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The use of computer adaptive testing (CAT)-based assessment tests has inherent issues associated with the
pre- and post-paradigm, such as the limited ability to observe the progression of student conceptual understand-
ing throughout the course. To address these issues, we propose increasing the frequency of CAT-based assess-
ments during the course, while reducing the test length per administration, thus decreasing the total number of
test items during the course. The feasibility of this idea depends on how far the test length per administration
can be reduced. To reach this goal, we designed a CAT algorithm, which we call Chain-CAT. This algorithm
sequentially links the results of each CAT administration using collateral information. We analyzed the advan-
tages of this algorithm by numerical simulations. Although preliminary, we found that collateral information
significantly improved the test efficiency, and the total test length could be shorter than the pre-post method.
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I. INTRODUCTION

When measuring pedagogical effectiveness, it is common
practice to administer assessment tests before and after in-
struction. After collecting the pre- and post-test scores, we
calculate a statistic such as average normalized gain and an-
alyze the average change in students’ understanding due to
instruction. The results can then be compared with records
from previous years (or the reference values in the literature)
to determine effectiveness of the instruction. For example,
the Force Concept Inventory (FCI) [1] is an assessment test
used to probe students’ conceptual understanding of Newto-
nian mechanics. The test has 30 items with five choices, and
students typically take 20 to 30 min to complete the test. Hake
[2] compared the average normalized gain of the FCI between
interactive engagement courses and traditional courses and
found that the interactive engagement method is more effec-
tive.

Despite the benefits, some teachers are reluctant to allo-
cate their class time for the assessment. One reason is that
each pre- and post-administration of the FCI can take ap-
proximately 40 minutes (including the time needed to orient
students to the survey), which can reduce student learning
time and overwhelm the teachers’ schedules that is already
crowded with curriculum requirements.

To shorten the test time, Yasuda et al. [3, 4] suggested the
use of computerized adaptive testing (CAT). CAT is a prac-
tice in which a computer administers successive test items to
match the current estimate of the student’s proficiency (see
below for details). In one popular model of CAT, if a student
answers an item correctly, the student will next need to an-
swer a more difficult item. On the other hand, if a student an-
swers an item incorrectly, the student next answers an easier
item. In this way, high (low) proficiency students do not need
to answer items that are too easy (difficult) for them; thereby,
the test length can be significantly shortened in comparison
to standard test administration [5, 6]. According to the sim-
ulation results of Yasuda et al. [3, 4], the CAT-based FCI
under typical conditions can reduce the test length to about
half of the full-length FCI without compromising accuracy
and precision (accuracy is the level of agreement between a
measured value and a true value, and precision is the level
of agreement between measured values obtained by replicate
measurements on similar objects under specified conditions
[7].) Because of its efficiency, CAT is becoming widely used,
for example, with the Graduate Record Exam (GRE) [8], with
PISA [9], and recently in science education research [10–12].

Although CAT provides possible solutions to reduce test
time, there are still specific issues associated with the pre-
post paradigm. First, the pre-post test results provide only
snapshots of students’ understanding at the beginning and end
of the course, limiting the ability to observe the progression
of their conceptual understanding throughout the duration of
the course. Second, students may see little benefit in their
taking the assessment when the focus of the assessment is
to reflect on the year’s instruction and improve instructional

practices for future students, with no feedback to the students
who actually take the assessment. This situation can make
students feel burdened and may decrease their engagement
and motivation to take the assessment.

To address these issues associated with the pre-post
paradigm, we propose increasing the frequency of CAT-based
assessments during the course, while reducing the test length
per administration, thus decreasing the total number of test
items during the course. This idea was inspired by the micro-
genetic method [13–19], which includes frequent quantitative
and/or qualitative measurements. This method involves sam-
pling data at a frequency that is assumed to be high compared
to the rate of change of the phenomenon of interest and col-
lecting data for the entirety of the period of change [18], al-
lowing teachers to monitor students’ understanding progres-
sion. Although these methods have been limited in practice
to a small number of students, Sayre and Heckler [15, 16] ex-
tended the method to the multiple-choice tests administered
to large numbers of students, by posing simple conceptual
questions to separate randomly selected groups of students.

Our idea of frequent administration of short CAT-based as-
sessments can be used as a form of formative assessment.
Providing automated feedback according to each student’s set
of responses is expected to increase the usefulness of the sur-
vey for students and reduce their sense of burden.

The feasibility of the above idea depends on how far the
test length per administration can be reduced without com-
promising accuracy and precision. For CAT where the item
bank consists of the 30 FCI items, a reference value of the
total test length during a course is 60 items, as this is the to-
tal test length if the full FCI is administered both as the pre-
and post-test. If the course involves 10 administrations of the
CAT-based FCI, it is then desired that the test length per ad-
ministration would be less than 6 items. To reach this goal,
we utilize a CAT algorithm that takes advantage of collat-
eral information [5, 20]. Collateral information is the relevant
empirical information on the respondents, for example, age,
grade, or previous test scores. This information can be used
to select the first item in CAT and to specify the prior distri-
bution for the proficiency estimation based on the Bayesian
method [20]. In so doing, we can accelerate the convergence
of the proficiency estimation during the test administration,
hence improving test efficiency [5]. Specifically, as we de-
scribe below, we use the proficiency estimate of each respon-
dent in a test for selecting items and estimating respondent
proficiency level in the next test for the respondent. Since
this CAT algorithm sequentially links the test result of each
administration, we call this algorithm Chain-CAT.

Figure 1 illustrates the Chain-CAT algorithm in the case
when a student takes the tests for a course with seven admin-
istrations of the Chain-CAT. Each test is computerized adap-
tive, and each test length is relatively small (e.g., from 5 to
10 items). After the student takes Test 1, his or her profi-
ciency level is estimated (represented as θ̂1 in the figure), and
it is used as collateral information for the item selection and
proficiency estimation at Test 2. This procedure is continued
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FIG. 1. Illustration of Chain-CAT algorithm for a student taking the tests for a course with seven administrations of Chain-CAT.

sequentially from the next test to the final test (Test 7).
The objective of this study is to analyze the advantages

of using collateral information in the Chain-CAT algorithm.
Specifically, our research question is: How much does col-
lateral information improve the test efficiency when it is used
to sequentially link the results of each CAT administration?
This work is the first step to examine the feasibility of the
Chain-CAT version of the FCI (Chain-CAT FCI).

The remainder of this paper is organized as follows. In
Sec. II, we present the design of the algorithm for Chain-
CAT and the numerical simulation procedure analyzing its
efficiency. In Sec. III, we describe the preliminary simula-
tion results. Finally, in Sec. IV, we summarize this study and
show the prospects.

II. METHODOLOGY

A. Item response model and item bank

We constructed the item bank of the Chain-CAT using the
30 FCI items. The item parameters were calibrated based on
the two-parameter logistic (2PL) model [21]. In this model,
the probability of a correct response from the ith respondent
on item j is given by

Pj(θi) =
1

1 + exp[−aj(θi − bj)]
. (1)

In Eq. (1), θi is the parameter representing the proficiency of
the ith respondent. The proficiency distribution in a reference
population is standardized; namely, the estimated mean of θi
is set to 0 and the estimated standard deviation of θi is set to
1. In the equation, bj is the difficulty parameter, and aj is the
discrimination parameter of item j. The items with higher aj
can better distinguish respondents who have different levels
of proficiency.

We used the estimated item parameters of the FCI deter-
mined by Yasuda et al. [3, 4]. In the process, they adminis-
tered the full-length paper-and-pencil (in-class) FCI to 2882
university students from April 2015 to April 2018. The as-
sumptions of unidimensionality, overall local independence,
and goodness of fit were confirmed, which validates the use
of the 2PL model in our analysis.

B. Basic computerized adaptive testing process

The CAT process consists of four successive steps [6]: (i)
initial step, (ii) test step, (iii) stopping step, and (iv) final step.
The basics for each step are as follows.

(i) Initial step The first item is selected and administered
to a respondent. The most used criterion to select the first item
is the maximum Fisher information (MFI) criterion [6]. The
MFI criterion calls for selecting the most informative item
(the item with the largest Fisher information) for the respon-
dent based on the current estimate of proficiency. When noth-
ing is known about the respondent, the Fisher information of
the item is calculated using the mean proficiency value of the
prior population (most often set to zero).

(ii) Test step The proficiency of the respondent is esti-
mated using the current set of item responses and the next
item is selected to be administered. For the proficiency es-
timation method, we used the expected a posteriori (EAP)
method as in [3, 4]. For the item selection criterion, we used
the MFI criterion as in the initial step.

(iii) Stopping step The test checks that a certain criterion
has been met and the administration of the items ends. We
chose length to be the stopping criterion, such that CAT stops
after a predetermined number of items have been adminis-
tered (ranging from 1 to 30 items for the FCI).

(iv) Final step The final step involves the calculation of
the final estimate of the respondent’s proficiency level. As
in the test step, we chose the EAP method to estimate the
proficiency level.

C. Design of the Chain-CAT algorithm

In the Chain-CAT algorithm, as we described above, we
linked the results of each CAT administration sequentially
using collateral information. There are three stages where
we can utilize collateral information: the initial step, the test
step, and the final step of the testing process. In what follows,
we explain how we implemented collateral information for
each stage.

a. Initial step In this step, the first item is selected and
administered to a respondent, as we described above. At the
beginning of the first test, when we know nothing about the
respondents, the Fisher information of the candidate items is
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calculated using the mean proficiency value of the prior pop-
ulation. This value is commonly set to be zero to have the
scale be centered on respondents [6], as we described above.

At the beginning of the second test, in the Chain-CAT algo-
rithm, the Fisher information can be calculated utilizing the
proficiency estimate of the first test for a given student as col-
lateral information to improve the test efficiency for that stu-
dent. Similarly, at the beginning of the nth (n ≥ 2) test, the
Fisher information can be calculated utilizing the (n − 1)th
test proficiency estimate of a given student as collateral infor-
mation.

Generally, for each test, the farther the initial proficiency
estimate is from the true proficiency of the respondent, the
slower the algorithm converges [20]. To decrease this gap,
we directly used a given student’s proficiency estimate from
the (n− 1)th test as the initial proficiency estimate of the nth
test (as in [22]).

b. Test step At this stage, CAT selects the next item
based on the estimated proficiency level of the respondent at
that point in the test. We estimated the proficiency level using
the EAP estimator, which is based on the Bayesian posterior
distribution. The posterior distribution in turn is proportional
to the product of the likelihood function and a prior distribu-
tion of the proficiency g(θi) for an ith respondent [6]. We
used a model with a normal distribution, thereby we repre-
sent g(θi) ∼ N (µi, σi), with a mean of µi and a standard
deviation of σi.

On the first test, when we know nothing about the respon-
dents beforehand, a common choice of the prior distribution
is the standard normal distribution, with µi = 0 and σi = 1,
namely, g(θi) ∼ N (0, 1) [6]. On the second test, we can
utilize the first test proficiency estimate of an ith respondent,
θ̂i1 as collateral information for the prior distribution. Specif-
ically, in a similar way above, we directly used a given stu-
dent’s proficiency estimate; namely, we chose the prior distri-
bution as the normal distribution with µi = θ̂i1. Similarly, the
(n− 1)th test proficiency estimate of an ith respondent, θ̂in−1

was utilized as collateral information and the normal distri-
bution with µi = θ̂in−1 is chosen as the prior distribution for
the nth test.

In the model directly using the proficiency estimate, the
standard deviation of the prior distribution cannot be esti-
mated. Generally, unless reliable collateral information about
the examinee is available, the prior distribution should be
chosen to be low informative (namely, with a relatively large
standard deviation) [5].

c. Final step We used collateral information also for the
final proficiency estimation using the EAP method as just de-
scribed for the test step.

D. Numerical simulation procedure

We conducted a numerical simulation to analyze the effi-
ciency of the Chain-CAT FCI and to search for the optimal
algorithm. The outline of the procedure is as follows.

First, to analyze the efficiency of the Chain-CAT FCI as
generally as possible, we assumed various progression pat-
terns of the true-value proficiency θ. Specifically, we as-
sumed the following progression models for θ(t), where t
represents time: a) a stationary model in which θ is constant
with respect to time, b) a linear model in which θ increases
linearly with respect to time, and c) a step model in which
θ increases significantly only at a certain point in time. Al-
though it is uncommon in introductory physics courses for
student scores on the FCI to decrease, we confirmed that the
simulation results of the case when θ decreases linearly or
decreases significantly only at a certain point are similar to
the results of b) or c). We supposed that most of the stu-
dent’s progressions are one of these patterns or a combina-
tion of them. Second, we generated response data based upon
a Monte Carlo simulation, which is commonly used in the
development of CAT [23]. Specifically, we generated the re-
sponses for Chain-CAT using the catR package. In this anal-
ysis, we generated 1000 response data for each time point,
where the dispersion of the estimated proficiency mean is al-
most negligible. Third, we represented the accuracy and pre-
cision by the bias and standard error, respectively. Then, we
summarized these measures in terms of the root-mean-square
error (RMSE) [24].

We calculated the accuracy and precision of the Chain-
CAT FCI and compared them to those obtained when the FCI
is conducted in the ordinary pre-post method. The latter was
calculated by having all 30 FCI items administered both in
the pretest and post-test and estimating student proficiency
using item response theory in the same model as above (2PL
model). Specifically, we calculated the RMSE of the pre-post
method and used this as a reference value with which to ex-
amine the efficiency of the Chain-CAT FCI.

III. RESULT

Figure 2 shows the simulation results assuming the lin-
ear model for the true proficiency progression. Collateral
information is not implemented in Fig. 2 (a) and is imple-
mented in Fig. 2 (b). The figures include the graphs for com-
paring the test length of each administration L = 5, 10, 15
items. The graphs include the simulation results for nine
time-points from t1 to t9, where the true proficiency level in-
creases from θ(t1) = 0 to θ(t9) = 0.8 (see the purple lines
in the graphs). The standard deviation σi of the prior dis-
tribution in the Chain-CAT algorithm was fixed at 0.5. For
each time point, we generated 1000 responses and estimated
the proficiency level for each response, then we calculated
the average and the standard deviation of the estimated theta
(the yellow and blue lines). The bias was calculated from the
difference between the true theta and the average of the es-
timated theta (the red lines), then the RMSE was calculated
(the green lines). The y-axis in Fig. 2 reports these statis-
tics. In Fig. 2 (b), the standard error is much larger than the
bias, so the standard error values and the RMSE values are
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FIG. 2. Simulation results for a linear model comparing the test length of each administration L = 5, 10, 15 items. (a) Top: without collateral
information (Simple CAT). (b) Bottom: with collateral information (Chain-CAT), which is used from t2 to t9. “Pre” and “pst” show the
results of the 30-item pretest and post-test, which were used as reference values for comparing the Chain CAT-FCI.

very close, and the SE and the RMSE graphs almost overlap.
In the graphs, the reference values are shown at t = pre and
t = pst on the horizontal axis, where the statistics were calcu-
lated using the true proficiency levels at t = t1 and t = t9 and
administering the whole FCI items (30 items) in both cases.

From the above figures, we can observe the following two
things. First, in this case, the collateral information signifi-
cantly improved the accuracy and precision. Without the col-
lateral information, the deviation between the true theta and
the estimated theta became large as the number of tests in-
creased. Specifically, on average from t1 to t9, the bias was
reduced by (64.3%, 73.4%, 77.3%) for L = (5, 10, 15), re-
spectively. Second, by visual inspection, the accuracy and
precision of Chain-CAT seem to become comparable to the
reference value of t = pst after conducting a certain num-
ber of tests. Specifically, the RMSE when L = 5 became
comparable to the reference value at t = t3, the RMSE when
L = 10 and L = 15 became comparable at t = t2. These
results suggest that the total test length can be shortened by
increasing the test length for the first part of the test and then
shortening the test length after sufficient accuracy and preci-
sion are achieved. For example, if we set L = 10 at t = t1
and t = t2, then L = 5 after t = t2, the accuracy and pre-
cision of t2 ≤ t ≤ t9 would be comparable to the reference
value, and the total test length is 55 items, which is shorter
than the pre-post method (60 items). Although preliminary,
we found similar results for the other proficiency progression
models and conditions.

IV. CONCLUSIONS

To address the issues associated with the pre-post
paradigm, we proposed increasing the frequency of CAT-
based assessments during the course, while reducing the test
length per administration, thus decreasing the total number
of test items during the course. This idea was realized as
the Chain-CAT algorithm, which sequentially links the results
of each CAT administration using collateral information. By
conducting numerical simulations, although preliminary, we
found that the Chain-CAT algorithm significantly improved
the test efficiency, and the total test length could be shorter
than the pre-post method. Our results also implied that the
total test length can be shortened by increasing the test length
for the first part of the test and then shortening the test length
after sufficient accuracy and precision are achieved.

To use the Chain-CAT FCI as a practical test, it is neces-
sary to consider the constraints for the item selection (content
balancing and item exposure), which improves the validity of
the Chain-CAT FCI but could reduce the test efficiency. It is
also necessary to construct an item bank with desirable prop-
erties (unidimensionality etc.). Our future work will attend to
these analyses.
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