
Q1b. How would you calculate the expectation-value of a
physical observable? Please list all the different ways you
know.

9/20 students in PF1 did not place
the operator correctly between 

state vectors %∗(() and %((). 
We found no such errors in the 
SF classes. 

Students often made errors when multipling * and −*
in the context of matrix multiplications. This error 
appeared in 15% of our entire sample data. 

Students who used a summation method and only had 
to square the complex coefficient of state | ⟩↓ to obtain 
(+*)(−*) = 1, rarely made any errors.
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- Despite its fundamental 
importance, only 3/90  mentioned 

ensemble interpretation.
-Only 1/90 discussed discrete & 

continuous EV calculation 
separately.

The EV is  an average of all the possible outcomes of a large number of 
experimental measurements on identical systems, weighted by their likelihood. 

Data are collected from three upper-
division quantum classes 4 = 90 at 
CPP and CSUF. Both are Hispanic-
serving institutions primarily focused on 
undergraduate education with similar 
student demographics and populations.
567 4 = 30 : A lecture-based course 

taught using a Position First (PF)
SF2 (4 = 39) & SF3 (4 = 21)
Two lecture courses taught using Spin 

First (SF) by first two authors

Common ideas about EV among all students regardless of the teaching paradigm:
o 1/5 of all students incorrectly stated the EV of an observable is “always” 

equal to one of the possible measurement outcomes. 
o 1/4 of students stated the EV cannot be a negative number. 
o 1/3 of all students referred to EV as the “most probable value.”
o The ensemble interpretation of quantum measurement was not emphasized by 

many students. (Only 3 students mentioned)

Expressions offered by students for EV calculations:
• The integral method was offered more frequently by PF1 students.
• The summation methods was offered frequently by SF2 & SF3 students.
• Students in the SF classes more frequently offered more than one method in 

conjunction with bra-ket notation, and some used more than one method to 
calculate the EV.

• Students in PF1 often (9/30) made errors writing the correct order of the 
operator and state vectors for the integral method. 

• Most errors in using matrix method involved complex numbers.

Is EV the most probable measurement outcome? 
In defining EV in words, some used 

the terms such as “most probable 
outcome” or “probable value.”

PF1 12/30 students (40%)
SF2 6/39 students (15%) 
SF3  1/21 students  (5%)

Q2b. The EV of an observable is equal to one 
of the possible measurement outcomes.

Always         Sometimes Never
PF1 23% <=% 17%
SF3 19% <?% 19%

Q2a. The expectation value of an 
observable is equal to the most 

probable measurement outcome.
Always       Sometimes     Never

PF1 35% @@% 10%
SF3 30% <@% 5%

Is EV a possible measurement outcome? 

Mathematical ExpressionsDescriptions & Sense-making in Words

Can EV be an imaginary or negative?  
The EV of an observable has to be a real number (+,−, BC 0. ). However, the students 
responses indicate the followings:

Cannot be Zero            Cannot be Negative           Can be Imaginary
PF1 15%                                50%                                  20%
SF3            10%                                33%                                  20%

Attempts & accuracy of methods used in calculating EV 
of Sz for: 

Summation
(Correct)

Matrix
(Correct)

Both
(Correct)

PF1 35% (90%) 65% (10%) 0%
SF2 7.5% (65%) 90% (70%) 13% (100%)
SF3 35% (90%) 65% (55%) 10% (100%)

Possible methods for calculating < FG >=< % FG % >:
1. Summation: < FG >=< % FG % > = ∑R STUVR ;

2. Matrix: G = VX
∗ VY

∗ GXX GXY
GYX GYY

VX
VY

;

3. Integral:    < FG > = ∫[\
]\

%∗ ( G(() % ( ^(.

1 method 2+ methods
PF1 45% 10%
SF2 20% 65%
SF3 20% 50%
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Common calculation errors

Introduction

Research & Data

Instructional Paradigms

Understanding and calculating the 
Expectation Value (EV) of physical 

observables is essential for 
understanding quantum measurement.

Calculating the EV can be an automated 
process for most mathematically 

advanced students, yet some may not 
fully grasp the meaning of this 

quantum-mechanical concept, be able 
to clearly analyze its characteristics, or 

make sense of the mathematical 
processes involved its calculation. 

We analyze students’ written responses 
to a set of open-ended questionnaires to 

gauge students’ ideas about EV and 
administered to three upper-division 
quantum classes at California State 

Polytechnic University Pomona (CPP) 
and Cal State Fullerton (CSUF).

Discussion

Numbers in parentheses are % correct of those attempted.

Spin First (SF) approach: utilizes the 
sequential Stern-Gerlach experiments with 
discrete bases of spin-half objects.

Position First (PF) approach: utilizes the 
Schrödinger equation and the continuous 
basis of position probability functions.
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