimensionality of the Energy and Momentum Conceptual Survey using Item
Response Theory

Xian Wu and Matthew W. Guthrie
Department of Physics, University of Connecticut, Storrs, CT, 06269

Erin M. Scanlon
Department of Physics, University of Connecticut - Avery Point, Groton, CT, 06340

Yaoguang Li
AGQ Solutions, South Windsor, CT, 06074

There have been myriad conceptual inventories developed and used by the physics education research com-
munity (e.g., FCI, FMCE, BEMA, CSEM). However, continued examination of the psychometric properties
of these inventories is important for improving inventory development and usage practices. In this study, we
investigate the dimensionality of the Energy and Momentum Conceptual Survey (EMCS) test items and explore
the structure of students’ understanding of these concepts (i.e., whether the student response data showed mul-
tiple distinct test traits). To investigate the psychometric properties of this survey, we surveyed a sample of 253
students participated in the pretest and 201 students for the posttest assessments. Statistical analyses, guided
by Item Response Theory (IRT), were conducted using R software. The results of Bootstrap modified parallel
analysis tests (BMPAT) revealed significant differences between unidimensional models and the actual data, in-
dicating the presence of multidimensionality (i.e., dimensions correspond to the physics concepts/abilities being
tested) in the EMCS test items. Exploratory analyses suggested that a 2 or 3-dimensional model best fits the
data. However, categorizing items based on designated concepts did not improve the model fit. The findings
imply that students may interpret the items differently than intended by the test designers.
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I. INTRODUCTION AND BACKGROUND

Since its introduction nearly 40 years ago, the Force Con-
cept Inventory (FCI) [1] has spurred numerous studies aimed
at developing and analyzing research-based conceptual inven-
tories which are generally used to measure student learning
in physics courses [2–4]. In addition to many assessments fo-
cusing on topics other than forces, several alternative assess-
ments to the FCI have been developed, including the Energy
and Momentum Conceptual Survey (EMCS) [5], The EMCS
is a 25-item multiple-choice inventory specifically designed
to evaluate students’ understanding of energy and momen-
tum concepts in algebra-based and calculus-based introduc-
tory physics courses. This study examines data collected dur-
ing the Fall 2022 and Spring 2023 semesters from a calculus-
based Introductory Physics course designed for Introductory
Physics for Life Science students (IPLS) and taught using the
Studio physics approach. Our aim was to investigate stu-
dents’ interpretations on the testing items and their under-
standings of energy and momentum concepts based on their
responses. The analyses in this study were guided by Rasch
Measurement Theory [6] for the alignment of the data (i.e.,
student responses) and the proposed statistical models (i.e.,
from one-parameter Item Response Theory). In the sections
below, we will introduce the survey and the psychometric the-
ories underpinning our analysis.

A. The Energy and Momentum Conceptual Survey
The 25 multiple-choice items in the EMCS were developed

based on a study conducted at the University of Pittsburgh,
which utilized free-response questions and think-aloud proto-
cols [5]. The authors of the survey reported reasonable relia-
bility coefficients [7] based on the results obtained from grad-
uate and undergraduate students. Notably, numerous studies
have acknowledged the soundness of the EMCS construction
process [8–10] and the overall quality of the EMCS. How-
ever, to the authors’ knowledge, limited research has been
conducted to investigate student performance on the EMCS.

B. Instructional Context
At the participating institution, the physics department im-

plemented a Studio physics program for all calculus-based in-
troductory physics courses on the main campus starting from
the Fall 2019 semester. The Studio physics program primar-
ily follows the SCALE-UP model [11], which promotes in-
teractive and collaborative learning. For the course sequence
offered to students in life science and pre-medical programs,
the first author adopted an Introductory Physics for Life Sci-
ences (IPLS) perspective, utilizing relevant resources avail-
able on the Living Physics Portal [12] for course design. The
computer science program at the participating institution ac-
cepts a course sequence that is equivalent to the traditional
engineering physics sequence. Consequently, the course se-
quence has generated consistent interest among computer sci-
ence students.

II. METHODS
A. Item Response Theory Models

Item Response Theory (IRT) models a person’s response
to a question as a result of both the person’s characteristics
and the question’s properties [13]. In the unidimensional IRT
framework, each student ν is associated with a proficiency
parameter θν , and each item i is associated with a difficulty
parameter bi. The probability P that student ν responds cor-
rectly to item i (i.e., xνi

= 1) is expressed using a logistic
function:

P (xνi
= 1) =

exp(θν − bi)

1 + exp(θν − bi)
. (1)

Equation (1) represents the one-parameter logistic (1PL),
also known as the Rasch model. In addition to the difficulty
parameter bi, the two-parameter (2PL) IRT model includes a
discrimination parameter ai:

P (xνi = 1) =
exp(ai(θν − bi))

1 + exp(ai(θν − bi))
. (2)

ai is a positive parameter that indicates an item’s ability to
differentiate among students, although extremely high val-
ues are uncommon. The three-parameter (3PL) model fur-
ther includes a pseudo-guessing parameter cνi

, which ranges
between 0 and 0.5 and accounts for the chance of low-
proficiency students guessing an item correctly:

P (xνi
= 1) = cνi

+ (1− cνi
)

exp(ai(θν − bi))

1 + exp(ai(θν − bi))
. (3)

However, it is reasonable to acknowledge that a sin-
gle physics testing item may encompass multiple concepts.
Hence, student test results may not always conform to the
assumptions of unidimensional IRT (i.e., a student can dis-
play multiple values for proficiency on one testing item). The
compensatory multidimensional IRT model is commonly em-
ployed to address this concern by allowing for multidimen-
sional proficiency and discrimination vectors for students θν

and items ai, while assuming a common difficulty parameter
bi for all concepts. The updated equation is:

P (xνi
= 1) = cνi

+ (1− cνi
)

exp(ai(θν − bi))

1 + exp(ai(θν − bi))
. (4)

In this study, instead of assuming that the data perfectly fits
a specific IRT model, we examined the model to identify de-
viations from these assumptions [14]. One crucial aspect is
assessing whether the data are unidimensional. We employed
the Bootstrap modified parallel analysis test (BMPAT) to ex-
amine the unidimensionality of the data [15, 16]. BMPAT is a
statistical technique that evaluates the underlying dimensions
of multiple-choice questions by examining the relationships
between the dichotomously scored items.

B. Model Fit Indices
Several model fit statistical procedures and criteria are

available to compare competing models. In this study, we em-
ployed the Akaike information criterion (AIC), Bayesian in-
formation criterion (BIC), and the adjusted version of the BIC
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(SABIC) as the indices to evaluate how the candidate model
fits our data. These indices enable comparison of model-data
fit among a set of models using maximum-likelihood esti-
mates of the parameters. Generally, smaller values of these
indices mean better model fit. The AIC is calculated using
the equation:

AIC = −2 logL+ 2p, (5)

where L represents the likelihood function and p is the num-
ber of estimated parameters.

Similarly, the BIC is calculated using the equation:

BIC = −2 logL+ plnN. (6)

In addition to the likelihood function L and the number of es-
timated parameters p, the BIC incorporates the sample size
N in Eq. (6). The BIC is a more conservative estimate
as it penalizes the selection of complex models [17]. The
SABIC [18], on the other hand, uses N∗ calculated by the
equation:

N∗ =
N + 2

24
(7)

instead of N . This adjustment has shown improved perfor-
mance in studies involving a large number of parameters or
small sample sizes [19, 20].

C. Data Collection
The data for this study were collected during the Fall 2022

and Spring 2023 semesters. The EMCS was administered
along with a custom group work survey via Qualtrics to the
IPLS course described in the background section. At the end
of the survey, we added questions about the participants’ de-
mographics including gender, race/ethnicity, and disability
status. Additionally, an attention check question was included
among the items of the EMCS to allow us to identify if a par-
ticipant was not reading the questions. Students completed
the survey twice during the semester: once as a pretest in the
first week of the semester and once as a posttest in the last
week of the semester. Participation in the survey was anony-
mous, and at the end of the survey, students were requested
to generate an identification code. The identification code
contained five letters and four numbers from four pieces of
information about the student and their major family events.
The survey was announced as an extra credit assignment, and
all students in the class were eligible to receive 0.5% of their
course grade as extra credit if the response rate reached 80%
or higher. A total of 454 students participated in the survey
and passed the attention check, with 253 students completing
the pretest and 201 students completing the posttest. 2 stu-
dents failed the attention check and their data were removed
from the data set being used in the present study.

D. Analysis
The statistical analysis in this study was conducted us-

ing R statistical software [21]. We utilized two R packages:

ltm [22] for the unidimensional checks, and mirt [23] for
the analyses related to multidimensional IRT.

The research question guiding this study was: What is the
optimal statistical model for analyzing the structure of the test
responses obtained from the EMCS? Considering the antici-
pated inclusion of more data in the coming academic years,
the results and conclusions presented in the following sec-
tions are exploratory in nature.

III. RESULTS
A. Unidimensional Fit Analyses

To explore the dimensionality of the data, Bootstrap mod-
ified parallel analysis test (BMPAT) was conducted on the
combined pretest and posttest results, as well as separately on
the pretest results and posttest results. The unidimensional
1PL, 2PL, and 3PL models were tested, and the results of
all nine tests are presented in Fig. 1. The vertical axes all
show eigenvalue while the horizontal axes all show eigen-
value number. The black lines with circles represent eigen-
values calculated from the real data and the red lines with
triangles represent eigenvalues calculated from the average
simulated data. The average simulated data was generated
by repeating the Monte Carlo simulations 100 times while
assuming unidimensionality. The p-value was calculated for
comparing the second eigenvalues of the real data and simu-
lated data. The equation is:

p =
n+ 1

B + 1
. (8)

where n is the number of times when the simulated sec-
ond eigenvalue is larger than the one from the real data
and B is the number of the Monte Carlo simulations be-
ing repeated [22]. All tests indicated a statistically signifi-
cant difference between the simulated and the real data with
p = 0.0099.

Because p = 0.0099 in every test, we can reliably con-
clude that none of the simulated second eigenvalues are larger
than the one from the real data. Therefore, the null hypothe-
sis, that the data follow a unidimensional IRT model, can be
rejected. This suggests that none of the tested models (com-
bined, pretest, or posttest) adequately fit the data, indicating
the presence of multidimensionality in the EMCS test items.
The number of eigenvalues shown in Fig. 1 corresponds to
the number of dimensions. The second eigenvalue values in
the observed data were consistently higher than the simulated
values across all model comparisons.

B. Multidimensionality fit Analysis
These findings prompted exploratory analyses to determine

the optimal number of dimensions required for the model. A
series of 3PL models ranging from 1 to 5 dimensions were
examined, and the model fit statistics are presented in Table
I. The AIC value decreased until the 4-dimensional model,
while the BIC value decreased until the 2-dimensional model.
The SABIC value, on the other hand, decreased until the 2-
dimensional model.
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FIG. 1. Parallel analyses of the 1PL, 2PL, and 3PL models with stacking pre- and posttest data together and pre- or posttest data only. The
vertical axes all show eigenvalue while the horizontal axes are all show eigenvalue number. The second eigenvalues in the observed data and
simulations are listed, along with the corresponding p value.

Since SABIC and BIC tests are more conservative than
AIC test, the optimal model may contain 2 or 3 dimensions.
Considering the design of the EMCS, which assigned items
1, 2, 4, 6, 8, 9, 12, 13, 15, 17, 20, 22, 24, and 25 to energy and
items 3, 5, 7, 10, 12, 14, 18, 19, 21, and 23 to momentum con-
cepts with item 16 for both energy and momentum concepts,
we explored three candidate models: two 2-dimensional 3PL
models, where item 16 was assigned to either the energy or
momentum group, and one 3-dimensional 3PL model, where

TABLE I. Multidimensional IRT model fit statistics with different
dimensions

Dimensions AIC SABIC BIC
1 13522.50 13593.34 13831.36
2 13401.31 13494.81 13809.00
3 13390.17 13505.39 13892.58
4 13352.11 13488.11 13945.12
5 13382.53 13538.36 14062.01

item 16 formed a standalone third group. Since we would
like to test whether the models with extra dimensionalities
can align with the data better than the unidimensional model,
another round of exploratory analyses was conducted to com-
pare these candidate models against the 1-dimensional 3PL
model as the baseline. The model fit statistics can be found in
Table II. Since the 1-dimensional 3PL model has the small-
est AIC, SABIC, and BIC values among all models listed in
Table II, none of the candidate models demonstrated an ad-
vantage over the 1-dimensional 3PL model. The statistical
evidence suggests that categorizing the EMCS items based on
the designated testing concepts does not yield a better model
compared to grouping all items together. Given the data of
test responses reveals how students interpret the items on the
test, our results showed students did not recognize the under-
lying concepts of items the same way as how the items were
designed.
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TABLE II. MIRT model fit statistics with different ways of group-
ing. “1D” is the 1-dimensional 3PL model. “2D16M” is the 2-
dimensional 3PL model with assigning item 16 to the momentum
group. “2D16E” is the 2-dimensional 3PL model with assigning
item 16 to the energy group. “3D16ME” is the 3-dimensional 3PL
model with item 16 being in a third group alone.

Model AIC SABIC BIC
1D 13522.50 13593.34 13831.36
2D16M 13727.73 13798.56 14036.58
2D16E 13723.83 13794.67 14032.69
3D16ME 13749.74 13820.57 14058.59

IV. DISCUSSION

The dimensionality of conceptual inventory testing data is
influenced by the interplay between how each item is de-
signed and how students interpret and respond to those items.
It is important to note that different student populations and
institutions may yield varying results in this discussion. For
instance, a study conducted by Wang and Bao [24] analyzed
data from approximately two thousand students taking the
FCI at the Ohio State University over a span of five years.
In their study, both the pretest and posttest data aligned well
with a unidimensional 3PL model. On the other hand, a study
by Stewart et al., [25] involving over four thousand students
from a different institution, suggested an optimal model with
nine dimensions. Furthermore, other studies have suggested
5 or 6-dimensional models [26, 27].

In the present study, the analyses demonstrated the need for
a multidimensional model to effectively explain the EMCS
testing results. However, categorizing items based on the
intentional testing concepts did not result in a better model
compared to the unidimensional ones. This suggests that stu-
dents may not interpret the items in the same way as intended
by the test designers, and highlights the complexity of student
understanding, as well as the need to further investigate the
factors influencing item interpretation and response patterns.

When considering the use of multidimensional IRT, sample
size becomes a crucial concern. Many of the previously cited
works have employed samples with thousands of participants.
However, according to the guidelines provided by Linacre,
a sample size of around 150 participants can still achieve a
high level of confidence, typically around 99% in most sit-
uations [28]. Given the exploratory nature of this study, the
current sample size is deemed sufficient.

V. IMPLICATIONS

Based on the study and its conclusion, several implications
can be suggested for researchers and educators. Firstly, it is
important for researchers to carefully examine the structure
of conceptual inventories and consider multidimensionality
when analyzing and interpreting the results. This can pro-
vide a more accurate understanding of students’ conceptual
understanding and guide the development of more effective

assessment tools.

Secondly, the findings emphasize the need for educators
to be aware that students may interpret conceptual inventory
items differently than intended. It is therefore critical to high-
light the importance of aligning instruction and assessment
to bridge any gaps in conceptual understanding and promote
more accurate interpretations of the concepts being assessed.

Overall, this study underscores the ongoing need for rigor-
ous examination of conceptual inventories and a deeper un-
derstanding of how students engage with conceptual inven-
tory items. By incorporating these insights into research and
practice, educators can better support students’ conceptual
learning and improve the effectiveness of conceptual assess-
ments.

VI. FUTURE WORK

The present study opens up two potential directions for fu-
ture research. Firstly, as we continue to accumulate data from
more participants over multiple semesters, the MIRT analyses
will gain increased statistical power, enabling more definitive
conclusions regarding the structure of the testing items and
how students comprehend the relevant concepts. With larger
sample sizes, we will be better equipped to explore the mul-
tidimensionality of the EMCS test items and gain a deeper
understanding of students’ conceptual understanding.

Secondly, we plan to investigate how demographic fac-
tors influence student conceptual learning outcomes. Start-
ing from the Fall 2022 semester, we have been collecting de-
mographic information, including gender, ethnicity, and dis-
ability, potentially enabling us to examine the multifaceted
fairness of the EMCS items and our IPLS course. By analyz-
ing the data in conjunction with demographic factors, we can
assess potential disparities in student performance. This re-
search endeavor will provide insights into how demographic
characteristics may interact with student understanding of en-
ergy and momentum concepts.
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