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Research Question 
What are student difficulties with the delta function as a mathematical tool 

to express the volume charge density of  a 1, 2, or 3D charge distribution? 
 

Context 
Junior-level E&M 1 at University of  Colorado Boulder 

• Chapters 1-6 of  Griffiths [1] 

• Physics, engineering physics, & astrophysics majors 

• Taught with varying degrees of  interactive engagement [2] 

Data sources 

• Responses to 5 semesters of  traditional midterm exams (N=303)  

• Responses to the Colorado Upper-division Electrostatics (CUE) 

Diagnostic (N=84) 

• Think-aloud interviews (N=11) 
 

The ACER Framework 
• ACER is an expert-guided, analytical framework that characterizes 

student difficulties with mathematics [3] 

• It organizes the problem-solving process into 4 general components: 

 

 

 

 

 

 
 

 

 

 

 

 

 
 

Implications for Instructors 
• Canonical delta functions questions rarely require students to recognize 

the delta function as the appropriate tool (difficulty 1) 

• Translating from a verbal description of  charge distribution to a 

mathematical formula for the charge density is a different and more 

challenging task than interpreting that same expression (difficulty 2) 

• The belief  that the delta function is unitless is a surprisingly prevalent 

and persistent difficulty that may be exacerbated by presenting the delta 

function purely as an abstract mathematical construct (difficulty 7) 

o The ‘δ(𝑟 ) is unitless’ idea interferes with students’ interpretation 

of  the unitful constant (difficulties 7&8) 

• Correctly identifying the units of  the constant in the expression for 

𝜌 𝑟  should not be interpreted as evidence that a student recognizes 

the physical significance of  that constant (difficulty 8) 

 
 

Activation of mathematical tools 
Determine which mathematical tool is 

appropriate.   

Construction of mathematical models 
Map the particular physical situation onto 

the appropriate tool 

Execution of the mathematics 
Perform mathematical steps to reduce the 

solution to a form that can be interpreted 

Reflection on the result 
Interpret/check the result to gain 

physical insight and ensure consistency. 

Prompts  
 

Version 1: (Interviews only)      Version 2: (Exams and Interviews) 
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   Reflection 
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Provide a mathematical expression for 

the volume charge density, 𝜌(𝑟 ),  
of  an infinite line of  charge running 

parallel to the z-axis and passing  

through the point (1,2,0).  Be sure to 

define any new symbols you introduce.   

Sketch the following charge distribution: 

  
𝜌 𝑟 = 𝛽𝛿(𝑥 − 1)𝛿(𝑦 − 2) 

 

Describe it in words too. 

What are the units of  β?  

Difficulty 1 – Recognizing delta functions as the 

appropriate tool. 

E.g., 3 of  5 interviewees did not spontaneously 

consider the delta function for the version 1 prompt.   
 

Common Mistakes: 

2 of  5 interviewees attempted to  

define an arbitrary volume to express  

charge density as 𝜌 𝑟 = 𝑄
𝑉 .  
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Difficulty 5 – Integrating compact delta functions. 

E.g., 25% of  exam students (N=15 of  56) struggled to 

execute  𝛿3 𝑟 − 𝑟 ′ 𝑑𝜏
𝑉

 
 

Common Mistakes: 

 𝛿 𝑟 − 𝑟 ′ 𝑑𝜏
𝑉

=  𝑟 ′𝑑𝜏
𝑉

  

 𝛿 𝑟 − 𝑟 ′ 𝑑𝜏
𝑉

= 𝑟 ′ or |𝑟 ′| 
 

 

Difficulty 6 – Integrating more complex or novel delta 

function expressions.   

E.g., 3 of  6 interviewees struggled to execute 

 𝑎𝛿 𝑟 − 𝑟′ 𝑟2 sin 𝜃 𝑑𝑟 𝑑𝜃 𝑑𝜑 
 

Common Mistakes 

 𝑎𝛿 𝑟 − 𝑟′ 𝑟2 sin 𝜃 𝑑𝑟 𝑑𝜃 𝑑𝜑 =
4

3
𝜋𝑟′3𝑎  

Difficulty 2 – Translating a description of  a charge 

distribution to a formula for the charge density. 

E.g., 5 of  8 interviewees did not produce a formula 

for 𝜌 𝑟  in version 1 
 

Common Mistakes: 

 𝜌 𝑟 = 𝛽𝛿(𝑟 − 𝑟 1) where 𝑟 1 = (1,2, 𝑧) 

 𝜌 𝑟 = 𝛽  𝛿 𝑟 − 𝑟 1 𝑑𝑧
∞

−∞
 where 𝑟 1 = (1,2, 𝑧) 

 

 

Difficulty 3 – Relating the number of  delta functions 

to the shape of  the charge distribution. 

E.g., 25% of  exam students (N=77 of  303) drew an 

incorrect shape for the charge distribution 
 

Common Mistakes: 

Identifying expressions such as 𝜌 𝑟 = 𝛼𝛿 x − 1  or 

𝜌 𝑟 = 𝛽𝛿(𝑥 − 1)𝛿(𝑦 − 2) as descriptions of   

point charges 
 

 

Difficulty 4 – Recognizing the physical meaning of  the 

unitful constant in the expression for 𝜌 𝑟  (version 2 only) 

E.g., 26% of  exam students (N=48 of  186) explicitly 

commented that for example, in 𝜌 𝑟 = 𝛼𝛿 x − 1 , 

α represents surface charge density 

Difficulty 7 – Determining the units of  delta functions 

E.g., 9 of  11 interviewees argued that the delta 

function was ‘just a mathematical thing’ with no units 
 

Common Mistakes:  

Arguing that both α and β have units C/m3 in 
𝜌 𝑟 = 𝛼𝛿 x − 1  and 𝜌 𝑟 = 𝛽𝛿(𝑥 − 1)𝛿(𝑦 − 2) 
 

 

Difficulty 8 – Checking the units of  the unitful constant 

and ensuring they are consistent with its physical 

interpretation 

E.g., 32% of  exam students (N=60 of  186) gave units 

inconsistent with the shape they identified 
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